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Executive summary

This Internal Report describes the status of the work performed in the project on the extension of the theoretical
foundations of scalable model-checking approaches with suitable notions of spatial verification. Various forms
of scalable model-checking were developed during the first phase of Task 3.1 of WP3, including those based
on mean-field and fluid flow techniques, and were presented in Deliverable 3.1. The focus of the present report
is on forms of spatial verification based on model-checking techniques in which the effect of inhomogeneous
spatial distribution of objects is taken into account.

Several spatial logics have been developed and explored. The Spatial Logic for Closure Spaces (SLCS)
is based on the formal framework of closure spaces. The latter include topological spaces but also discrete
spaces such as graphs and therefore form a promising candidate for a uniform framework to develop spatial
logics that can be applied to the various spatial representations presented in the deliverables of WP2. Closure
spaces come with a well-developed theory and some powerful operators that turned out to be very useful both
for the definition of the semantics of SLCS and for the development of spatial and spatio-temporal model-
checking algorithms. The spatial operators of SLCS have been also added to the Signal Temporal Logic (STL)
to obtain Spatial Signal Temporal Logic (SSTL). In this case the spatial operators have been extended with
spatial bounds based on distance measures and a quantitative semantics has been provided that is used to
evaluate the robustness of the spatio-temporal formulas for signals.

Spatial and spatio-temporal performance analysis measures have been explored for a simple PALOMA
model of a group of robots and for a bike sharing model based on Markov Renewal Processes. The latter
provides a simulation model of bike-sharing systems that includes users as agents. It also generates simula-
tion traces with spatio-temporal information on bike stations that can be analysed using the prototype spatio-
temporal model checkers that have been developed in the context of the project.

A partial-differential approximation has been developed for spatial stochastic process algebra. The ap-
proach is validated on the well-known Lotka-Volterra model and shows an advantage in terms of computational
efficiency compared to traditional numerical solutions.

Finally, for what concerns scalable verification, the innovative model-checking approaches based on fluid
approximation and on-the-fly mean-field techniques have been finalised. For the latter a prototype model-
checker, FlyFast, has been made available, which was described in Deliverable 5.2.
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1 Introduction

Spatial aspects of computation are becoming increasingly relevant in Computer Science, especially in the field
of collective adaptive systems and when dealing with systems distributed in physical space. Traditional formal
verification techniques are well suited to analyse the temporal evolution of system models; however, properties
of space are typically not taken into account explicitly. The global behaviour of CAS critically depends on
interactions which are often local in nature. The aspect of locality immediately raises issues of spatial distribu-
tion of objects. Abstraction from spatial distribution may sometimes provide insights into the system behaviour,
but this is not always the case. For example, consider a bike sharing system having several parking stations,
and featuring twice as many parking slots as there are bikes in the system. Ignoring the spatial dimension, on
average, the probability to find completely full or empty parking stations at an arbitrary location is very low;
however, this kind of analysis may be misleading, as in practice some stations are much more popular than
others, often depending on nearby points of interest. This leads to quite different probabilities to find stations
completely full or empty, depending on the examined location.

In Deliverable 2.1 an extensive study has been presented on the mathematical modelling techniques that
have been used to represent space, in particular when analysing CAS. These structures comprise several forms
of discrete and continuous spatial models. In this Internal Report we focus on reasoning about spatial models,
and in particular in doing so using spatial logics. The idea is that the right combination of spatial models and
spatial logics may lead to the development of powerful formal verification techniques such as spatial model-
checking, in analogy to the successful temporal model checking approaches developed in the past. This idea has
been explored in several directions within the project. In one direction, spatial logics have been studied starting
from well-known spatial logics for topological spaces [7]. In order to deal with both continuous and discrete
spatial structures closure spaces [22] have been studied which are a generalisation of topological spaces. This
has led to a spatial logic for closure spaces that has operators inspired both by operators known from closure
spaces and by operators from temporal logics, but redesigned for use in spatial reasoning. Moreover, efficient
spatial model-checking algorithms have been developed and implemented in prototype tools. Their combination
with temporal logics has led to spatio-temporal logics and model checking, which has been applied on several
case studies of the project. Section 2 and Section 3 give an overview of these developments.

In another direction, the spatial operators developed in the context of closure spaces have been added to a
temporal logic for continuous signals (STL) [20, 29], leading to the spatial signal temporal logic (SSTL). The
operators have also been enriched with spatial bounds based on distance measures and a quantitative semantics.
The latter is used to evaluate the robustness of spatio-temporal formulas for signals. Work in this direction is
described in Section 4.

Spatial verification raises also issues on what would be suitable and interesting performance measures to
analyse in spatially distributed CAS. One could, for example, be interested in knowing the probabilities to find
a particular agent in the various spatial locations in a steady state situation, leading to a probability distribution
over space. Models of such systems often also include a mobility model for a large number of agents. Such
models are notoriously difficult to analyse due to problems of scalability. A novel approach to address this
issue is to use a spatial variant of continuous approximation. Both issues and results are briefly addressed in
Section 5. Section 6 provides a brief update on the status of the work on scalable model checking techniques.

This Internal Report provides an intermediate update on the results and ongoing work performed as part
of Task 3.1. Section 7 concludes the report by providing a work plan for Task 3.1 concerning scalable spatial
verification for the last remaining year of the project. Further results will be reported in the forthcoming
Deliverable 3.3 at the end of the project.

