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FiG. 1. A wheat chromosome spread.

we outline the first two steps, while the last step will be described in Sec-
tions 3 and 4.

In the segmentation phase, objects are first isolated by means of an edge
follower, assuming that the background consists of points with gray values
lower than a given threshold. At this stage some filters are established which
reject spurious objects on the basis of parameters roughly characterizing the
shape and density distribution. Each chromosome is then reduced by a
factor of three and processed separately.

Touching chromosomes are then recognized and separated by means of a
very simple-minded algorithm which uses an increasing threshold for di-
viding two chromosomes. This method assumes that connectivity breaks at
the touching point first, and at the centromeric constriction later,

Bent chromosomes are then discriminated on the basis of partial profiles
referred to the principal axis of inertia with minimal second-order moment®,
A “straightening” procedure is then applied, which consists of finding an
axial line to which we refer all the measures. Such a procedure consists es-
sentially of four steps (for a detailed description, see [4]):

Step 1. Divide the chromosome in two regions A and B using the normal
line to the inertia axis ss’ at a point P roughly corresponding to the minimum
of the internal profile and to the maximum of the external profile (see Fig. 2).

Step 2. Compute the principal axes of inertia aa’ and bb' of regions A and
B respectively. Find the bisectrix cc’ of the angle between aa’ and bb’
which has the centers of gravity of regions A and B on opposite sides. From

* The density profiles are obtained by projecting chromosome points on a symmetry axis and
summing up gray values. Partial profiles use only points on one side of the axis,
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228 AIELLO, LAMI AND MONTANARI

the matching algorithm a square matrix containing the distances between all
possible chromosome pairs. Such distances are computed after a suitable
measure normalization or possibly after a space distortion taking into ac-
count the statistics of similar solved cases.

The distance matrix mentioned above can be considered to express the
weights on the arcs of a complete graph H: therefore we are driven to con-
sider the so-called graph weighted matching problem. This problem was
approached by Edmonds, who gave an algorithm running in polynomial
time, roughly n* in the worst case [8]. Edmonds” algorithm is quite efficient
in general, but (as argued in [9]) an even faster, possibly approximated tech-
nique is needed in our case. Therefore we have developed a method taking
advantage of the fact that chromosome data are not random, but tend to have
at least some pairs immediately recognizable. For instance, we capitalize on
the fact that in many cases the nearest chromosome to a given one is its
actual partner in the optimal matching.

Our approach to the graph matching problem is to translate it into a short-
est path problem in a graph G and then to direct the search using a heuristic
technique. According to the time and storage available, it is possible to seek
the optimal solution or simply a good one. Nodes of graph G have a partial
solution of the matching problem associated with them, where some even
subset of the vertices of H is matched (it does not matter how) and the rest of
them are not. Thus if H has n nodes, the vertices of G can be partitioned into
(n/2) + 1 levels, according to the cardinality of the associated set. The arcs of
G connect only pairs of nodes in adjacent levels. Each of them corresponds
to (and has the cost of) the matching of a further pair. As an example, we can
see in Fig. 3 the graphs H and G forn = 6. Note that every subset of matched
vertices is represented by a bit string that encodes the characteristic function
of such a subset. In particular, nodes V, and V, correspond to the initial state
(no chromosome is matched) and to the final state (all chromosomes are
matched), respectively.

It should be clear that every path in graph G corresponds to a particular
matching in H. For instance, in Fig. 3 the path (000000), (100001), (110101),
(111111) has the cost w + Wy + wys and corresponds to the matching (1,6),
(2,4), (3,5). However, it is interesting to notice that if all the possible subsets
of a given cardinality were present at a level, then the correspondence
between paths in G and matchings in H would not be one-to-one since many
paths would correspond to the same matching. In fact, given a matching, per-
muting the order of the pairs would result in the same matching but in dif-
ferent paths. To allow a one-to-one correspondence (see [9] for a proof), at
the kth level exactly those sets of cardinality 2k are present, which contain
the first k elements. Furthermore, every vertex V; of G in the kth level is ad-
jacent to every vertex V; of the (k + 1)th level such that the subset repre-
sented by V; can be obtained from the subset represented by V; by adding
the first chromosome not present in V; and any other chromosome. For in-
stance, in the example in Fig. 3, we can see that vertex (101101) is not
present in the second level, while vertices (110000) of the first level and
110110 of the second level are not connected by an arc.
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230 AIELLO, LAMI AND MONTANARI

algorithm due to Hart, Nilsson, and Raphael [10,9] which is based on a
heuristic estimate and which can be seen as a merging of branch and bound
and dynamic programming. In this algorithm, at any intermediate stage, the
vertices of G are partitioned into three sets: closed vertices, open vertices,
and blank vertices. To a closed or open vertex V,, a parameter p; is as-
sociated, which expresses the length of some path from V, to V.. Further-
more, if V; is closed, parameter p; expresses the length of a shortest path in G
from V, to V,, i.e., the distance d,;.

A second parameter g; is also available for every vertex V. This parameter
must be provided from sources external to the search and represents a lower
estimate of the shortest path length from V; to V,; namely:

Q&M&muvmuﬁw P N
Furthermore, a triangular property must hold:
G<d;+aqg,ij=1,...,n.
The meaning of parameter q; is easily explained in the special case in
which graph G is a road map: It is clear that a lower bound to the path
length can be easily computed as the straight-line distance, and it can be

readily understood how such a bound allows one to exclude many hopeless
guesses.

From the two parameters p; and ¢; we can compute, for every open vertex,
the total estimate

fi=pi+a;
which is an estimate of the total distance d,.. The iterative step of our
algorithm consists of:
(i) Determining an open vertex V, whose total estimate is minimal and
closing it;
(ii) updating the value of all open vertices V; adjacent to V. using the
formula

Py =min (p;,p, + ti),

where t,; is the weight of the arc V,V;;
(iii) opening all blank vertices V; adjacent to V. by assigning them the
parameter

i =Py + iy,

This step is performed until the final vertex becomes closed. It is then
possible to prove [10] that the value p, will indeed give the shortest-path-
length d,..

It is clear that search directionality is highly dependent upon estimate
accuracy. In particular, it is possible to see that if the estimate is exact, all
the vertices closed by the algorithm?® will be on some optimal path.

¥ Note that the total number of closed vertices coincides with the number of steps of the
algorithm.
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Centromeric index

FiG. 6. Ordering data for the matching algorithm.

eral, loosely speaking, our algorithm is faster if all “reasonable” partners of
each chromosome are not too far from it in the given ordering.

According to our experience, we have found it convenient to introduce a
reordering step before optimal matching, which operates according to the
following algorithm.

Algorithm REORD

Step 1. Let [a;] be a matrix whose (i,7) entry is the distance between
chromosome i and chromosome j in the pattern space;
select in some way a chromosome i and mark it;
letr=1,p,=1¢ and t = 0.

Step 2. If all chromosomes are marked, go to step 3;

find the unmarked chromosome k which is the nearest to 4, namely such
that:

Ay = min a;;;

ids
J is unmarked

mark chromosome k and let r=r+1, p, =k, t = t + a;, and i = k;
go to step 2.

Step 3. Printtand p, (s=1, . . . ,r);
stop.

® An algorithm is called greedy if at every step it makes the best local choice and has no possi-
bility of undoing a choice which later proves to be globally unsatisfactory.
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