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1. Introduction

This paper is concerned with trust-region methods for solving the unconstrained op-
timization problem

min f(x), f:R" >R, (1.1)

zeR™
where we assume that the values of the objective function f and its derivatives are com-
puted subject to random moise. Our objective is twofold. Firstly, we introduce a version
of the deterministic method proposed in [10] which is able to handle the random context
and provide, under reasonable probabilistic assumptions, a sharp evaluation complexity
bound (in expectation) for arbitrary optimality order. Secondly, we investigate the effect
of intrinsic noise (that is noise whose level cannot be assumed to vanish) on a first-order
version of our algorithm and prove “degraded” optimality, should this noise limit the
validity of our assumptions. The new results are then detailed and illustrated in the
framework of finite-sum minimization using subsampling.

Minimization algorithms using adaptive steplength and allowing for random noise in
the objective function or derivatives’ evaluations have already generated a significant lit-
erature (e.g. [1-3,6,7,13,16]). We focus here on trust-region methods, which are methods
in which a trial step is computed by approximately minimizing a model of the objective
function in a “trust region” where this model is deemed sufficiently accurate. The trial
step is then accepted or rejected depending on whether a sufficient improvement in objec-
tive function value predicted by the model is obtained or not, the radius of trust-region
being then reduced in the latter case. We refer the reader to [15] for an in-depth coverage
of this class of algorithms and to [17] for a more recent survey. Trust-region methods
involving stochastic errors in function/derivatives values were considered in particular in
[1,12] and [7,13], the latter being the only methods (to the author’s knowledge) handling
random perturbations in both the objective function and its derivatives. The complex-
ity analysis of the STORM (STochastic Optimization with Random Models) algorithm
described in [7,13] is based on supermartingales and makes probabilistic assumptions
on the accuracy of these evaluations which become tighter when the trust-region radius
becomes small. It also hinges on the definition of a monotonically decreasing “merit
function” associated with the stochastic process corresponding to the algorithm. The
method proposed in this paper can be viewed as an alternative in the same context,
but differs from the STORM approach in several aspects. The first is that the method
discussed here uses a model whose degree is chosen adaptively at each iteration, requir-
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ing the (noisy) evaluation of higher derivatives only when necessary. The second is that
its scope is not limited to searching for first- and second-order approximate minimizers,
but is capable of computing them to arbitrary optimality order. The third is that the
probabilistic accuracy conditions on the derivatives’ estimations no longer depend on the
trust-region radius, but rather on the predicted reduction in objective function values,
which may be less sensitive to problem conditioning. Finally, its evaluation complexity
analysis makes no use of a merit function of the type used in [7].

In [4], the impact of intrinsic random noise on the evaluation complexity of a deter-
ministic “noise-aware” trust-region algorithm for unconstrained nonlinear optimization
was investigated and contrasted with that of an inexact version where noise is fully con-
trollable. While such results cover some practical occurrences, including noise due to
floating point computation, the current paper considers the question in the more general
probabilistic framework.

Even if the analysis presented below does not depend in any way on the choice of
the optimality order g, the authors are well aware that, while requests for optimality of
orders g € {1,2} lead to practical, implementable algorithms, this may no longer be the
case for ¢ > 2. For high orders, the methods discussed in the paper therefore constitute
an “idealized” setting (in which complicated subproblems can be approximately solved
without affecting the evaluation complexity) and thus indicate the limits of achievable
results.

The paper is organized as follows. After introducing the new stochastic trust-region
algorithm in Section 2, its evaluation complexity is provided in the main Theorem 3.7 on
page 22. Section 4 is then devoted to an in-depth discussion of the impact of noise on the
first-order instantiation of the algorithm, with a particular emphasis on the case where
noise is generated by subsampling in finite-sum minimization context. Conclusions and
perspectives are finally proposed in Section 5. Because our contribution borrows ideas
from [3], themselves being partly inspired by [12], repeating some material from these
sources is necessary to keep our argument understandable. We have however done our
best to limit this repetition as much as possible.

Basic notations. Unless otherwise specified, || - || denotes the standard Euclidean norm
for vectors and matrices. For a general symmetric tensor S of order p, we define

def
IS = max [S[P| = max [S[or,..., |
llvll=1 loill=-=]lvpll=1

the induced Euclidean norm. We also denote by V2 f(z) the j-th order derivative tensor
of f evaluated at  and note that such a tensor is always symmetric for any j > 2. V9 f(x)
is a synonym for f(z). [a] denotes the smallest integer not smaller than «. Moreover,
given a set B, |B| denotes its cardinality, 1 refers to its indicator function and B°
indicates its complement. All stochastic quantities live in a probability space denoted by
(Q, A, Pr) with the probability measure Pr and the o-algebra A containing subsets of €.