2 Spatial Model Checking Based on Closure Spaces

The mathematical structure of choice for spatial logics are very often topological spaces, possibly enriched
with metrics, or other spatial features (see [7]). The use of abstract structures has the advantage to separate
logical operators, such as neighbourhood, from the specific nature of space (e.g., the number of dimensions, or
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Φ ::= a [ATOMIC PROPOSITION]
| > [TRUE]
| ¬Φ [NOT]
| Φ∧Φ [AND]
| N Φ [NEAR]
| ΦS Φ [SURROUNDED]

Figure 1: SLCS syntax

the presence or absence of metric features, etc.). However, using topological spaces, it may be difficult to deal
with discrete structures, such as finite graphs. In [22], closure spaces, which generalise topological spaces, are
proposed as a unifying approach treating both topological spaces and graphs in a satisfactory way.

In [16] the authors proposed the logic SLCS (Spatial Logic for Closure Spaces), extending the topological
semantics of modal logics to closure spaces. The work follows up on the research line of Galton [22] and Smyth
and Webster [35], enhancing it with a modal logic perspective. Closure spaces (also called Čech closure spaces
or preclosure spaces in the literature) are based on a single operator on sets of points, namely the closure
operator, and are a generalisation of standard topological spaces. In addition, finite spaces and graphs are
subclasses of closure spaces — technically, they belong to the class of quasi discrete closure spaces — and the
graph-theoretical notion of neighbourhood coincides with the notion of neighbourhood defined in the context
of closure spaces. Thus, closure spaces provide a uniform framework for the treatment of all major models of
space, including those identified as relevant to CAS in the deliverables of WP2. This framework provides a
set of useful basic abstract spatial operators (closure, interior, boundary and others) that provide a structured
way to define higher level spatial logical operators. Moreover, they are suitable for the development of efficient
spatial and (branching time) spatio-temporal model-checking algorithms in which these same closure space
based operators play a role as well. Furthermore, metrics and distance functions can be added in an orthogonal
way providing further spatial richness.

A closure space is composed of a set (of points) and a (closure) operator on subsets (of points), as specified
by the following definition:

Definition 2.1 A closure space is a pair (X ,C ) where X is a set, and the closure operator C : ℘(X)→℘(X)
assigns to each subset of X its closure, obeying to the following laws, for all A,B⊆ X:

1. C ( /0) = /0;

2. A⊆ C (A);

3. C (A∪B) = C (A)∪C (B).

A closure space may be derived starting from a binary relation, that is, a graph. Closure spaces obtained
this way are also known as quasi-discrete closure spaces. An example is shown in Fig. 2.

In [16] the authors provided a logical operator corresponding to the closure operator on sets of points in
space, and a spatial operator inspired by the temporal until operator, fundamental in the classical temporal
setting, arriving at the definition of a logic which is able to describe unbounded areas of space. Intuitively, the
spatial until operator, which in this work we call surrounded, describes a situation in which it is not possible
to “escape” an area of points satisfying a certain property, unless by passing through at least one point that
satisfies another given formula. This operator was also inspired by a similar operator for topological spaces
discussed by Aiello and van Benthem in [1, 7]. In [16] the authors also presented a model-checking algorithm
for SLCS when interpreted on finite models. Assume a finite or countable set AP of atomic propositions. The
syntax of SLCS is defined by the grammar in Fig. 1, where a ranges over AP, > denotes the truth value true, ¬
is negation, ∧ is conjunction, N is the near operator and S is the surrounded operator.

More precisely, SLCS is equipped with two spatial operators: a “one step” modality, called “near” and
denoted by N , turning the closure operator C into a logical operator, and a binary spatial until operator S ,
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Figure 2: A graph inducing a quasi-discrete closure space

which is a spatial counterpart of the temporal until operator. The proposed spatial logic combines these new
operators with standard boolean operators. A large number of useful derived operators exist, among which a
particular form of reachability defined as the dual of the surrounded operator (φ1Rφ2 , ¬((¬φ2)S (¬φ1)), the
from-to operator (φ1 T φ2, φ1∧((φ1∨φ2)Rφ2)) and the well-known operators ‘everywhere’ and ‘somewhere’
which can be defined as E φ , φS⊥ and Fφ , ¬E (¬φ), respectively.

The informal interpretation of formulas is as follows; their formal definition can be found in [16]. Atomic
propositions and boolean connectives have the expected meaning. A point x satisfies formula N φ if x is an
element of the closure of the set of points satisfying φ . For formulas of the form φ1S φ2, the basic idea is that
point x satisfies φ1S φ2 whenever there is “no way out” from φ1 except passing by a point that satisfies φ2.
For instance, if we consider the model of Figure 2, yellow nodes satisfy yellowS red while green nodes satisfy
greenS blue.

A point x satisfies φ1Rφ2 if and only if either φ2 is satisfied by x or there exists a sequence of points after x,
all satisfying φ1, leading to a point satisfying both φ2 and φ1. In the second case, it is not required that x itself
satisfies φ1. For instance, both red and green nodes in Figure 2 satisfy (white∨blue)Rblue, as well as the white
and blue nodes. The formula is not satisfied by the yellow nodes. This is so because the first node of a path
leading to a blue node is not required to satisfy white or blue. It is easy to strengthen the notion of reachability
when we want to identify all white nodes from which a blue node can be reached by requiring in addition that
the first node of the path has to be white. This is the reason for the introduction of derived operator T . Note
that φ2 is occurring also in the first argument of R in the definition of T . This is because satisfaction of φ1Rφ2
requires that the final node on the path satisfies both φ1 and φ2. We show further examples of the use of T
shortly.

