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Abstract

This report presents an overview of spatial representations and analysis techniques within the
context of the QUANTICOL project. It first recaps the spatial classification of mathematical models
from Deliverable 2.1 and compares this with an abstract data type approach to space proposed for
the Carma language in the technical report TR-QC-01-2015.

Based on the guidelines presented in Deliverable 2.1, together with recent research within the
project, the report focuses on two types of discrete-space models: population discrete-space models
and individual discrete-space models, both of which involve a graph over locations. In both types,
we restrict our focus to time-homogeneous systems where graph structure is static.

When considering analysis techniques, transformations between mathematical models are im-
portant as these permit the application of different analysis techniques. The relevant transforma-
tions within the QUANTICOL project are aggregation, disaggregation, fluidisation, discretisation
and hybridisation. These mostly support abstraction but some can also lead to more detailed
models.

The report considers analysis techniques that apply specifically to population discrete-space
models, and those that apply specifically to individual discrete-space models. A technique for trans-
forming individual (1-dimensional) continuous-space models to population discrete-space models is
presented. Some analyses are applicable to both types of model including spatial model checking,
modelling of crowding and analyses that combine techniques and work with hybrid models.

The report concludes by considering whether space is a special attribute, the relevance of the
various analysis techniques for QUANTICOL and Carma, and proposing research topics for the
remainder of Task 2.1. These include application of existing results in the context of the QUAN-
TICOL case studies, a location aggregation technique, further investigation of techniques already
considered in the project and the possibility of developing hybrid techniques that abstract from
parts of the model but consider other parts in a detailed fashion.
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Figure 1: Model transformation: at the level of mathematical model (left), lifted to the level of
modelling language (centre), at the level of modelling language

1 Introduction

Space plays an important role in the QUANTICOL case studies and hence analysing and reasoning
about space is included in a number of work packages. This document considers the spatial represen-
tations that are available and the relevant analysis techniques. By contrast with Deliverable 2.1, this
report focusses on analysis techniques for the relevant spatial mathematical models in some detail and
makes recommendations for how research directions in Task 2.1 could develop.

We restrict our focus to time-homogeneous systems, thereby excluding the possibility that any
behaviour defined is directly dependent on time. Related to this, is the restriction that structure over
locations are static. Characteristics of locations may change (as long as this change is not directly
time-dependent) but the actual structure that captures the relationships between locations remains
static.

An important aspect of the QUANTICOL project is the use of techniques that lead to scalable
analysis. By this, we mean that when modelling large systems with many components, our analysis
can be completed programmatically in a reasonable time (with reasonable memory requirements),
and as the system becomes larger, this analysis remains feasible. Concomitant with the scalability
is a requirement that any analysis technique that involves approximation remains within reasonable
distance from the true value. Obviously, there will be a system size at which the analysis become
infeasible. In that case, possible solutions are then to consider whether the model size can be reduced
by working with a more abstract model, or to consider an different approximation technique which is
more scalable.

An analysis technique is defined with respect to a specific mathematical representation, so an
important step in being able to apply a certain technique is transformation from one mathematical
model to another. Considering the overall aims of the QUANTICOL project, the workflow involving
the Carma modelling language [CNH+15] can be described at a very high level as follows: develop
a Carma model using the Carma language, use the Carma semantics to obtain a mathematical
model, perform analysis on this mathematical model and obtain results. The second and third step
can possibly be broken down into more detail as follows: choose the appropriate Carma semantics for
the mathematical model required; if necessary, transform this mathematical model to another math-
ematical model for the analysis required, and then perform the analysis on the mathematical model.
These details are shown in the left most diagram in Figure 1. The path from M to Sa to Raj describes
the process without transformation, and the path from M to Sa to Tb to Rbk represents the process
with transformation. Frequently, the results obtained after transformation are an approximation to
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Time continuous
Aggr none state and/or space
State discrete continuous discrete continuous

Space
discrete CTMC, TDSHA [BP10] patch population patch population

IPS [DL94] PDMP [Dav93] CTMC ODEs
[CLBR09] [CLBR09]

continuous molecular dynamics CTMP spatio-temporal PDEs [HLBV94]
[CPB08] [DP03] point processes
agents [SBG02]

Figure 2: Classification of mathematical models in terms of time, aggregation, state and space (CTMC:
continuous time Markov chain, IPS: interacting particle systems, TDSHA: transition-driven stochastic
hybrid automata, PDMP: piecewise deterministic Markov process, ODE: ordinary differential equation,
CTMP: continuous-time Markov process, PDE: partial differential equation

the results obtained more directly, as indicated in Figure 1. In this document, we consider analysis
techniques and relevant transformations that apply at the mathematical model level. Beyond the scope
of this current document are the lifting of mathematical model transformations to language level as
illustrated by the central and rightmost diagrams of Figure 1, and they will be addressed elsewhere
within the QUANTICOL project.

This report starts with a discussion of spatial representations, comparing the classification of spatial
models with the spatial abstract data type proposed for Carma. Next, the two types of discrete-space
model are defined followed by an overview of analysis techniques and transformations of mathematical
models. Population discrete-space models are considered in more detail together with the applicable
analysis techniques and the same is done for discrete-space models. Transformations between popula-
tion discrete-space and individual discrete-space models are investigated. Analysis techniques that are
applicable to either model or to combinations of models are detailed. The report ends with a section
of the relevance of the various analysis techniques to the project and a conclusion. There are number
of appendices providing more detail about topics discussed in the report.

2 Spatial representations

In Deliverable 2.1 [GBV+14], a classification of mathematical models was presented which considered
spatial aspects together with state and aggregation. A modified version of this appears in Figure 2. The
original table distinguished three different types of discrete space: general, regular and homogeneous
but here only one category is used. All the models given for discrete space in Figure 2 are general space
models apart from IPSs (interacting particle systems) which are defined over grids/lattices which are
forms of regular space. As will be seen later in this document, we will consider stochastic models similar
to IPSs (interacting particle systems) defined over general space in the form of individual discrete-space
models.

Space has also been considered as an abstract data type in the QUANTICOL project [CLM15].
Starting with a definition of closure space which is defined over a set of points and provides a closure
operator satisfying three basic axioms, refinements and enrichments can be defined to obtain richer
space models. Refinements are obtained by additional axioms and enrichment by adding functions or
operators.
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Topological space: This can be obtained from closure space by requiring that the closure operator
is idempotent.

Graphs: Given a set and a binary relation over this set (which defines an undirected graph), a closure
operator can be defined in terms of the binary relation. These closure spaces can be shown to
be identical to quasi-discrete closure spaces. Infinite grids over integer values can be defined in
this way and they can be enriched by introducing direction functions that allow the description
of movement. Furthermore, directed graphs can be obtained by enrichment with pre and post
functions.

Metric and distance spaces: Addition of metrics or pseudo-metrics is an enrichment which allows
one to assess closeness of points.

Relating this back to the different types of space in Figure 2, continuous space can be obtained from
closure space defined over real values in one or more dimensions, that are refined to be topological
space and enriched with a metric. When considering discrete space in its most general sense, a graph is
the most appropriate representation and hence quasi-discrete closure spaces provide these structures.
We can then conclude that these two approaches to spatial representation are mutually consistent.

The preliminary guidelines in Deliverable 2.1 [GBV+14] suggest that population discrete-space
models are most appropriate for the QUANTICOL case studies. There may also be a role for individual-
based continuous space models in modelling individual bus progress as well as techniques for trans-
forming individual continuous-space models to discrete-space models. Additionally, recent research into
individual discrete-space models [Gas15] has relevance to the modelling of bike-sharing, as discussed
in Section 6.1.

Thus this document focusses on analysis techniques for discrete-space models for individuals and
populations.

3 Discrete-space models

The most general definition of discrete space consists of a finite set of locations and a graph over these
locations and this has been identified most appropriate for the QUANTICOL project. We limit our
focus to graphs that are static, in the sense that the edges of the graph do not change over time and
the number of nodes remain fixed. We consider two different types of discrete-space models as now
described.

Population discrete-space models: These are population CTMCs (continuous time Markov chains)
where subpopulations in different locations are viewed as separate subpopulations. Appendix B
defines both CTMCs and PCTMCs (population CTMCs). The latter is obtained from the former
using the counting abstraction which is an aggregation technique and Appendix C describes how
space can be added to a population CTMC. These are also called patch-based models and there
are various examples in the literature [JL00, AP02, ADH+05, CLBR09, WL95].

