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Abstract

We introduce a novel interpretation of the curvature over discrete surfaces that allows to compute a multi scale
measure of principal directions and values of curvature and which is robust with regards to tessellation degenera-
cies and geometric and topological noise. The key observation is that there is a direct relation between the way a
portion of surface can rotationally slide over a surface and the directions of principal curvature. We exploit such
relation to setup a optimization problem that we use to actually compute the curvature values in a novel way.

Categories and Subject Descriptors (according to ACM CCS): 1.3.5 [Computer Graphics]: Computational Geometry

and Object Modeling

The knowledge of principal curvatures and principal di-
rection plays a fundamental role in several applicative do-
mains. In mesh fairing they are used to drive smoothing, sim-
plification, edge flip optimization. They are used in feature
detection and reverse engineering for their direct relation to
the structure of a surface; in mesh processing they have been
used to drive the process of automatic alignment of range
maps [GMGPO5].

Unfortunately, while the curvature is well defined for con-
tinuous surfaces, the same cannot be told for tessellated sur-
faces because its definition includes second order derivatives
which are lost when approximating a smooth surface with a
tessellation. The intended meaning of the curvature of tes-
sellated surfaces is that it is the curvature of the continuous
surface the tessellation represents. The problem is the same
as the computation of the normal, just more difficult because
of the extra differentiation needed to define the curvature.

The existing literature shows a large number of algorithms
for computing the curvature values and/or principal direc-
tions. We can roughly classify them in three categories:
the discrete operators that estimate differential quantities di-
rectly from the one ring neighborhood of the vertex. In these
methods the umbrella operator is ubiquitously used to pro-
vide estimation of the curvature based on mesh connectiv-
ity, specifically on the one-ring neighborhood of the ver-
tex [Tau95, MDSB02, CSMO03]. Discrete operators relies on
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the connectivity information and so are sensitive to topolog-
ical noise;

the algorithms based on fitting that try to fit a parametric
patch in the neighborhood of the vertex and hence derive the
values [dC76,CP03];

the approaches based on integral invariants which exploit
the relation from the euclidean neighborhood of the vertex
and its differential characteristics [PWY*07, YLHPO06]. Ap-
proaches based on integral invariants are more robust in that
they do not use directly the connectivity information of the
tessellation but only the locus of 3D points occupied by the
surface, and more precisely the intersection between a ball
centered at the vertex and the local volume. Intuitively the
local volume is the region of space underneath the surface
and it is well defined whenever the surface separates the ball
in two spaces (outside and inside).

However, there are cases in which the local volume is not
clearly defined because the surface may have small holes or
duplicated parts or even single points (see Figure 1). These
situations are unlikely in a modelled object but are the most
common situation in 3D scanning, when the range maps
have been acquired and aligned. Obviously we can apply
mesh repairing algorithms to fix these situations, as for ex-
ample it has been done in [GMGPO05] where volumetric hole
filling is used to close small holes.

In this paper we propose a novel method to compute scale
dependent curvature values and principal directions that we
call curvature from sliding. The key intuition is that if we
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Figure 1: Left: integral invariants are defined over the in-
tersection of a ball with the local volume. Right: a situation
where such intersection is not well defined.

take a portion of surface around a vertex and make it slide by
a small amount over the surface, the directions along which it
slides "more easily" are the principal curvatures. We formal-
ize this practical notion by calling "sliding" a small rotation
of a surface patch around a candidate obsculating circle and
by estimating how easily it slides by integrating the distance
between the rotated and original surface patch. Therefore
computing the curvature principal directions is a matter of
finding the obsculating circle that gives the best slide, which
turns out to be a simple non linear optimization problem of
2 variables. The size of the portion of surface we make slide
gives a scale measure of the curvature.

The rest of the paper is organized as follows: Section 1
introduces the curvature from sliding method and shows why
it is sound; results are presented and discussed in Section2
while future directions of work are sketched in Section 3.

1. Curvature from sliding

In this section we formalize the intuitive concept of sliding
by considering the rotation of small pieces of surface along
possible osculating circles.

Given a surface S and a point p € S, let B(p) = {p’ €
S|||p’ — p|| < r} be the intersection of a ball of radius r cen-
tered at p with the original surface S, and let assume the
existence of a tangential frame with axes tX,tY,7Z where

tY =n(p).

Consider the plane 7o, passing through n(p) and forming
an angle o with the £X axis: we define the rotation R(3, ®) of
a radiants around the axis perpendicular to 7 at a distance
1/8 from p along n(p). This rotation R(,®) is simply the
rotation corresponding to the osculating circle lying on T
around the axis orthogonal to the curvature direction.

If we apply the rotation R(3,®) to a small piece of surface
Br(p) we obtain a displaced piece of surface B’ that will
still match with the original surface only if the surface has
a curvature corresponding to the osculating circle associated
with R(3, ®).