4 S. Bellavia et al. / EURO Journal on Computational Optimization 10 (2022) 100043

We never explicitly define Q, but specify it through random variables. Pr[event] finally
denotes the probability of an event and E[X] the expectation of a random variable X.

2. A trust-region minimization method for problems with randomly perturbed
function values and derivatives

We make the following assumptions on the optimization problem (1.1).

AS.1  The function f is g-times continuously differentiable in R™, for some ¢ > 1. More-
over, its j-th order derivative tensor is Lipschitz continuous for j € {1,...,q}
in the sense that, for each j € {1,...,q}, there exists a constant ¥;; > 0 such
that, for all z,y € R™,

IV5f (@) = VW < O lle = yll. (2.1)

AS.2  f is bounded below in R"™, that is there exists a constant fiow such that f(z) >
fiow for all x € R™.

AS.2 ensures that the minimization problem (1.1) is well-posed. AS.1 is a standard
assumption in evaluation complexity analysis.? It is important because we consider algo-
rithms that are able to exploit all available derivatives of f and, as in many minimization
methods, our approach is based on using the Taylor expansions (now of degree j for

je{l,...,q}) given by

tra(e,9) = F@) + 3 V@) (22)
=1"

AS.1 then has the following crucial consequence on the quantity f(x +s) —ty ;(z,s).

Lemma 2.1. Suppose that AS.1 holds. Then for all x,s € R",

Gr s )
@+ 8) = trs (@ o)l < gy sl (2:3)

Proof. See [9, Lemma 2.1] with 8 =1. O

2 Tt is well-known that requesting (2.1) to hold for all ¢,y € R™ is strong. The weakest form of AS.1 which
we could use in what follows is to require (2.1) to hold for all z = zj (the iterates of the minimization
algorithm we are about to describe) and all y = zj, + s, (where s is the associated step and £ is arbitrary
in [0,1]). However, ensuring this condition a priori, although maybe possible for specific applications, is
hard in general, especially for a non-monotone algorithm with a random element.
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At a given iterate xy of our algorithm, we will be interested in finding a step s € R™
which makes the Taylor decrements

Atgi(wh,s)  fan) =t (p,s) = trj(2r,0) — tr;(zk, ) (2.4)

large (note that Aty ;(z,s) is independent of f(z)). When this is possible, we anticipate
from the approximating properties of the Taylor expansion that some significant decrease
is also possible in f. Conversely, if Aty ;(x,s) cannot be made large in a neighborhood
of x, we must be close to an approximate minimizer. More formally, we define, for some
6 € (0,1] and some optimality radius § € (0, 6], the measure

s
(z) = max Aty ;(x,d), 2.5
8}5(a) = mae Aty (o, (25)
that is the maximal decrease in ty j(x,d) achievable in a ball of radius ¢ centered at
x. (The practical purpose of introducing 6 is to avoid unnecessary computations, as
discussed below.) We then define = to be a g-th order (e, §)-approximate minimizer (for
some accuracy requests € € (0,1]9) if and only if

Y .
¢74(x) < ] for je{l,....q}, (2.6)

(a vector d solving the optimization problem defining gb‘}) ; (z) in (2.5) is called an opti-
mality displacement) [8,10]. This notion is coherent with standard optimality measures
for low orders® and has the advantage of being well-defined and continuous in z for every
order. Note that d)‘}, j(a:) is always non-negative. A more complete motivation for using
qb‘sf’j (x) is given in Section 12.1.3 of [11].

This paper is concerned with the case where the values of the objective function f and
of its derivatives V7 f are subject to random noise and can only be computed inexactly
(our assumptions on random noise will be detailed below). Our notational convention

will be to denote inexact quantities with an overbar, so f(z,€) and V4 f(x,£) denote
inexact values of f(z) and V7 f(z), where £ is a random variable causing inexactness.
Thus (2.2) and (2.4) are unavailable, and we have to consider

J
Era(an,s,8) < Flan,©) + Y 5 VEfan sl

(=1

and the associated decrement

J
Ef’j(x78k7§) déf zf’j(xkvovg) _Zf7j(xk78k‘»§) = _Z ﬁ,f(xk,f)[s]z (27)