The spatial model-checking algorithms described in [16] are available as a proof-of-concept tool1. The tool
is implemented in OCaml2, and can be invoked as a global model checker for SLCS. The time complexity of
the spatial model checking algorithm is linear in the number of points and arcs in the space and in the size of the
formula. The algorithm for the surround operator is a global flooding algorithm illustrated in an informal way
in Fig. 3 for the formula YellowS Red. First all points that certainly do not satisfy the formula (i.e. those that
are neither Yellow nor Red) are marked black, then yellow points that are neighbours of black ones are removed
from the set of points that potentially satisfy the formula by turning them black in successive steps until a fixed
point is reached. The remaining yellow points satisfy the formula. The actual algorithm incorporates several
optimisations.

As an illustration, in the following we show the application of the spatial model checker on a digital image
representing a maze (see Fig. 4). The image is the (quasi discrete) closure space generated by the set of pixels
(i.e. points of the closure space) and their adjacency relation, forming a regular graph, much like in Fig. 2. The
green area is the exit. The blue areas (rectangular and round spots) are starting points.

The spatial model checker can be used to identify (sets of) points (by marking them with a specific colour
of choice) that satisfy particular spatial properties. In this case three formulas are used to identify interesting
areas. The formulas make indirect use of the S operator, by means of the derived operator R discussed earlier

1Web site: http://www.github.com/vincenzoml/topochecker.
2See http://ocaml.org.
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a) Given space b) Identify all states not
red or yellow

c) Select yellow states
neighbours of black ones

d) Turn black the yellow
states next to black ones

e) select yellow states
neighbours of black ones

f) At fixed point: yellow
states satisfy the formula

Figure 3: Flooding algorithm evaluating YellowS Red

and further derived operators. In the following we are interested in three sets of points, each characterised by
an SLCS formula.

1) White points from which an exit can be reached.

toExit = whiteT green

The model checking result is shown in Fig. 5. Points that satisfy this formula are the yellow and orange ones.

2) Regions containing a starting point (blue area) from which an exit can be reached. These are white points
from which it is both possible to reach an exit and to reach a blue point (starting point).

fromStartToExit = toExit∧ (whiteT blue)

Points that satisfy this formula are the orange ones in Fig. 5.

3) Points that are starting points and from which the exit can be reached. These are the blue points depicted
as a rectangular shape for easy recognition in the image.

startCanExit = blueT fromStartToExit

Points that satisfy this formula are shown in red in Fig. 5. These are indeed only the two rectangular shapes
(coloured red as result) and not the two round shapes (that remained blue), since from the latter it is not possible
to reach an exit.

The execution time of the spatial model checker on images consisting of about 1.0 mega pixels is in the
order of several seconds on a standard laptop equipped with a 2Ghz processor.

The prototype spatial model checker has also been successfully applied to the bus transportation case study
of the project [17]. In particular, to detect problems in the automatic vehicle location (AVL) data that is
provided as input to other systems that in turn provide information to passengers and system operators such
as bus arrival prediction systems. Such data may contain errors originating in a problem with the hardware
of the measurement device or also indicate operational problems experienced by bus drivers that encountered
unexpected road works or accidents and have to deviate from their planned route. The GPS data of the position
of the buses can be automatically projected onto a portion of the digital map (such as for example provided
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Figure 4: A maze. Figure 5: Model checker output.

Figure 6: Diverted positions (neither off road, nor on a main street) are automatically highlighted in red by the
spatial model checking procedure, off-road positions are highlighted in violet.

by OpenStreetMap3) of the area where the bus is operating, after which spatial model checking can be applied
on an image of the map to identify those bus positions that may indicate a problem. An example of buses
apparently being diverted or in an off-road position is shown in Fig. 6. Being able to detect and identify errors
in AVL data, associating them with the right category of error in an automatic way, is of great use in obtaining
better prediction algorithms. More complicated examples are those related to operational errors. For example
one can detect buses of the same route that have overtaken each other or that are approaching the same bus stop
within a too short interval of time.

3 Adding Time to the Spatial Logic for Closure Spaces

Starting from a spatial formalism and from a temporal formalism, spatio-temporal logics may be defined, by
introducing some mutually recursive nesting of spatial and temporal operators. Several combinations can be
obtained, depending on the chosen spatial and temporal fragments, and the permitted forms of nesting of the
two. A large number of possibilities are explored in [24], for spatial logics based on topological spaces. One

3https://www.openstreetmap.org.
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Φ ::= > [TRUE]
| p [ATOMIC PREDICATE]
| ¬Φ [NOT]
| Φ∨ Φ [OR]
| N Φ [CLOSE]
| ΦS Φ [SURROUNDED]
| Aϕ [ALL FUTURES]
| Eϕ [SOME FUTURE]

ϕ ::= X Φ [NEXT]
| Φ U Φ [UNTIL]

Figure 7: STLCS syntax

such structure was investigated in Task 3.1, in the setting of closure spaces, namely the combination of the
temporal logic Computation Tree Logic (CTL) with SLCS, resulting in the Spatio-Temporal Logic of Closure
Spaces (STLCS). In STLCS spatial and temporal fragments may be arbitrary and mutually nested. As a proof
of concept, a model checking algorithm has been defined, which is a variant of the classical CTL labelling
algorithm [19, 2], augmented with the algorithm in [16] for the spatial fragment. The algorithm, which operates
on finite spaces, has been implemented as a prototype [23], which is described in [13]. The same algorithm
is also implemented in the tool topochecker [12] and was used in [14] in order to check spatio-temporal
properties of bike sharing systems.