The addition of discrete space requires no substantive changes to the definition of a PCTMC
and the same analysis techniques can be applied. The main differences are a larger number
of subpopulations and a higher likelihood of low population numbers in a particular location;
both of which may affect applicability and feasibility of analysis techniques. We assume the
location set is finite and the graph does not change over time. We consider only functional rates
that are dependent on subpopulation, subpopulation sizes and locations, but exclude direct time
dependence, ensuring time-homogeneous CTMCs and other models.

Individual discrete-space models: These are node-labelled graph-based models where each loca-
tion in the graph represents the state of a single individual at that location or a state of the
location. Model dynamics are defined in terms of graph-transformation rules with associated
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exponential rates that modify node labels (but not edges), thereby providing continuous-time
models. Analysis techniques involve counting specific subgraphs of interest over time to under-
stand the proportion of nodes in the graph. The number of locations is finite and the edges do
not change over time. The rates can be functional but are not directly time dependent.

In both of these models, rates are functional and there is no specific requirement for them to be
continuous, although discontinuities in rate functions may affect the applicability of certain analysis
techniques. Later in this document, we consider how one can move between a population discrete-space
model and an individual discrete-space model. The challenge is to determine the rates associated with
each graph transformation rule from the rates of the population model.

4 Transformations and analysis techniques

As mentioned in the introduction, transformations play an important role in analysing mathematical
models. When considering analysis techniques, there are those that can give exact results such as
steady state analysis of a CTMC, and those that give approximate results, obtained either by calcu-
lating statistics over many stochastic simulations, or by a transformation that allows another analysis
technique to be applied. Transformations can be described in terms of what they achieve. Many result
in a more abstract model but this is not always the case. In some cases, when referring to aggregation
and disaggregation, what is meant is a technique that applies aggregation of a model which is then
solved and the solution is disaggregated – we use different meanings here.

Aggregation: This term applies to transformations where states are grouped together to form macro-
states. This may or may not involve similar entities being grouped together. An important
example of aggregation is the counting abstraction which transforms a Markov chain that con-
siders the state of each entity in the system, into a population Markov chain which considers
the number of processes in each state. The resulting Markov chain can have substantially fewer
states which makes steady state analysis and simulation faster. This step is required for the
fluidisation of population counts. In the case of space, aggregation could also be used to group
together locations that have similar characteristics.

Disaggregation: This does not strictly fit into the QUANTICOL workflow described above and is
included for completeness and because it is a transformation that relates to the introduction
of space to models. This term describes transformations which lead to identical states being
distinguished from each other. An example is the addition of a new attribute that can have a
number of values. For example, if we assume a collection of entities that have a small set of
states, then we can have a mathematical model such as a PCTMC which counts the number of
entities in each state. Adding a colour attribute to each entity, and allowing entities to be blue
or green leads to a mathematical model where we count the number of entities in each state for
each colour. Assuming that only a small number of attributes with few values are added, the
new model is likely to still be amenable to the same analysis techniques as the original. Addition
of a location attribute can be done in the same way, and a question under consideration in this
document is whether there is something intrinsically different about space, that makes addition
of a location attribute distinct from that of most other attributes.

Fluidisation: In this case, the transformational aspect is changing from considering the counts of
subpopulations (such as the number of processes in a particular state) as integer values, to real
values. This can also be described as moving from counts of individuals to a view of a mass of
individuals as a flow, hence the term fluidisation. The obvious example of this is using ODEs to
describe the average behaviour of a population Markov chain. This reduces the computational
cost from simulation of multiple runs of the Markov chain behaviour to the simulation of a
single trajectory of each ODE. These ODEs provide the expectation (or first moment) of the
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population sizes. Related to fluidisation is the derivation of ODEs to describe how the first and
higher moments change over time.

Discretisation: This term describes scenarios where some continuous aspect of a model is made
discrete. Within the QUANTICOL project, we can consider changing from a continuous space
model (for example, R2) to a discrete-space model where each entity is given a location attribute
based on their spatial coordinates. This enables the transformation from a model of individuals
moving in two-dimensional space to a model of individuals moving over a graph of locations. If
the number of locations is small then this immediately leads to more scalable analysis for those
techniques that use the spatial information. Application of aggregation can lead to a population
CTMC model over a graph of locations. If this is followed by fluidisation applied to population
counts, the final result is a population ODE model over a graph of locations. Each step leads to
more scalable analysis techniques.

Hybridisation: This term refers to a model transformation that takes some aspects of a continuous
model and discretises them resulting in both continuous and discrete aspects; or alternatively,
where fluidisation is applied to aspects of a discrete model, resulting in a model with both
continuous and discrete aspects. An example of such a model is a discrete-space model that
considers individuals from some subpopulations discretely and other subpopulations in a fluid
manner, for example.

We now describe analysis techniques that consider space for the two types of models given above, and
mention the transformations involved. For population discrete-space models, we have the following
possibilities.

Steady state and transient analysis of PCTMCs: The linear algebra numerical techniques that
can be applied to PCTMCs to understand the probability of being in a specific state at steady
state, or at a particular time during transient behaviour, can be applied to PCTMCs with
locations.

Stochastic simulation of PCTMCs: A different approach to stochastic analysis of PCTMCs is to
simulate individual trajectories using an algorithm such as that proposed by Gillespie [Gil07]. A
basic assumption is that the model has the property of being well-mixed, that is the entities in
the model are evenly distributed throughout space and hence there is no spatial heterogeneity. If
sufficient trajectories are simulated, statistical measures can be calculated across all trajectories.

Fluid approximation of PCTMCs: The techniques based on Kurtz’s result [Kur81] that express
the average behaviour of a PCTMC as ODEs (ordinary differential equations) apply to the
fluidisation of a PCTMC with locations. The assumption of well-mixedness also applies.

Spatial moment closure based on spatial averages: This requires fluidisation of the population
model, derivation of moment ODEs, and application of an approximation technique to close the
moment ODEs.

PDE-analysis of population discrete-space models: A discrete-space population ODEmodel with
random walks is transformed by spatial fluidisation to a PDE (partial differential equation) model
which is then analysed using a discretisation most suited to the specific model [TT15b].

Fluidisation and discretisation applied to agent-based continuous space models: This has
been applied in an ad hoc manner to a 2-dimensional space model of delay-tolerant networks
[Fen14]. A general approach based on Markovian agents has been proposed for 1-dimensional
space which aggregates and fluidises individuals and discretises space.
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Scale transition theory: This technique provides ODEs which approximate the global population
change over time using a growth function that takes the spatial average of environmental param-
eters as arguments together with the relative population density in each location.

Multi-scale techniques based on difference in rates: Various multi-scale techniques can be ap-
plied to a PCTMC defined with locations, or to the equivalent ODE model. Some of these are
of general applicability and some are specific to the model characteristics.

The major technique for individual discrete-space models is that of pair approximation, which we will
refer to as spatial moment closure based on structure. This technique requires a fluid approximation
of the count of specific subgraphs of interest, together with closure techniques. Simulation is also a
technique that can be applied to individual discrete-space models, and statistical analysis of multiple
trajectories can be done. Furthermore, we can consider spatial model checking, crowding and hybrid
techniques in the context of both models. We will consider the applicability of these techniques in the
context of Carma in the conclusion.

In the rest of the document, we consider population discrete-space models in more detail together
with analysis techniques for these models that take space into account, followed by a similar section for
individual discrete-space models, and finishing with analysis techniques that could be useful for both
types of model or a combination of model types.

5 Population discrete-space models

As mentioned in the previous section, given a graph over a finite set of locations, it is straightforward
to construct a PCTMC model that takes these locations into account. Appendix C describes this
process in detail and it can be summarised as follows.

1. For each location and each subpopulation, create a subpopulation at that location. This increases
the number of subpopulations by a factor of n where n is the number of locations.

2. Define rates for interaction of subpopulations in a specific location. These are typically the rates
for interactions from a non-spatial model, a scaled version of the rates for interaction from a
non-spatial model, new rates that are location specific, or some combination of these choices.

3. Define transition rates between locations, with the proviso that movement can only occur between
two locations if there is an edge between these locations in the location graph. These rates can
be the same for all pairs of locations or they can vary.

4. Define initial subpopulations for each location.

The same exact and approximate analysis techniques can be applied to a PCTMC that uses discrete
space as can be applied to a PCTMC. The scalability of these techniques may be affected by the
increase in the number of subpopulations and the accuracy of approximation may be reduced if some
locations have small subpopulations.