To measure this matching we define a function f (8, ®) =
Dist(B',S) that measures the distance between the rotated
piece B’ = R(3,®) - B+(p) and the original surface S. The

function Dist can be defined in several ways, in this discus-
sion we will use:

Dist(B',$) = /B’ |closest(p) — pl|ldp

that can be efficiently approximated by sampling the dis-
placed surface B’ and, for each sample, finding the closest
point in on the original surface S.

So far, we have defined the set of rotations corresponding
to all the possible osculating circles for the point p, that we
will call sliding space from now on, and a function f which
tell us, for each rotation, how far it would be the portion of
surface contained in B,(p) if rotated. The key observation
is that the function f(§,®) has two minima in correspon-
dence of the two principal directions of curvature. As a very
simple example, consider a cylinder with unitary radius and
any point on its surface. In this case it is easy to see that the
function f has two minima in (8 = 1.0, =0.0), i.e. you can
make a portion of surface rotate about the axis of the cylin-
der, and in (8 = 0.0, = 7/2), i.e. you can make a portion of
surface translate in the same direction as the axis. Figure 2
shows to views of the plot of f for the cylinder that shows
the shape of f and its minima.

This is far to be a mathematical proof but serves as a hint
that these considerations can be used to compute the curva-
ture values and principal directions simply minimizing the
value of f in the sliding space.

1.1. Finding the curvature

Following the above interpretation, finding the curvature at
a point p is essentially a matter of minimizing f(3,®), i.e.
finding the rotations for which the surface smoothly slide.
We recall that f(§,®) measures how much the rotated por-
tion of surface contained in the ball or radius r is away from
the original surface. In general it cannot be guaranteed that
f will have only the two minima corresponding to the prin-
cipal curvatures, but, to choose the best candidates, we ex-
ploit the propriety of orthogonality of the principal direc-
tions to pick up two minima (8, ®g) and (81, ;) such that
((.01 — O)()) = %

We remember that, similarly to curvature definition given
in [YLHPO6], the ball radius that we use for evaluating the f
function, gives the scale at which the curvature is computed.

2. Results and discussion

The method presented in this papers was implemented in
C++ supported with the library CMinPack [Dev03] for the
optimization. Figure 3 shows the maximum curvature values
mapped as vertex color and, in the botom row, the direction
of minimum curvature for a portion of the model. In these
experiments the ball radius is constant for all the points and
chosen by the user, while the amount of rotation (referred as
® in Section 1) is chosen as 1/10 of the ball radius.
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Figure 2: Plot of the function f for the cylinder.

Figure 4 shows the principal directions of curvature for a
simple head model where half of the faces of one side were
removed from the model. This is done in order to show that,
contrary to PCA analysis, there is no need of a local vol-
ume. Note that the directions are little affected by this severe
change of tessellation.

In figure 5 two aligned range scans are used. Note that the
tessellation is regular and not the smooth and adaptive re-
costruction that we obtain at the end of the scanning pipeline
and that most of the dataset consists of two overlapping sur-
faces. To compute the curvature with this data using volume
integral approaches you would need first to merge the scans
in a single surfaces and then fix the mesh to eliminate small
connected components (up to single unconnected vertices)
and close holes, while our algorithm uses the data as they
are without preprocessing.
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Figure 3: Vertices of the gargoyle are colored according to
the maximal curvature with a color ramp from red to blue.
Black lines show the minimal curvature.

3. Conclusions and Future Work

In this paper we have proposed a new approach for robustly
computing curvatures based on the connection between slid-
ing along a curve and principal curvature directions. The
proposed approach works in a multi-scale approach in situa-
tions where previous approaches could fail. Its main strength
is that it does not need to interpret the dataset as a surface,
i.e. to close holes, to merge overlapping surfaces, but it gives
a measure of curvature from raw data. The next step will be
to provide an adaptive version of the algorithm which change
the radius of the ball according to the local shape. This can
be done by analyzing the final value of the optimization, and
testing it aginst the expected value that can be calculated in
the assumption the curvature is unchanged over all the point
in the ball. If the final value is significantly higher than the
expected value it means the ball must be shrink, while it can
be enlarged if there is little difference.

Although a straightforward implementation of the pro-
posed approach is not significantly competitive from a per-
formance point of view (by using a generic Non Linear
Minimization algorithm you can compute the curvature for
roughly 200 vertices per second, whic means you could re-
quire about 2 mins for computing curvatures on a 50k tri
mesh), we think that the described sliding interpretation of
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Figure 4: A simple model of a head with adaptive trian-
gulation. The light green triangles those removed prior to
compute the curvature directions. Note that even with this
serious perturbation the values of the direction remain fairly
coherent with the original model (a few of the exceptions are
marked with a blue rectangle).

curvature of surfaces can shed an interesting light on this
problem that could lead to further results.
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Figure 5: In the upper row the two meshes are shown sepa-
rately and aligned. In the aligned configuration the principal
direction of curvature are computed.
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