STLCS is interpreted on a variant of Kripke models, where valuations are interpreted at points of a closure
space. Fix a set AP of proposition letters. STLCS formulas are defined by the grammar shown in Fig. 7, where
p ranges over AP. The logic features the CTL path quantifiers A (“for all paths”), and E (“there exists a path”).
As in CTL, such quantifiers must necessarily be followed by one of the path-specific temporal operators, such
as4 X Φ (“next”), FΦ (“eventually”), GΦ (“globally”), Φ1 U Φ2 (“until”), but unlike CTL, in this case Φ, Φ1
and Φ2 are STLCS formulas that may make use of spatial operators, e.g. N , S and operators derived thereof
(see Sect. 2.)

The mutual nesting of such operators permits one to express spatial properties in which the involved points
are constrained to certain temporal behaviours. Let us proceed with a few examples. Consider the STLCS
formula EG (green S blue). This formula is satisfied in a point x in the graph, associated to state s, if there
exists a (possible) evolution of the system (i.e. path in the computation), starting from s, in which point x, in
every state in the path, satisfies green and is surrounded by blue. A further, nested, example is the STLCS
formula EF (green S (AX blue)). This formula is satisfied by a point x in the graph, in state s, if there is
a (possible) evolution of the system, starting from s, in which point x is eventually green and is surrounded by
points y that, for every possible evolution of the system from then on, will be blue in the next time step.

The complexity of the implemented algorithm is linear in the product of three quantities: 1) the sum of the
number of states and the number of transitions of the temporal model; 2) the size of the formula; 3) the sum
of the number of points and the number of arcs of the space. Such efficiency is sufficient for experimenting
with the logic, and it is comparable to the efficiency of classical in-memory model chcking algorithms when
the spatial part of the model is relatively small, but there is ongoing work towards further improvements. The
algorithm has been implemented as an extension of the spatial model checker discussed in the previous section
and is available as a proof-of-concept tool5.

The tool has been applied (in its various implemented versions) on two case studies of the project. In
ongoing work further properties of vehicular movement in public transport systems have been analysed. In
particular a phenomenon known as clumping, which may occur in so-called “frequent” services – those where

4Some operators may be derived from others; for this reason in Fig. 7 we use a minimal set of connectives. As usual in logics, there
are several different choices for such a set.

5Web site: http://www.github.com/vincenzoml/topochecker.

QUANTICOL 8 Mar 31, 2016



Scalable verification for spatial stochastic logics (Revision: 0.0; 18 Mar, 2016) Mar 31, 2016

a timetable is not published. Clumping occurs where one bus catches up with – or at least comes too close to
– the bus which is in front of it. In the absence of a published timetable for frequent services the important
performance metric to consider is not timetable adherence but headway, a measure of the separation between
subsequent buses. This separation can be defined both in terms of distance between buses on the same route or
in terms of the time between two buses on the same route passing by the same bus stop. It is possible to identify
these two notions of clumping using STLCS on a time series of street map images on which the bus positions
are projected in a similar way as shown in Fig. 6. An impression of the results is shown in Fig. 8. This kind of
analysis is particularly interesting to study the effectiveness of adaptive strategies that are proposed to avoid or
mitigate the clumping phenomenon, providing better service to the public.

In [14] spatio-temporal model checking has been used to detect the emergent formation of ‘clusters’ of full
(and empty) stations in the simulation traces of a Markov Renewal Process (MRP) model of large bike sharing
systems [30], such as the one in London. The model describes the dynamics of a population of rational agents,
coupled with the dynamics of bicycle stations in a two-dimensional rectangle representing a city. Interestingly,
the simulation traces of the MRP model show a good correspondence with observed cycling times in the real
system (see Fig. 9). The cycling time distribution shows a curious feature, namely the tail of the distribution is
algebraic. This indicates that, contrary to the expectation, there are relatively many cases in which bike users
return their bikes after much longer time than could be expected given the 30 minutes free allowance, and do
so in a sort of ‘accidental’ or ‘unforeseen’ way. The hypothesis is that these late returns could be explained
by the problems that users experience in returning their bikes when no parking places are available close to
their desired destination. A model in which users are moving randomly from one place to another, using the
bike sharing system, but always with the aim to return their bike within 30 minutes to a station, shows much
fewer users with a late return. However, to reproduce the heavier algebraic tail it turned out to be sufficient to
‘stress’ the bike sharing system by introducing flows of commuters. Using spatio-temporal model checking it
was shown that the introduction of the flows also leads to the emergence of clusters of full stations which are
a plausible explanation for later-than-expected returns. Clusters were not detected in traces obtained from the
random model without flows.