Constructing a PCTMC that takes discrete space into account is essentially the same as adding an
extra dimension to the state space which represents location and has one value for each possible location.
Each member of the population now has an additional attribute which describes the location of that
member. The location graph which determines when movement is possible between two locations plays
the same role as deciding what state changes are possible. When considering entities with attributes
as we do in QUANTICOL, we can see that introducing discrete space is very similar to introducing
a new attribute, with the location graph replaced with a graph describing what changes in attribute
value are possible. In this graph, a link between two attribute values implies that an individual with
the first attribute value is to be transformed to be an individual with the second attribute value. This
is discussed further in Appendix D.
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Hence, we might conclude that space can be treated in the same way as an arbitrary attribute
in modelling, and in many cases this is indeed the case. We consider this question further in the
conclusion of this document.

5.1 Spatial heterogeneity

The issue of spatial homogeneity and inhomogeneity/heterogeneity was addressed formally in Deliver-
able 2.1 and these concepts are reviewed in Appendix A of the current document. A model is spatially
homogeneous if rates (parameters) are independent of the location or locations where they are applied
and if the graph of locations is complete.

The population discrete-space model described above can have identical rates for subpopulations
inside each location, as well as identical rates for movement between locations, and have a complete
location graph, so that every location is adjacent to every other location. In the context of the
QUANTICOL project, we wish to consider greater spatial variation than this in our models to capture
that characteristics can vary within space, so we need to go beyond these constraints. This involves
both variation in rates by location, as well as considering neighbourhoods. A neighbourhood of a
location (or set of locations) is a set which is defined in terms of the location graph, and considers
the adjacency of other locations to the location of interest. An example is all immediately adjacent
locations of a location (including the location itself) which matches the closure operator as defined on
quasi-discrete closure spaces [CLM15, GBV+14]. In the case of a complete location graph, any such
definition includes all nodes. Hence to work with neighbourhoods in a non-trivial manner, location
graphs that are not complete are required.

To model spatial heterogeneity requires capturing something about a location that makes it different
to another location. A way in which this can arise is if movement from location to location differs.
Considering the simple model above, possibilities are as follows, assuming we now allow parameters
associated with edges to be directed (although the edges remain undirected themselves)1, we have a
few choices in how to vary parameters depending on location.

• Allow rates that determine the behaviour of a subpopulation in a location to be dependent on
the location.

• Allow rates that determine the movement of a subpopulation between locations to be dependent
on the source and/or target location.

• Allow rates that determine movement from a location to be dependent on the number of locations
that are adjacent to that location, or on some other characteristic of that location such as
centrality.

In the context of analysis of a PCTMC or its related system of ODEs, as discussed above, introducing
these variations in rates does not affect the analysis, although it may make the description of the
PCTMC more complex. This is because these analyses consider each possible transition (or term in
the ODEs) individually and have no way to speed up analysis by considering transitions with the same
rate (or identical terms in the ODEs) together (either as a group or to reduce calculation). Techniques
such as exact fluid lumpability and related approximation techniques [TT14c, TT15b] identify when
it is possible apply an aggregation when dealing with ODEs.

Another issue to consider that relates to spatial heterogeneity is that of dynamic space. We do not
consider this in this document for two reasons. The first is that our techniques work well where we have
conservation of total population sizes and other quantities, and the second is that spatial structure
that changes over time moves us into the area of time inhomogeneity which we have excluded from
consideration within this document. Hence, we assume a fixed number of locations, and rates that are
not directly dependent on time.

1See the discussion in Appendix A to see how this has been defined in previous documents.
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5.2 Aggregate moment closure: spatial moment closure based on averages

We now consider existing techniques from the literature referred to as spatial moment closure that can
abstract from the details of space but still provide a spatially based approach. We suggest new names
for the two most relevant techniques. Some techniques are applicable to population discrete-space
models and some to individual discrete-space models, as discussed in the next section. To differentiate,
we will use the term aggregate moment closure for the techniques that are applicable to population
discrete-space models because it is more descriptive and because this technique could be applied for
attributes other then spatial ones.

In this approach, moment ODEs (derived from the Chapman-Kolmogorov equations) are obtained
for averages over all locations (or values for a specific attribute) for various subpopulations. When
applied to spatial models, it is a spatial abstraction technique because information about what happens
in individual locations is lost. The technique requires the construction of moment ODEs from a discrete-
space PCTMC. These ODEs characterise how moments of the subpopulation sizes change over time.

The basic approach is to obtain an ODE for each subpopulation for the ensemble mean2 of the
average over all locations for that subpopulation. This will then (in most cases) be expressed in terms
of the expectation of the product of two averages (a higher order moment). The ODE for this can then
be derived and this again is likely to contain even higher order moments. In some cases, this system
of ODEs eventually becomes closed, in the sense that there are maximal higher order moments that
appear in the ODEs. In other cases, the system is not closed (or it is not reasonable to determine
whether it is closed), and it can be closed by approximating higher order moments after a certain level.
There are four ways to approach this approximation.

• Assume that the higher order moments above this level provide negligible contributions and
ignore them by approximating them with zero. A related approach is to assume that higher
order cumulants are zero [MKP98, MK99].

• Use the technique of stochastic linearisation which approximates the expectations of products
with the product of expectations for higher order moments above this level. It is not sufficient to
express second order terms as the product of first order terms as this will exclude effects caused
by spatial heterogeneity, hence this technique can only be applied to third and higher order
moments [MMRL02]. The modified mean-field approach from ecology takes a similar approach
by approximating higher moments with powers of first order moments [PRL11].

• Assume that the data has a particular distribution and use that distribution to determine the
values of the higher order moments above this level. The log normal distribution is frequently
used because of its positive support which makes it suitable for population modelling [MMRL02,
MSH05, KCMG05].

• Apply a Taylor expansion of moments, as used in scale transition theory [Che12].

Most applications of this technique assume a complete graph, or alternatively when neighbourhood
is used, approximate the results with those obtained from a complete graph [MSH05]. A slightly
different approach is taken by Levin and Durrett where the ODEs for the subpopulation in locations
are dependent on the average population values over all locations [LD96]. As above, this then requires
the calculation of moment ODEs and moment closure.

Moment closure has been considered in the QUANTICOL project in the context of the PALOMA
process algebra [FH14], a formalism that allows the expression of agent location, and whose under-
lying mathematical model is a population CTMC with locations or population ODEs with locations.
Furthermore, ODEs can be derived to express how the moments of the model change over time, such
as the expected value of a subpopulation size. As is the case with the moments in Section 5.2 above,

2The mean (at time t) over all stochastic realisations (at time t).
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typically these ODEs involve higher-order moments, and a technique to close these equations is re-
quired. In this research [FHG15], a number of techniques are used to reduce the ODEs so that at most
they involve expectations of the product of two subpopulation sizes. Since the models involved can
have many subpopulations and locations, this can still require a large number of ODEs to be solved,
and a neighbourhood relation is introduced to determine when it is appropriate to approximate the
expectation of a product with the product of expectations. The neighbourhood relation is derived from
the process algebra model and describes the degree of correlation between two subpopulations taking
into account the level of interactions between these subpopulations. Hence, it is not an explicitly
spatial technique, although depending on the model, distance between subpopulations may affect the
degree of correlation. As we will describe in the section on future research, different neighbourhood
relations that are more explicitly spatial can be considered and the quality of their approximations can
be compared to the original technique.

5.3 PDE-based analysis of discrete-space models

Tschaikowski and Tribastone [TT15b] have considered an approach which involves taking a discrete
model with random walks to continuous space through fluidisation and then using PDE analysis tech-
niques to get good approximation results.

They studied population-based CTMCs where agents are subject to a random walk on the uniform
lattice R := {(i∆s, j∆s) | 0 ≤ i, j ≤ K} in the unit square [0; 1]2 with ∆s := 1/K and K ≥ 1. Each
agent may attain one of the local states A1, . . . , AL while being at any point in R, meaning that the
CTMC state

~A := (A
(x,y)
1 , . . . , A

(x,y)
L )(x,y)∈R

provides the agent populations in each local state at each region. Agents in the same region may
cooperate with each other by performing local interactions from a rich class of functions. The spatial
domain is assumed to have absorbing or reflective boundary conditions. The former can be used to
model hostile environment, while the latter account for closed environments.