The spatial structure used in the MRP model of the BSS is a regular grid where nodes represent stations.
Each station is labelled with information about how many bikes and free places are available. Simulation traces
of the MRP model consist of a series of such grids where in every state the information about the stations
is updated. In STLCS we can define the property nextCluster which characterises those points that will
eventually become full and, for every future state, whenever full, they will stay full until they become part of a
cluster. A cluster is defined as a full station in which all its four direct neighbours are full as well. nextCluster
is a strong property that few points (stations) possess. Indeed, such points are central in cluster formation, as
they represent stations that always form a cluster when they become full. In Fig. 10, the stations that satisfy
this property are indicated in red. They are shown with reference to a state of the simulation trace where there
are relatively many of them. For comparison the boundary of the set of points that will become a cluster, that
is, those points satisfying (!EFcluster)&(N EFcluster) are indicated in green.

4 Adding Space to the Signal Temporal Logic

Signal Spatio-Temporal Logic (SSTL) is an extension of Signal Temporal Logic [20, 29] with two spatial
modalities. The first one, the bounded somewhere operator ♦·[w1,w2] is taken from [33], while the second one, the
bounded surround operator S[w1,w2], is inspired by the Spatial Logic for Closure Spaces [16]. The logic comes
with a boolean and quantitative semantics which can be found in [33, 32]. The boolean semantics defines when
a formula is satisfied, the quantitative semantics provides and indication of the robustness with which a formula
is satisfied [3, 5], i.e. how susceptible it is to changing its truth value for example as a result of a perturbation
in the signals.
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(a) Initial state (b) Second state

(c) Bus 1 passes by the stop (d) Bus 2 passes by the stop

(e) Final state (f) Result from the model-checker. Points of the initial
state that will be involved in a future conglomerate are
coloured in green and indicated by the red circle

Figure 8: Detection of spatio-temporal conglomerate when bus 1 (c) and bus 2 (d) pass by the same bus stop
(a) within a very short time period.
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Figure 10: Stations of state 80 of the simulation that are on the boundary of the region of points that will
eventually become a cluster (green), and stations that, whenever they are full, stay full until the end of the
simulation trace and become part of a cluster (red).

4.1 Signal Spatio-Temporal Logic

SSTL is interpreted on spatio-temporal, real-valued signals. Space is discrete and described by a weighted
graph G = (L,E,w), while the time domain T will usually be the real-valued interval [0,T ], for some T > 0.
In the following, we first introduce spatio-temporal signals, and then present the syntax of SSTL. A spatio-
temporal trace is a function x : T×L→ D, where D⊆ Rn is the codomain of the trace. As for temporal traces,
we write x(t, `) = (x1(t, `), · · · ,xn(t, `)) ∈D, where each xi : T×L→Di, for i = 1, ...,n, is the projection on the
ith coordinate/variable.

Spatio-temporal traces can be obtained by simulating a stochastic model or a deterministic model, i.e. spec-
ified by a set of differential equations. In [33] the framework of patch-based population models is discussed,
which generalise population models and are a natural setting from which both stochastic and deterministic
spatio-temporal traces of the considered type emerge. An alternative source of traces are measurements of real
systems.

Spatio-temporal traces are converted into spatio-temporal boolean or quantitative signals. Similarly to the
case of STL, each atomic predicate µ j is of the form µ j(x1, . . . ,xn) ≡ ( f j(x1, . . . ,xn) ≥ 0), for f j : D→ R.
Each atomic proposition gives rise to a spatio-temporal signal. In the boolean case, one may define function
s j : T×L→ B; given a trace x, this gives rise to the boolean signal s j(t, `) = µ j(x(t, `)) by point-wise lifting.
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t=0 t=5 t=7 t=10 t=20 t=50
0
2
4
6

Figure 11: Value of xA for the Turing system in [32] for t = 0,5,7,12,20,50 time units with parameters K =
32,R1 = 1,R2 =−12,R3 =−1,R4 = 16,D1 = 5.6 and D2 = 25.5. The initial condition has been set randomly.
The colour map for the concentration is specified in the legend on the right.

Similarly, a quantitative signal is obtained as the real-valued function s j : T×L→R, with s j(t, `) = f j(x(t, `)).
When the space L is finite a spatio-temporal signal can be presented as a finite collection of temporal signals.

The syntax of SSTL is given by

ϕ := µ | ¬ϕ | ϕ1∧ϕ2 | ϕ1 U[t1,t2] ϕ2 | ♦·[w1,w2]ϕ | ϕ1 S[w1,w2]ϕ2.

Atomic predicates, boolean operators, and the until operator U[t1,t2] are those of STL. The spatial operators are
the somewhere operator, ♦·[w1,w2], and the bounded surround operator S[w1,w2], where [w1,w2] is a closed real
interval with w1 < w2. The spatial somewhere operator ♦·[w1,w2]ϕ requires ϕ to hold in a location reachable
from the current one with a total cost greater than or equal to w1 and lesser than or equal to w2. The surround
formula ϕ1 S[w1,w2]ϕ2 is true in a location `, for the trace x, when ` belongs to a set of locations A satisfying ϕ1,
such that its external boundary B+(A) (i.e., all the nearest neighbours external to A of locations in A) contain
only locations satisfying ϕ2. Furthermore, locations in B+(A) must be reached from ` by a shortest path of cost
between w1 and w2. Hence, the surround operator expresses the topological notion of being surrounded by a ϕ2-
region, with additional metric contraints. We can also derive the everywhere operator �[w1,w2]ϕ := ¬♦·[w1,w2]¬ϕ

requiring ϕ to hold in all the locations reachable from the current one with a total cost between w1 and w2.
SSTL can be used to identify the formation of patterns in a reaction-diffusion system. From the point

of view of formal verification, the formation of patterns is an inherently spatio-temporal phenomenon, in that
the relevant aspect is how the spatial organisation of the system changes over time. Alan Turing theorised in
[40] that pattern formation is a consequence of the coupling of reaction and diffusion phenomena involving
two different chemical species, and can be described by a set of PDE reaction-diffusion equations, one for each
species. Fig. 11 shows an example simulation of such a PDE for a selected point in time, starting from a random
spatial distribution of the concentration of the two chemical species.

Spots with a low concentration of species A can be identified by points in space satisfying the following
SSTL formula where xA denotes the concentration of species A:

φspot := (xA ≤ h)S[w1,w2](x
A > h). (1)

The use of distance bounds w1 and w2 in the surround operator allows one to constrain the size/diameter of
the spot to [w1,w2]. To identify the insurgence time of the pattern and whether it remains stable over time the
spatial property needs to be combined with temporal operators in the following way:

φpattern := F[Tpattern,Tpattern+δ ]G[0,Tend](φspot); (2)

φpattern means that eventually (F ) at a time between Tpattern and Tpattern +δ the property spot becomes true and
remains true (G ) for at least Tend time units. Fig. 12(b) shows the validity of the property φpattern in each cell
(i, j) ∈ L, for both the boolean and the quantitative semantics.

4.2 Robustness Analysis and System Design

In [4], the authors combined SSTL with recent machine learning approaches to verification [9] and synthesis
[3, 5], to analyse the robustness of stochastic spatio-temporal models and to design specific behaviours.
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Figure 12: Validity of formula (2) with parameters h = 0.5,Tpattern = 19,δ = 1,Tend = 30,w1 = 1,w2 = 6 for
(b), (c) and w2 = 4 for (d). (a) Concentration of A at time t = 50; (b) (d) Boolean semantics of the property
φpattern; the cells (locations) that satisfy the formula are in red, the others are in blue; (c) Quantitative semantics
of the property φpattern; The value of the robustness is given by a colour map as specified in the legend on the
right of the figure.

The idea is to extend the semantics of SSTL to stochastic systems along the lines of [3, 5], by considering
either the probability with which a formula is satisfied by a stochastic model, for the qualitative semantics, or
the distribution of the robustness score, for the quantitative one. This allows to combine SSTL with statistical
model checking tools. In particular, in [4] the authors consider a model of developmental biology, the french
flag pattern formation, in which the spatial gradient of the Bicoid protein is responsible for the horizontal
segmentation of the Drosophila embryo. Two different kinds of analysis are discussed in [4]

1. The robustness of the property encoding the french flag property (i.e. a decaying concentration of the
signalling protein along the horizontal axis, identifying three regions, of high, medium and low expres-
sion), is studied with respect to the model parameters. To this end, the authors exploit a novel method,
smoothed model checking [9], which allows for the statistical reconstruction of the satisfaction probabil-
ity as a function of model parameters;

2. The model is optimally designed in order to maximise the robustness of the SSTL behavioral specifica-
tion. The authors here use the statistical system design approach presented in [3, 5], which leverages a
recent provably convergent Bayesian optimisation algorithm.

Moreover, the Java implementation of SSTL is being integrated in the tool U-check [10], which implements
these novel statistical verification techniques.

5 Other Approaches to Spatio-temporal Performance Evaluation

Several other approaches have been explored to the spatial and spatio-temporal analysis of CAS. In this section
we describe two of these approaches. The work in [21] studies several spatial and spatio-temporal performance
measures for spatially distributed CAS, whereas the second approach develops a reaction-diffusion partial-
differential approximation for spatial stochastic process algebra that leads to a computationally more efficient
solution of spatial models which include mobility of objects [37].

5.1 Performance Measures in Spatially Distributed CAS

In [21] the authors explored what performance measures would look like in a spatially distributed CAS. In
classical computer systems, the trajectory of the system consists of pairs (s, t) where s records the state of
the system, and t the time at which that state is entered. Performance measures are typically defined over a
temporal sequence of states, or averaged over a steady state behaviour when the probability distribution over
states is no longer changing, meaning that the time aspect can be abstracted away. But when we consider a
spatially distributed component the trajectory of the component will consist of triples (s, `, t), where s and t will
be behavioural state and time as previously, and ` is the current location of the component. For a collective
system we must take into consideration such a trajectory component for each system component, leading to a
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trajectory in which each time entry has a triple for each component, or a trajectory in which each timed entry
is a vector of populations (v, t), where v is a vector with one entry for each possible state, location pair and
v(s, `)(t) records the number of components in state s at location ` at time t.

In [21] the authors follow this latter approach and consider the performance measures which might be
defined considering the trajectories with respect to space as well as with respect to time. Thus for single agent A
we might consider measures such as the times at which a given location was visited visit(A, l), or the locations
that were visited at a given time loc(A, t). Considering notions of steady state we then have a probability
distribution over locations, or cumulative probability distribution over time with respect to a specific location.
Using these measures as primitive a number of novel spatio-temporal measures were derived for a simple model
of movement in a group of robots captured in PALOMA. For example, Figure 13, shows the probability of the
leader being present in different locations at time 100s, given that it started in location (30,30) at time 0.