By setting the initial conditions of the CTMC ( ~AN (t)/N)t≥0 to Al(0) = bNα0
l c, where αl0 : [0; 1]2 →

[0;∞) are differentiable functions, 1 ≤ l ≤ L and N ≥ 1, it is then shown that the CTMC of size
O(NL·K2

) converges to the solution of an ODE system of size O(L ·K2) as N → ∞. While this is a
major improvement because the complexity drops from exponential to polynomial, the ODE system
may be hard to solve if K is large.

Fortunately, it is possible to identify a finite difference scheme [Gea71] which solves the ODE system
of size O(L ·K2) and that can be also interpreted as a finite difference scheme [Tho95] of a PDE system
of size L. By combining this with the former result, one then proves that the solutions of the ODE
systems of size O(L · K2) converge, as K → ∞, to the solution of a PDE system of size L. This is
not a purely theoretical result because one solves PDE systems by discretising them to large ODE
systems and the discretization induced by a PDE solver is purely dependent on the PDE system itself
and thus may be substantially coarser than the one induced by the spatial domain R which can be
arbitrarily fine. Indeed, substantial speed-ups have been reported in [TT14a, TT15b], thus showing
that a characterization of mobile systems in terms of PDEs gives rise to shorter calculation times.

5.4 Fluid approximation and spatial discretisation applied to agent-based contin-
uous space models

Feng developed a continuous-space model with individual agents (using the process algebra stochastic
HYPE) for a delay-tolerant network which used wild animals as nodes [Fen12]. Due to computational
limitations, the analysis was restricted in terms of how many nodes could be modelled. The model
was then transformed to a discrete-space model by dividing up space according to waterhole locations,
and using the continuous space model to derive parameters for movement [Fen14]. This enabled the
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population-based modelling of systems with many more nodes and still provided good approximations.
However, this is an ad hoc approach.

More recently, a proposal has been made to apply this process in a general way to 1-dimensional
space. Specifically, it considers models which consist of Markovian agents (MAs) moving on a bounded
one-dimensional continuous space. Markovian agents are a formalism that involves message-passing
between agents, and whose overall behaviour can be expressed as a CTMC or a set of ODEs [CGB14,
BSB+15]. A detailed definition of Markovian agents is presented in Appendix E. We assume that the
movement speed of MAs solely depends on the current state of the agents. This technique is relevant
within the QUANTICOL project since bus routes can be viewed as 1-dimensional journeys.

The analysis of interest is the transient evolution of the state density distribution of agents of class
c in state i at position ` and at time t. The change in this value over a small amount of time can
be expressed in terms of those agents at location ` who change state and those agents who move to
`. The term describing the agents that move can be derived using the Taylor expansion. The change
in value can be then be expressed as a PDE in terms of both time and distance (in 1-dimension).
Assuming upper and lower bounds, the upwind semi-discretisation technique [HKNT98] can be applied
to discretise the distance aspect of the PDE leading to a set of ODEs expressing the change of state
density at each discretised location.

5.5 Scale transition theory

Scale transition theory is an approach used within ecology to understand how local dynamics relate
to global dynamics, particularly in the case of nonlinear population dynamics [CDMS05, Che12]. It
can be applied to either space or time, and is applicable to both continuous and discrete models.
Considering this theory in the context of continuous populations and discrete space, the population
density for a species X in location i is defined by the ODE

dXi/dt = f(Wi)Xi

where Wi is a vector of spatially varying fitness factors which can include population densities as well
as environmental factors. The average population density (over all locations) can be expressed as

dX/dt = f(W)X = f̃(W) ·X = [f(W) + Cov(f(W), V )] ·X

where Y Z = 1/n
∑n

i=1 YiZi is the average of the product over all locations and f̃(W) is the global level
fitness and can be expressed as the spatial average of the product of fitness and the relative density of
population

f̃(W) = f(W)V = f(W) + Cov(f(W), V )

where Vi = Xi/X and hence V = 1. Then using various approximation techniques, the following
equation is obtained

dX/dt = f(W)X ≈ [(f(W) + 1/2 · f ′′(W)V ar(W) + f ′(W)Cov(W, V )] ·X

which provides a straighforward way to approximate the ODE for the change of population at the
global level, assuming that f ′ and f ′′ are easy to calculate. The authors note that the approximation
works best when spatial variation in the arguments to f is low [CDMS05].

5.6 Multi-scale techniques based on differences in rates

As mentioned in the section on spatial heterogeneity, rates can vary, and it may be possible to exploit
this variation in the analysis techniques. There are well-known techniques that use differences in
interaction rates between entities, such as the Quasi-Steady-State Assumption (QSSA) which assumes
an equilibrium for the parts of the system that have fast interaction rates and then derives expressions
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for the slower parts of the system [GRZ10, SS89]. This can be done both within a stochastic approach
and a deterministic approach using ODEs. Another technique is timescale decomposition applied
to CMTCs which have the characteristic that its states can be partitioned into groups such that
transitions between group members are fast, and transitions between groups are slow. This permits an
approximation technique that allows for the CTMC represented by each group of states to be solved
separately and then combined into a solution for the whole CTMC [SA61].

In QUANTICOL, such techniques have been considered for model reduction when there are multiple
time scales and reported on in Deliverables 1.1 and 1.2 [GBH+14, BGH15] but they have not yet been
considered in the context of spatial models. In ecological modelling, spatial aggregation methods
consider the combination of different time scales that are location-based [APS12]. Starting with an
assumption that interactions that occur at a location are slow and movement between locations is fast,
the usual ODEs for a population model can be derived, consisting of terms for migration and terms for
local interaction. It is assumed that the terms for migration are multiplied by the inverse of the scale
parameter, a value much smaller than 1. This expresses the difference between the fast migration and
slow local interaction. Through a change of variables from subpopulation size at a location to a pair
consisting of density at a location and total subpopulation over all locations, with a related change
in the time variable that divides time by the scale parameter, a slow-fast system can be obtained to
which either the quasi-steady-state assumption or Fenichel’s theorem [Fen71, Wig94] can be applied
to obtain a reduced system.

In the case of QUANTICOL models, it is likely that the pattern will be the opposite as movement
between locations is typically physical, whereas interaction within locations may be computer-based
and much faster than physical movement.

In some spatial models, there could be a spatial pattern in the variation that could be investigated
for the development of alternative analysis techniques. In the examples listed below, the rates are not
independent of each other as they vary with respect to any aspect of space, and it may be possible to
leverage this fact. Examples are as follows.

Spatial variation depending on location: Consider a grid-structured graph of locations over which
there is a gradient. The leftmost locations experience full intensity and the rightmost locations
experience half intensity, with a stepped decrease in intensity for locations from left to right.
This intensity determines the duration of some action. Assuming a single distribution, we can
draw a single duration and then apply the intensity to modify the duration for a specific location.
Alternatively, the distribution could be modified for each intensity and then a duration could be
drawn from the distribution for the location.

Spatio-temporal variation depending on location: In this case, the pattern occurs over time and
space. Assume that an event (that occurs at the end of a duration) happens in all locations but
it is time-shifted from left to right, possibly representing that the event (or its effect, as in the
case of a sound wave) is moving across the locations, starting from the left. Then the event will
occur at time t in the leftmost location, and at time t+ x in the rightmost locations where x is
the time taken for the event or its effect to move from the leftmost to the rightmost locations.
This pattern requires a more expressive model than CTMCs.

Spatial variation depending on location structure: It appears that the only other spatial aspect
that could be considered relates to characteristics of the graph. As suggested above, movement
rates for movement from a location could be dependent on the number of locations to which
subpopulations could move, and in this case the rate would be dependent on the degree of the
location in the location graph. If we consider a finite 2-dimensional grid, we could define an
overall rate for leaving any location, and the actual rate for moving to a different location would
be obtained by dividing the overall rate by the number of locations to which moving was possible.
For a non-corner edge location, the divisor would be three, for a corner location, it would be two
and for any other location, it would be four.
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Rates could also depend on the distance of the location from a special location, or the centrality
of the location. Movement rates with are associated which edges could depend on the centrality of
the edge, the degree of the vertices of the source location or the target location and other measures
that can be defined. Although these can all be seen as different types of spatial variation, it is
not clear that there is any suitable application of them.

6 Individual discrete-space models

A different approach to using discrete space is a graph-based model where each node either represents
a single individual or a single position in space or location which can have one of a small number
of characteristics. Whether the node itself is modelled or an individual at the node is modelled, the
node is the agent in the model. Hence there is no distinction between location and agent, unlike in
population discrete-space models.