Figure 13: The spatial probability distribution of the leader of a group of robots at time 100s, given an initial
position of (30,30) at time 0

5.2 A Partial-differential Approximation for Spatial Stochastic Process Algebra

In [37] the authors study CAS by means of a process algebra with ordinary differential equation (ODE) se-
mantics featuring an explicit mobility model over a 2D lattice where processes may migrate to neighbouring
regions independently, and interact with each other when they are in the same region. The underlying ODE
system size grows linearly with the number of regions, hindering the analysis in practice. Assuming an unbi-
ased random walk, the authors introduce an approximation in terms of a system of reaction-diffusion partial
differential equations, of size independent of the lattice granularity. This is an approximate view of the model
which replaces discrete movements across regions in a continuous fashion. The authors work with the process
algebra FEPA (Fluid Extended Process Algebra) presented in [38, 39]. However, with appropriate changes
the ideas are applicable to languages such as Bio-PEPA [18], Cardelli’s Chemical Ground Form [11], and the
continuous π-calculus [25].

In the literature concerned with models that are not derived from a process algebra, such PDE approxima-
tions are typically presented by first considering a static version of the system in terms of an ODE model, where
locality is not explicitly taken into account. Such a static description defines the model of local interactions.
Then, a spatial domain and a mobility model are added, leading to a mobile model in terms of a PDE where
a diffusive term captures movement, and a reactive term captures the interacting behaviour of the static model
(cf., e.g., [34]). The authors proceed in [37] in an analogous fashion. The generic behaviour within any region
is captured by some static FEPA model M, where space is not modelled. Then, a spatial lifting of the model
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d = 1 d = 3 d = 5

K µ1 Time µ2 Time µ1 Time µ2 Time µ1 Time µ2 Time

4 0.082 0 s 0.057 0 s 0.086 0 s 0.060 0 s 0.090 0 s 0.064 1 s
8 0.026 0 s 0.017 0 s 0.030 3 s 0.019 3 s 0.034 11 s 0.023 12 s
16 0.014 5 s 0.008 6 s 0.018 68 s 0.015 71 s 0.021 241 s 0.015 264 s
20 0.013 13 s 0.007 14 s 0.017 195 s 0.011 211 s 0.020 764 s 0.014 837 s

PDE
Time 0 s 0 s 1 s 1 s 2 s 2 s

Table 1: Maximum absolute error between the ODE and PDE estimates of species S1 at time 0.2 across the
discrete mesh, for diffusion coefficients µ1 = 0.10 and µ2 = 0.15.
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Figure 14: S1 surfaces projected on the x-axis; K = 20, d = 5, µ = 0.15.

is considered, S (M), which is a syntactic transformation which yields a FEPA model that makes the static
version parametric with respect to the set of regions, and adds the random-walk behaviour. The PDE approxi-
mation is justified by observing that the ODE system of the spatial model S (M) can be written in terms of a
discrete Laplace operator. The PDE is taken as the continuous approximation of such Laplacian.

At first sight, this approximation might appear of little use in practice. This is because, except for special
cases, analytical PDE solutions are not available, and PDE systems are solved numerically using algorithms
that discretise the continuous space [36]. However, when solving the spatial ODE system directly, the number
of discrete regions is determined by the FEPA model, while the coarseness of the discrete mesh made by the
PDE solver depends on the algorithm’s parameters. Thus, the PDE solver may in effect perform a coarsening
of the original spatial domain.

The approach is validated by considering a generalised Lotka-Volterra model [31, Section 3.2], where
predators S1, . . . ,Sd prey on all the prey species R1, . . . ,Rd with different severities. In order to study the
impact on the PDE system size (equal to 2d) of the static version of the model, the authors considered the
model for a different number of species, d = 1,3,5. To study the impact of discretisation, instead, the spatial
domain [−1;1]2 is discretised into uniform grids where regions are separated from each other by distance
1/K ∈ { 1

4 ,
1
8 ,

1
16 ,

1
20}, corresponding to increasingly finer discrete meshes with (K−1)2 regions. In particular,

the size of the underlying ODE system is d · (K−1)2. Also the impact of mobility on the model’s dynamics is
studied by considering different diffusion coefficients µSi = µRi = µ ∈ {0.10,0.15} for all 1≤ i≤ d.
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Denoting the 2D Laplace operator by4= ∂xx +∂yy, the corresponding PDE system is given by

∂tωSi = ωSi

d

∑
j=1

qi, jri, jωR j − siωSi +µSi4ωSi ∂tωR j = z jωR j −ωR j

d

∑
i=1

ri, jωSi +µR j4ωR j

ω
0
Si
(x,y) :=

0 ,x2 + y2 ≥ 1
4

exp(4)
exp(1/( 1

4−(x2+y2)))
,otherwise

ω
0
Ri

:= 1−ω
0
Si

where 1 ≤ i, j ≤ d (and qi, j,ri, j,si,zi are certain model parameters). The initial conditions ω0
Si

enjoy a “bell
shape” and are centered at (0,0) with peak 1.0. Being given by ω0

Ri
= 1−ω0

Si
, instead, the initial conditions ω0

Ri

resemble the shape of a pit.
As a measure of the accuracy, the authors considered solutions for species S1 at time t = 0.20. These were

chosen arbitrarily, the latter ensuring that the solution was sufficiently far away from the initial condition. For
each K, the error was defined as the maximum absolute difference across the whole spatial domain between the
ODE solution at each point in the discrete mesh and the corresponding PDE solution (using linear interpolation
to sample at the same coordinate). Matlab R2013b was used for the numerical solutions. The ODEs were
solved using the built-in ode15s function, while the PDEs were solved using the function parabolic in the
Partial Differential Equation Toolbox. All parameters were set as the default ones. Runtimes were taken on a
machine with 16 GB RAM.