The dynamics of the model are defined in terms of graph transformation rules with associated expo-
nential rates (when working with continuous time). A graph transformation rule describes how a small
subgraph or pattern can be transformed in another pattern. There are two types of transformation:
those that change the state of the nodes in the graph and those that modify the graph by removing
or adding nodes or edges. As described previously, we consider a static model of space and hence we
only consider the first type of transformation in this document.

In a graph-based SIR model, each node is an individual who can be in one of a number of states
(susceptible, infected, recovered) and the edges of the graph link individuals that can affect each other.
This structure can represent space-based interaction of individuals. The graph-transformation rules
include a linked pair consisting of one susceptible and one infected being modified to a linked pair
consisting two infected; and a infected node being modified to a recovered node.

In ecology, nodes may represent a patch of ground which can be in a number of states including
filled by a plant of a specific species, empty but suitable for growth or infertile. Often the nodes are
laid out in a grid pattern, and the transformation rules describe how plants spread, and how nodes
become fertile or infertile.

The technique called pair approximation which we will refer to as spatial moment closure based
on structure or structure-based moment closure (to give it a more explanatory name) provides ODEs
which describe how the counts of various patterns change over time. From these values, the number of
nodes in each state can be calculated at each point in time. This technique is discussed in more detail
in the next section.

6.1 Pair approximation: spatial moment closure based on structure

The stochastic graph transformation model is used to obtain ODEs which describe the change in how
often each pattern appears over time. By patterns, we mean small graphs consisting of nodes with
states of interest. The reason this technique is called pair approximation is because one can consider
the patterns of interest to be a graph consisting of two linked vertices, with the two vertices having
specific states, and one wants to know how many times this pattern appears in the graph of the model.
Much of the existing research assumes a finite grid/lattice [WKB07, MOSS92], but we consider the
more general case of arbitrary graphs rather than regular ones.

Deriving the ODE for a particular pattern may involve understanding how often a different pattern
occurs (because the one pattern is transformed into the other by the stochastic process). Typically, to
understand the various pair patterns that can occur, the number of certain triplet patterns must be
known, and at the next step of obtaining ODEs for triplet patterns, the number of specific quadruplets
must be known. This leads to an infinite system of ODEs. Using similar techniques to those described
above, this system of ODEs can be closed by approximation. Structure-based moment closure has also
been considered as a multi-scale technique [Ell01]. In this case, different sizes of neighbourhood are
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used for different types of interaction. Structure-based moment closure seems inherently spatial and it
is not obvious how it can be applied to other attributes.

We can also examine the quality of the approximation. Consider the two following models where
each model is composed of a large number of objects that are connected by a graph of interactions.
Objects of the model can interact locally (with their neighbours) or globally.

SIR model on a graph: In this model, we start with a population of nodes that can be suscepti-
ble or infected. The disease propagates locally where each infected node infects its susceptible
neighbours at a given rate. Infected nodes become immune to the disease at a given rate.

Choices in a bike-sharing model: In a bike-sharing system, bikes are parked at stations and each
station can store a finite number of bikes. We assume that when a user performs a trip, she
chooses two stations close to her destination and returns her bike to the station that has the
least number of parked bikes.

These models are two examples of systems where interaction between local objects are important:
for the epidemic model, the disease only propagates locally. For the bike-sharing model, the choices
between neighbours induces local interactions between stations. Hence, they provide good candidates
to test when structure-based moment closure provides accurate results.

To this end, we simulated the stochastic models corresponding to this model and compared the
results with two quantities: (a) a numerical solution of the structure-based moment closure ODEs
and (b) a numerical solution of the mean-field ODEs that would correspond to a space-free model of
the same systems. For both models, the structure-based moment closure exhibits a behaviour that
is closer to the stochastic simulation than the mean-field model. However, for the epidemic model,
the structure-based moment closure results are still very far from the stochastic simulation while the
structure-based moment closure results are accurate3 for the bike-sharing example, as shown in [Gas15].

A tentative explanation is the role of initial conditions in the dynamics of such systems. In the
considered SIR model, the dynamics of the model is dominated by the transient behaviour of the model
and the only propagation of disease is via neighbours. In particular, the stationary distribution is not
unique. This might explain why an approximation of the spatial interactions can lead to incorrect
prediction. On the contrary, in the bike-sharing example of [Gas15], there are some local interactions
that modify the balance of bikes between neighbours, but a large part of the dynamics comes from
the movement of bikes throughout the city. The fixed point of the structure-based moment closure is
unique and stable and the unique stationary distribution of the stochastic system seems to be close to
this fixed point.

7 Transformations between discrete-space models

Individual discrete-space models can be seen both as less abstract and more abstract than population
discrete-space models, and this can be illustrated by transformations in both directions. These trans-
formations can be used to obtain smaller models that are amenable to different analysis techniques.

Individual discrete-space models can be less abstract because they consider individuals rather than
populations. To support this view, one can consider transforming an SIR individual discrete-space
model where the nodes in the graph represent individuals with one at each location, to a population
discrete-space model. This transformation involves aggregating locations and thereby aggregating
subpopulations. The edges in the aggregated location graph can be determined in a number of ways,
but the most obvious is to have an edge between two aggregate locations whenever it is possible to find
two individuals that were linked by an edge in the original location graph, such that each individual

3Note that the results reported in [Gas15] are numerical evidence that the structure-based moment closure is close to
the unique fixed point of the structure-based moment closure equation. However, it can be shown that the fixed point
of the structure-based moment closure equation is not the steady-state distribution of the original stochastic system.
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is in a different one of each of the two aggregate locations. The resulting population discrete-space
model differs from those described earlier in this document because it has no movement between
aggregate locations since individual discrete-space models capture how individuals at each location
change state rather than move. Since the graph transformation rules describe how interaction with
other individuals causes state change for a specific individual, a mechanism must be added to describe
how subpopulations in different aggregate locations interact, otherwise the behaviour will only be
that of isolated subpopulations that evolve separately. A major challenge of the transformation is to
determine the rates for the population discrete-space model so that the two models represent the same
behaviour. A secondary challenge is to identify what it means for the two models to have the same
behaviour.

An individual discrete-space model can also be more abstract than a population discrete-space
model because each location can represent a characteristic of a location. To transform a population
discrete-space model to a individual discrete-space model, it is necessary to map each location to a
state that describes it. For example, in a model with two subpopulations A and B, a location could
be in one of a number of (mutually-exclusive) states, such as similar sized subpopulations for A and B,
A is much larger than B, B is much larger than A, only A, only B and empty. As with the previous
transformation the challenges are to obtain rates for the transformed model and to determine what it
means to have the same behaviour.

8 Analysis technique for both types of discrete-space model

The analysis techniques discussed in this section are not specific to whether a model is an individual
or a population model and may also apply to models that have characteristics of both.

8.1 Spatial and spatio-temporal model checking

An important aspect when reasoning about agents or populations in space, is the possibility of ex-
pressing properties of space. For instance, agent/population properties may depend also on space: it
might be of interest to be able to express the fact that a certain agent is surrounded (in space) by
other agents, or that there is a route from (the position in space of) an agent to (the position in space
of) another agent. In addition, it might be useful to describe specific aspects of the space where agents
are acting, for example, obstacles. In [CLLM14], a logic for specifying properties of space has been
presented which has been developed within the context of QUANTICOL. The logic is also equipped
with a spatial model-checking algorithm for the verification of such properties. The approach has been
applied to bus transport scenarios [CGL+14] and has been extended to a simple spatio-temporal logic
with related model-checking algorithm [CGG+14] which has been applied to bike sharing [CLMP15].

Spatial and spatio-temporal properties are also important for the verification of the spatio-temporal
behaviour of complex systems. Examples of such systems are the emerging patterns in animal furs
that are a consequence of the local reaction between two different chemical species. Such behaviours
can be modelled by reaction-diffusion equations, that, when discretised, lead to a rectangular grid in
which each node is associated with the quantities of the chemical substances that are present. These
amounts change over time as modelled by the equations and can be seen as signals. These all together
form patterns in the grid that develop over time. In this approach, Signal Temporal Logic is extended
with spatial operators developed in [CLLM14, NB14] which are capable of specifying such patterns
and efficient monitoring algorithms have been developed to analyse such pattern formation.