Table 1 presents the results, showing high quality of the approximation in general. Figure 14, instead, vi-
sualises the numerical solutions of S1. The range of values attained by the ODE/PDE solutions were within
[0.00;0.40], thus the absolute differences correspond to at most around 20% (for K = 4) relative to the peak
values. The table shows higher accuracy with increasing K across all tests (cf. Figure 14 for a visual apprecia-
tion). However, PDEs are cheaper to solve than ODEs for fine meshes. In fact, the ODEs could not be solved
for significantly larger values of K due to out-of-memory errors.

6 Scalable Model Checking

We briefly review additional work on scalable model checking. A more extended report will be provided
in Deliverable 3.3 due in month 48. Work on model checking single agent behaviours by fluid approximation,
with a detailed description of global fluid model checking algorithms and correctness proofs has been published
in [8]. The theoretical foundations and algorithm for an on-the-fly fast mean field model checking procedure
for the verification of single agents in the context of DTMC population models have been published in [27].
The algorithm has been implemented in the prototype model checker FlyFast, that was described in Deliverable
5.2. FlyFast has been used for modelling and analysis of an extended bike sharing model [6] briefly discussed
in Deliverable 3.2 and is available for use on further case studies. It has furthermore been shown that, under
certain conditions, FlyFast can be used to obtain approximate results of single agent behaviours in continuous
time Markov population models, if the models are not too stiff [26]. FlyFast is based on an efficient on-the-
fly probabilistic model checking approach described in [28]. Further work is foreseen in linking the model
checking techniques to the modelling language CARMA developed in the context of WP4 and on extensions of
the logic implemented in FlyFast.

7 Conclusions and Roadmap

Relationship to other work packages.

WP1 Emergent Behaviour and Adaptivity. Spatio-temporal model checking offers a complementary approach
to the analysis and identification of emergent behaviour that evolves in a spatial context. Combined use
of techniques developed in WP1 and WP3 would be interesting to explore further.
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WP2 Collective Adaptive Behaviour in Space. One of the ideas that has been pursued in the work on spatial
verification in WP3 is to develop a spatial logic with basic spatial operators that is general enough to be
applied in the diverse spatial settings that were identified in the context of Work Package 2. Furthermore,
metrics and distance functions can be added in an orthogonal way providing further spatial richness.

WP4 Language and Design Methodology. In WP3 the foundations have been developed for a variety of scal-
able verification techniques of which a number have been implemented as prototype tools. As a first
step it can be expected that CARMA models can be used to generate stochastic or deterministic simula-
tion traces that can be used for spatial model checking in much a similar way as spatio-temporal model
checking was applied on simulation traces from the MRP bike sharing model discussed earlier. Further
integration would be desirable and is part of ongoing research.

WP5 Model Validation and Tool Support. A number of prototype tools have been developed in WP3 that are
available for use for model validation. Some of those, such as the FlyFast on-the-fly mean field model
checker have already been linked to the QUANTICOL web-site, others such as the spatio-temporal model
checker topochecker, will soon be added.

Roadmap for the final reporting period concerning Task 3.1 Good progress has been made in developing
scalable verification for spatial logics and promising results have been obtained in a variety of application areas.
As a matter of fact, this research has opened up a promising and exciting new area of research that could be
developed in many different ways exceeding the remaining time available in the project. In this roadmap we
provide a few limited ideas that we plan to pursue in the short term in the context of WP3. This would require
an extension of the duration of Task 3.1, which was originally due to finish in month 36.

• In some cases it may be important to be able to specify spatial properties concerning groups of points in
space rather than of individual points. For example, the property that agents associated to points in space
are able to connect to one another and act as a group, or that they are located all together in a protected
environment, or that they can share part of the same route to reach a common exit or goal. In all such
situations, it is important to be able to predicate over spatial aspects, and possibly find methods to certify
that a given collective adaptive system satisfies specific requirements in this respect. This is one of the
lines of ongoing work on the development of suitable spatial and spatio-temporal logics in the context of
the project [15].

• Although the spatio-temporal model checking algorithms do work fine, there is much scope for further
optimisations that are specific of spatial models. One of the ideas is to exploit the gradual change that can
be expected in the evolution of behaviour in a spatial setting. Another idea could be to exploit notions of
spatial bisimulation and spatial aggregation to reduce the size of the space that needs to be verified. A
third option is to use abstraction and refinement techniques in model checking [19] in order to verify a
system at a given level of abstraction, deepening exploration only on a by-need basis.

• Further work on robustness analysis for SSTL is foreseen and includes the development of prototype
tools making the approach more widely available for application on CAS.

• A further integration of spatio-temporal model checking and fluid or mean field model checking would
be interesting as well.
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