These two approaches will be described in more detail in the WP3 Internal Report "Scalable
verification for spatial-stochastic logics" due at the end of March 2016.
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8.2 Spatial simulation with crowding

In biological modelling of cells, crowding is an important part of simulation involving space, because
of cells have limited volume and it can be important to consider how much space various molecules
take up, and how this may affect reactions, as well as the health of the cell. Models range from those
that model continuous space in which each entity has a volume and collision between molecules are
explicitly modelled, to grid-based approaches where there is space for only one entity in each location
[KK12, TAT05]. The grid-based approaches are similar to individual discrete-space models but use a
graph with regularity rather than an arbitrary graph.

For population discrete-space models, crowding can be modelled by imposing maximum quantities
on locations. Functional rates for movement into a location can be defined to be zero when the
location is full; either because of a maximum population count for a location or a maximum area or
volume, where each subpopulation has an associated area for an individual so that occupied area can
be calculated. This may lead to discontinuous rate functions.

In the context of the QUANTICOL case studies, crowding is most relevant when considering bus
movement at bus stops, since if a bus cannot physically get to a bus stop because of the presence of
other buses, it will be delayed in collecting passengers. This could be modelled in discrete space using
either population or individual models.

8.3 Hybrid approaches

Hybridness is an ubiquitous feature in many models of real systems. Here, we take a high level view of
the concept of a model being hybrid, in the sense that we label as hybrid any model that combines in
itself different formalisms or mathematical descriptions or that may involve combinations of techniques.
This is in contrast with a classical view of hybridness as the coexistence within a model of discrete and
continuous variables.

As far as space is concerned, there are many possible ways in which one can construct hybrid
models. Here we list a few, including their relevance to the QUANTICOL project. A full classification
of multi-scale and hybrid representations of space is, however, outside the scope of this document.

• Space may be seen or modelled differently depending on which kind of agent we are considering
in the model. An example taken from biology is in the description of large and small molecules.
The former are often modelled as individual objects having a precise position in continuous
space. The latter are described as populations, and hence represented by counting variables,
in subregions of space [BHMU11]. This produces a model combining individual objects moving
in space with a kind of discretised stochastic diffusion process. A similar combination may be
useful in the QUANTICOL project, by considering models of interaction of pedestrians with
public transportation. In particular, we can consider a scenario in which buses are modelled
as individual entities moving in continuous space, while pedestrians or bus users are modelled
as populations moving from one discrete location in the city to another, or on and off a bus.
Alternatively, buses outside the city centre could be modelled as moving in continuous space,
whereas those within the city centre are modelled as a population with movement rates that are
determined by the number of buses.

• Another source of hybridness in spatial modelling can be related to different representations of
space at different scales or in different locations. The simplest scenario to consider is a high level
representation of space in terms of locations, and a low level description of space inside each
location in terms of a grid or as a continuous space. In this case, one has to define appropriate
interfaces between the dynamics at the two scales, in terms of abstraction and concretisation
functions mapping the low level into the high level and vice versa. By contrast to the previous
example, one may wish to model details of the bus movement within the city centre but represent
the flow of buses in and out of the centre to different suburbs in a discrete-space style.
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• A similar situation to the previous one is a scenario in which one special location of interest is
treated in detail, while the rest of the system is approximated in a coarser manner as a single
component. This can be helpful in developing some form of spatial fluid model checking. More
substantially, the detailed model of a region may be either continuous or grid-based, while the
rest of the system can be abstracted as a location-based model, possibly homogeneous, hence
resorting to some kind of aggregate moment closure technique.

• Similarly, there may be situations in which different locations require a different level of detail in
their treatment. For instance, in a crowd movement scenario, we may be interested in tracking
the density of people on bikes in the streets or in a square, which calls for a continuous space
representation and a PDE dynamics, but coupling this model with a model describing the number
of people at bike stations, in order to keep track of the inflow and outflow of people from the
streets or the square.

• From a more classical perspective, we can still imagine hybrid models in space where small and
large populations are both present. This may be location specific, and change as the system
evolves. Then, we can construct hybrid models in which some populations are kept discrete in
some locations, but are approximated continuously in other ones. The research into hybrid limits
from Work Package 1 is applicable in this case.

Analysing hybrid spatial models can be challenging, but also opens new ways of using locally different
forms of spatial abstraction techniques. As an example, consider a multi-scale scenario where the local
space is described as a fine grid, while globally space is represented by a collection of locations. In
such a situation, we may use structure-based moment closure approximation locally (if that is accurate
enough), de facto reducing the model to a standard location population ODE. In the case of the hybrid
treatment of populations, simulation of TDSHA (transition-driven stochastic hybrid automata) [BP10]
or PDMPs (piecewise deterministic Markov processes) [Dav93] can be used.

9 Space as an attribute

As mentioned earlier, the issue of whether space is different to any other attribute that could be added
to a population-based model is now discussed. In the case of individual discrete-space, it appears that
space is very different from adding an arbitrary attribute because it provides the structure over which
analysis is done. Considering population discrete-space models, there remains the possibility that for
certain models and/or certain modelling techniques, space does provide something richer, because the
underlying data type representing space is likely to be equipped with more structure than an arbitrary
attribute. For example, in addition to the attribute graph that represents the connectivity of distinct
attribute values associated with different locations in space, our notion of space may also be equipped
with an implicit metric space which allows us to define not just connectivity, but also “closeness”.
Thus actions in the model may have a predicate that is based on an influence range rather than direct
connection — we have seen this, for example, in SCEL [DLPT14], PALOMA [FH14] and Carma
[CNH+15]. Similarly, for these richer notions of space, model reduction techniques or approximate
analysis may also be able to exploit the richer structure. The most abstract representation of space,
in terms of closure spaces using the basic definition without enrichment or refinement, seems to offer
little beyond an arbitrary attribute with an attribute graph, but richer representations of space offer
more possibilities.

10 Relevance to QUANTICOL

This section considers the relevance of the various analysis techniques discussed both in the context of
the QUANTICOL case studies and the Carma language [CNH+15] for describing collective adaptive
systems.
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As discussed in Deliverable 2.1, discrete-space models have the most relevance for the QUANTICOL
smart transport case studies. Discrete space has also been used in the investigation of residential smart
grids [Gal15] where surplus renewable energy is shared with neighbours and a model of power trading
in smart grids [ST15].

When considering Carma, the language that is being developed as part of the QUANTICOL
project [CNH+15], we need to understand the mathematical models that provide the semantics of the
language. Currently, Carma only has individual-based semantics. Population-based semantics are
still under development. Note that this does not mean that Carma is limited to individual space
models, since many individuals can be located at a single location.

Starting with individual discrete-space models, we consider how they can be expressed in Carma
and how the relevant analysis technique can be applied. In Carma, locations can be represented by
enumerated types (L1, L2, . . .L10) or by records of basic or enumerated types (such as integer pairs to
represent locations on a grid or lattice: (0, 0), (0, 1), . . . (9, 9) for a 10×10 grid). To represent a location
graph, it would seem most suitable to define it at the environment level and let it be part of the global
store. Another approach is to define functions that capture the graph structure. Alternatively, each
node in the graph could be an agent in the collective and have a record of its neighbours. A further
idea is to supply the Carma language with an abstract data type for closure spaces as discussed in
Carma in Deliverable 4.2 [CNH+15].

Expressing the graph transformation rules required for an individual discrete-model could be done
by requiring interaction with neighbours to establish the state of the neighbours and to determine
what attribute change is possible for the agent. This would then define the individual discrete-space
model, and from this it may be possible to extract the pattern-based ODEs and apply moment closure
at the appropriate level thus allowing a structure-based moment closure analysis. This would provide
a trajectory for each pattern type, from which trajectories for each subpopulation can be obtained.
Note that an individual discrete-space model with graph transformation rules does not fit the Carma
modelling paradigm and hence this is an inelegant solution for combining the two.

Population discrete-space models also require a location graph and the same ideas as discussed above
apply again. Population discrete-space models require a population-based semantics for Carma and it
is reasonable to assume that this would result in either a population CTMC or population ODEs with
locations. In that case, the model would be such that various techniques could be applied, including
aggregate moment closure, PDE-based analysis of discrete-space, scale transition theory or various
multi-scale techniques (if the rates have the appropriate characteristics). Note that these techniques
mostly provide a global-level analysis of averages over all locations, so they abstract from spatial detail
but the results do take account of the affect of spatial heterogeneity on the global outcomes.

Carma can represent locations as points in continuous space [CNH+15], and it may be possible
to represent movement in continuous space in an approximate manner. If individual continuous-space
models can be represented in this fashion, then population fluidisation with spatial discretisation could
be applied at the level of the mathematical model to achieve a discrete-space-based analysis of the
model.

In terms of techniques that can be used for both types of discrete-space model, both spatial model-
checking and approaches to expressing crowding should be applicable. For combination of techniques,
further development of these techniques are required first. To be able to apply them to Carma models
via the software, a suitable interface is required to identify which parts of the models are to be treated
in which manner.

11 Future research

This section proposes potential research topics for the remainder of Task 2.1.

• As mentioned in Section 5.2, aggregate moment closure techniques based on a semantic neigh-
bourhood relation have already been investigated in the context of the process algebra PALOMA
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[FH14]. We will also consider neighbourhood relations based on different types of spatial distance
and compare the results we obtain.

• If a population discrete-space model becomes too large as a result of many subpopulations and
many locations, it may be possible to aggregate locations that are similar in nature. This requires
techniques to construct the model with aggregated locations from the original model and to decide
how to group locations together. We will investigate whether the research from Work Package
3 on differential aggregation [TT14b] can be used for this clustering task. Differential inclusion
[BGH15] and differential hulls [TT15a] could be used to assess the quality of the clustering by
comparing upper and lower bounds.

• In Section 6.1 the quality of structure-based moment closure (pair approximation) was discussed
and a hypothesis for the different outcome for different models was presented. We will consider
whether more definite answers can be obtained when looking at the quality of this approximation.

• We will investigate the application of existing aggregate moment closure techniques as discussed
in Section 5.2 to spatial models expressed in Carma.

• If it is possible to identify case studies where there are spatially varying rates so rates within
locations are orders of magnitude different than those between locations, then the existing multi-
scale techniques mentioned in Section 5.6 as well as those proposed in Work Package 1 [GBH+14,
BP14] will be applied to models of the case studies.

• We will consider how to combine approaches to provide a hybrid technique with an initial focus on
computing the average (movement) trajectory of an individual within a PDE model or population
ODE model with locations. This has similarities to fluid model-checking [BH15] but without
nesting of operators should be technically less complex.

• We will consider the development of a hybrid analysis technique that treats one location as
distinct and uses aggregate moment closure on the other locations to derive an expression to cap-
ture behaviour outside of the distinct region. The research from Work Package 1 on uncertainty
[BGH15] may provide techniques for expressing the spatial heterogeneity of the model.

12 Conclusion

This internal report has considered space and location in the context of Task 2.1 “Scalable Represen-
tations of Space”. The aim of the report is to consider mathematical representations for modelling
space and analysis techniques that can be applied to these representations. The report has focussed on
discrete-space models as the most relevant to QUANTICOL and considered techniques for population
discrete-space models, of which there are a number, and techniques for individual discrete-space mod-
els for which there is one main technique. Some techniques such as logic-based approaches apply to
both types of model. Hybrid approaches can combine different types of models and be analysed with
a combination of techniques.
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A Appendix: Formal definitions from Deliverable 2.1

We assume a set of locations L and an undirected graph over locations (L, EL) with EL ⊆ P2(L).
Each edge has the form {l1, l2}, and loops such as {l, l} are allowed. We can consider two groups of
parameters; those that are associated with locations, namely with vertices of the graph and those that
are associated with interaction or movement, namely the edges of the graph, and we use the following
notation.

• Λl for l ∈ L, and

• Γl1,l2 and Γl2,l1 for {l1, l2} ∈ EL.
Although the edges of the graph are not directed, movement is inherently directional (although in
many cases, the movement parameter may have same value for both directions), therefore two sets of
parameters for edges are required. Interaction can be undirected when considering an abstract view of
interaction or communication. Alternatively, it can be directed if one party is the sender and the other
the recipient. Our choice of an undirected graph allows these details to be expressed at the parameter
level.

A spatial model is

• location homogeneous if Λli = Λlj for all locations li, lj ∈ L.

• transfer homogeneous if Γli,lj = Γlj ,li = Γli′ ,lj′ = Γlj′ ,li′ for all edges {li, lj}, {li′ , lj′} ∈ EL.

• (spatially) parameter homogeneous if it is both location and transfer homogeneous.

• spatially homogeneous if it is parameter homogeneous, and its location graph is complete4.

Spatial inhomogeneity can be introduced in two ways: the first involves connectivity where equal
accessibility is no longer assumed, and the second where all locations are still accessible from all
locations, but parameters vary between locations. These are not necessarily distinct concepts. Consider
the case where there is a parameter ρi,j ∈ Γli,lj which describes the rate of movement from location i to
location j. If ρi,j is the same for all i and j and no other parameters vary by location then the model
is spatially homogeneous. However, if ρi,j can vary and possibly be zero then not only does a specific
parameter vary by location but additionally, equal accessibility no longer holds (either because on
average it takes longer depending on the rate, or if the rate is zero there is no accessibility). However,
if ρi,j is constant for all i and j but other parameters vary by locations, then the model is spatially
inhomogeneous.

In an undirected graph of locations representing discrete space, the links between locations are
used to define neighbours. Given a location l, its immediate neighbours are those vertices l′ such
that {l, l′} is an edge in the graph. Its n-hop neighbours are those that can be reached through a
path in the location graph of at most n steps (but excluding the location l itself). In the case of a
regular grid graph, the immediate neighbours (west, north, east and south) are referred to as the Von
Neumann neighbourhood. The larger neighbourhood that includes the northwest, northeast, southeast
and southwest points as well as the immediate neighbourhood, is known as the Moore neighbourhood.
Both types of neighbourhoods can be extended to n-hop neighbours and also applied to hexagonal and
triangular regular location graphs.

This is a purely spatial approach to defining neighbourhoods. However, in some cases, it can be the
entity or process itself that defines its neighbourhood depending on its capability. Other approaches
use a (perception) function or Boolean formula that determines the neighbours of an individual, or
the others with whom an individual can interact, by specifying the attributes or properties of the
other individuals with which it can interact, such as the attribute-based communication in Carma
[CNH+15].

4A complete undirected graph has an edge {l, l′} between each pair of vertices l and l′. Graphs with regularity such
as grids are not complete (except for very small examples).
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B Appendix: CTMCs and population CTMCs

This section briefly introduces these two concepts, as they would be used in stochastic modelling
[BKHW05, BHLM13].

Definition 1. A continuous time Markov chain (CTMC) is a tupleMC = (S,R) where

• S is a finite set of states, and

• R : S × S → R≥0 is a rate matrix.

If an entity is currently in state S, then R(S, S′) is a non-negative number that defines an exponential
distribution from which the duration of the time taken to transition from state S to state S′ can be
drawn. Under certain conditions, transient and steady state probabilities can be calculated which
describe the probability of being in each state at a particular time t or in the long run, respectively.
CTMCs can be state-labelled (usually with propositions) or transition-labelled (usually with actions).

For population Markov chains, instead of considering an entity with states, we consider a vector of
counts X that describes how many entities are in each state; thus it is a population view rather than
an individual view.

Definition 2. A population continuous time Markov chain (PCTMC) is a tuple XC = (X,D, T ) where

• X = (X1, . . . , Xn) is a vector of variables

• D is a countable set of states defined as D = D1 × . . . × Dn where each Di ⊆ N represents the
domain of Xi

• T = {τ1, . . . τm} is the set of transitions of the form τj = (v, r) where

– v = (v1, . . . , vn) ∈ Nn is the state change or update vector where vi describes the change in
number of units of Xi caused by transition τj, and

– r : D → R≥0 is the rate function of transition τj with r(d) = 0 whenever d + v 6∈ D.

From a population Markov chain, the associated Markov chain can be obtained. D is the state
space S. For the population CTMC, the rate matrix of its associated CTMC is

R(d,d′) =
∑

τ∈T ,vτ=d′−d
rτ (d) whenever d 6= d′

and if the summation is empty, then R(d,d′) = 0.
As the size of the population increases, it has been shown [Kur81] under specific conditions that

cover a large range of models that the behaviour of an (appropriately normalised) population CTMC at
time t is very close to the solution of a set of ODEs, expressed in the form X(t) = (X1(t), . . . , Xn(t))
defining a trajectory over time. The ODEs can be expressed in terms of a single vector ODE as
Ẋ = dX/dt = f(X).

C Appendix: Adding discrete space to a population model

A spatial mode can be constructed by adding discrete space to a non-spatial model. Consider a
model consisting of a number of subpopulations, A,B,C, . . ., with a description of transitions between
subpopulations where each transition has an associated functional rate defining an exponential distri-
bution. The rate may be dependent on current subpopulation sizes but nothing else, in particular, not
time. Additionally, the model has initial quantities for each population. This defines a (non-spatial)
population continuous-time Markov chain (CTMC).
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This model can be analysed by exact techniques for CTMCs, and its behaviour can be investigated
using the Gillespie stochastic simulation algorithm or fluid approximation which provides a system of
ordinary differential equations (ODEs) to describe the change in size of each subpopulation over time).
Neither the CTMC techniques nor stochastic simulation scale well with increased subpopulation sizes,
whereas the fluid approximation complexity is determined by number of subpopulations rather than
subpopulation sizes.

To convert this model to a spatial one, n distinct locations can be introduced, and each member of
a subpopulation is allocated to a location. We are only interested in which location an individual is in,
but nothing further – we do not consider their position within a specific location and this allows the
application of techniques that assume well-mixed subpopulations at the location level such as stochastic
simulation and fluid approximation.

A location graph is introduced to describe how members of subpopulations can move between
locations. Vertices are the locations and edges are the connections between locations. Edges between
locations indicate those locations which are physically adjacent or locations for which there is some
mechanism for moving between them. Some models are very abstract and assume adjacency of all
locations, thus giving a location graph which is complete.

Transition rates can be taken from the original non-spatial model. In some spatial models, the rates
are still dependent on the those non-spatial subpopulations sizes. More usually, they are modified to be
dependent on the subpopulations in the current location and may involve scaling of the rates because
of the introduction of space. An initial quantity is required for each subpopulation in each location,
and this can be achieved by dividing the initial quantities of the non-spatial model across the locations.

Movement transitions are also required otherwise the subpopulations in each location will evolve
independently of those in other locations. We only consider movement between two locations when
there is an edge between the two locations in the location graph. These transitions require rates. We
assume for this basic model that these rates are dependent on the subpopulation that is moving, as
well as on the size of subpopulations. Again, we do not consider the case that time affects the rate
calculation.

The analysis of this basic spatial model can be done in the same way as the original model. However,
the introduction of space has increased the number of subpopulations by at most a factor of n where
n is the number of locations. The analyses provide information about what happens in each location,
but they also allow for calculations of averages and other statistics over all the locations.

To summarise, we have taken a basic non-spatial model, and in the most minimal manner, extended
it to a model in discrete space. We next consider adding an attribute to a model, and investigate how
adding discrete space differs from adding an attribute.

D Appendix: Adding a discrete attribute to a population model

We can extend a population model in a more general way by considering the addition of an arbitrary
attribute. If we start with the same basic (non-spatial) model with a number of subpopulations, and
we wish to add a new attribute to all individuals, which will increase the number of subpopulations.
The new attribute that can take one of m values. Hence we increase the number of subpopulations by
a factor of m. We also assume that we have a graph (called the attribute graph) that describes how
an agent can change attribute values (which is equivalent to an agent leaving one subpopulation and
joining the subpopulation with a different value for this new attribute). For example, if the attribute
represents battery level, it may be possible to transition from empty to charging but not directly from
empty to full. It is clear that this basic construction is the same as for adding discrete space.

In terms of analysis, as before, variants of Gillespie simulation, fluid approximation and exact
techniques for CTMCs can all be applied since dividing the total population up into more subpopula-
tions does not affect the applicability of these techniques, although it could affect how practical their
application is.
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E Appendix: Markovian agents

Modelling individual agents in continuous space is likely to be very computationally expensive and
being able to transform such models to ones that model populations in discrete space is a useful trans-
formation that supports scalability. Appendix F describes a 1-dimensional version of this technique
that can be applied to Markovian agents, and the current appendix introduces this formalism.

Formally, a Markovian agent (MA) of class c at position ` is defined as a set of matrices and vectors
[CGB09]: MAc(`) = {Qc(`),Λc(`), Gc(`,m), Ac(`,m), V c, πc0(`)}, in which:

• Qc(`) = [qcij(`)] is a nc × nc matrix, in which each element qcij(`) represents the rate of the local
transition from state i to state j, with qcii(`) = −

∑nc
j 6=i q

c
ij(`) where nc is the number of states of

a MA of class c.

• Λc(`) = [λci (`)] is a vector, in which each element λci (`) denotes the rate of a self-jump transition
which reenters the same state i, for a MA of class c.

• Gc(`,m) = [gcij(`,m)] is a nc×nc matrix in which each element gcij(`,m) describes the probability
of MAc(`) generating a message of type m during a local transition from state i to state j.

• Ac(`,m) = [acij(`,m)] is a nc × nc matrix, in which each element acij(`,m) (i 6= j) describes the
acceptance probability of message type m for the MAc(`), with induced transition from state i
to state j whereas acii(`,m) denotes the probability of dropping this message, and acii(`,m) =
1−

∑
j 6=i a

c
ij(`,m).

• V c = [diag(vcii)] is a diagonal matrix where each element vcii gives the speed of the agent in state
i,

• πc0(`) is the initial state probability distribution of an agent of class c at position `.

Figure E shows two MAs in two different positions but which can communicate with each other, where
um(`, c, i, `′, c′, i′) is the perception function of message m, whose value represents the probability that
an agent of class c, in state i, and at position ` perceives a message m sent by an agent of class c′ in
state i′ and at position `′.

F Appendix: Fluid approximation and spatial discretisation in 1-
dimensional space

This section considers how an 1-dimensional continuous space model of individuals expressed as Marko-
vian agents (MAs) can be transformed to a 1-dimensional discrete-space population model. MAs are
presented in Appendix E. The analysis of interest is the transient evolution of ρc(`, t) = [ρci (`, t)], the
state density distribution of agents of class c at position ` and at time t. Let Kc(`, t) = [kcij(`, t)] be
the infinitesimal generator matrix describing the rate of stochastic transitions of a MA at position `
and at time t which can be easily computed from the definition of MAs. We can compute the density
of agents in state i at time t+ ∆t by the following equation:

ρci (`, t+ ∆t) = ρci (`− vcii∆t, t)[1 + kcii(`, t)∆t] +
∑
j 6=i

ρcj(`, t)k
c
ji(`, t)∆t (1)

where the first term in the right hand side of the above equation takes into account the case that
the agents do not change their state due to stochastic transitions (assuming ∆t is short enough that
at most one transition can happen within the period). The second term in the right hand side takes
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Figure 3: A schematic diagram of two MAs (after [BBC+14, BSB+15])

into account the jump from other states to state i due to a stochastic transition (assuming the jump
happens at the end of the ∆t slot).

Furthermore, by using Taylor’s expansion, the term ρci (`− vcii∆t, t) can be expanded as:

ρci (`− vcii∆t, t) = ρci (`, t)−
∂ρci (`, t)

∂`
vcii +O(∆t2) (2)

Substituting Equation (2) into Equation (1), then we obtain:

ρci (`, t+ ∆t) = ρci (`, t)−
∂ρci (`, t)v

c
ii

∂`
∆t+

∑
ρcj(`, t)k

c
ji(`, t)∆t+O(∆t2) (3)

Rearranging the above equation, letting ∆t→ 0 and ignoring O(∆t2), the transient evolution of ρc(`, t)
can be computed by a set of coupled PDEs using vector notation:

∂ρc(`, t)

∂t
+
∂(ρc(`, t)V c(`))

∂`
= ρc(`, t)Kc(`, t) (4)

where ∂(ρc(`,t)V c(`))
∂` captures agents’ movement on the space, ρc(`, t)Kc(`, t) can be thought as the

reaction term due to stochastic transitions.
Then, if we consider the space being bounded between (`min, `max). We let the space be discretized

into regular intervals of length ∆`. By applying upwind semi-discretization technique [HKNT98], for
a discretized location `k, with `k = k ×∆`,

∂(ρci (`k, t)v
c
ii)

∂`
≈


ρci (`k, t)v

c
ii − ρci (`k−1, t)vcii

∆`
vcii > 0

0 vcii = 0
ρci (`k, t)|vcii| − ρci (`k+1, t)|vcii|

∆`
vcii < 0

Combining the above equation with Equation (4) we get an ODE system that can be solved by standard
methods like Euler or Runge-Kutta.

dρc(ˆ̀, t)

dt
= ρc(ˆ̀, t)Kc(ˆ̀, t) + ρc(ˆ̀, t)Dc(ˆ̀, t) (5)

where ˆ̀ is a discretized location, Dc(ˆ̀, t) captures agents’ movement between nearby locations.
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