3 It is easy to verify that, irrespective of §,(2.6) holds for j = 1 if and only if HVif(I)H < €1 and that, if
IVLF@)] =0, Amin[V2f(2)] = —e2 if and only if ¢5 ,(x) < 1e28”.
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instead. For simplicity, we will often omit to mention the dependence of inexact values
on the random variable ¢ in what follows, so (2.7) is rewritten as

J
Btpla,sn) < Ty 0) = Ipylan,s) = = D 7 VoF(@n)ls]'. (2:8)

This in turn would require that we measure optimality using

Fpa@) ' max Ky (a.d) (29)
instead of (2.5). However, computing this exact global maximizer may be costly, so we
choose to replace the computation of (2.9) by an approximation, that is with the com-
putation of an optimality displacement d with ||d|| < ¢ such that Cai’j(ﬂf) < Aty j(z,d)
for some constant ¢ € (0, 1].

We can now present the Trust-Region with Noisy Evaluations (TRgNE) algorithm,
see on the next page. The worst-case complexity result is given in Theorem 3.7 on
page 22 and shows that, under suitable probabilistic assumptions, the TRgNE algorithm
finds (in expectation) an (e,d)-approximate minimizer of arbitrary order ¢ > 1 in at
most O(e~(9+1) inexact evaluations of the function and its derivatives. In addition to
the standard requirements AS.1-AS.2; the proof of such a complexity result also needs a
third assumption (AS.3 in the next section), assuming that inaccurate models or function
evaluations do not occur too frequently and that, on successful iterations, the inexactness
on function values still allows, on average, the decrease of the objective function. The
trust region radius at iteration k is denoted by r; instead of the standard notation Ay.

A feature of the TRgNE algorithm is that it uses an adaptive strategy (in Step 1)
to choose the model’s degree in view of the desired accuracy and optimality order.
Indeed, the model of the objective function used to compute the step is ¢y j, (v, s),
whose degree ji can vary from an iteration to the other, depending on the “order of
(inexact) optimality” achieved at z; (as determined by Step 1). Also observe that, if
the trust-region radius is small (that is 7, < 6), the optimality displacement dj ;, is an
approximate global minimizer of the model within the trust region, which justifies the
choice s = dy,j, in this case. If 7, > 0, the step computation is allowed to be fairly
approximate as the only requirement for a step in the trust region is (2.13). This can be
interpreted as a generalization of the familiar notions of “Cauchy” and “eigen” points (see
[15, Chapter 6]). In addition, note that, while nothing guarantees that f(zx) > f(zrt1),
the mechanism of the algorithm ensures that f(zy) > f(zps1).

The TRgNE algorithm generates a random process. Randomness occurs because of the
random noise present in the Taylor decreases and objective function values, the former
resulting itself from the randomly perturbed derivatives values and, as the algorithm
proceeds, from the random realizations of the iterates zp and steps si. In the following
analysis, uppercase letters denote random quantities, while lowercase ones denote real-
izations of these random quantities. Thus, given w € Q, xp = X (w), gr = Gi(w), etc.
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Algorithm 2.1. The TRgNE algorithm.

Step 0: Initialization. A criticality order g, a starting point x¢ and accuracy levels € € (0,1)? are given.
For a given constant n € (0, 1), define

def .
€min = min

Jje{l,...q 2

}sj and v ¥ min [im, (1 =m)]. (2.10)

The constants 6 € [€min, 1], ¢ € (0,1], v > 1, rmax > 1 and an initial trust-region radius
70 € (€min, "max) are also given. Set k = 0.
Step 1: Derivatives estimation. Set d; = min[ry, 0].
Forj=1,...,q,
1. Compute derivatives’ estimates Vzgf(ack) and find an optimality displacement dy,; with
lldi, ;|| < 6 such that

O (mr) < Dty (mn, drj)- (2.11)
2. If
N _ s\ 9k
Aty (ks di,j) > (1 mn V) IR (2.12)

go to Step 2 with jr = 7.
Set jr = q.
Step 2: Step computation. If 7 = dx, set sp = dg,;, and Ef,j(zk, Sk) = Efyj (zk, dr,j, ). Otherwise,
compute a step si such that ||sg|| < ri and

Aty (zk, s1) > Dt j(an, dyj,)- (2.13)

Step 3: Function decrease estimation. Compute the estimate f(zx) — f(zx + si) of f(zr) — f(zk + sk).
Step 4: Test of acceptance. Compute

flzr) — f(zr + sk
po = 1@8) = F@e + 51) (2.14)
Atf)j(a:k, Sk)
If pr > n (successful iteration), then set xp41 = z + sk; otherwise (unsuccessful iteration) set

Trk4+1 = Tk-
Step 5: Trust-region radius update. Set

_{%m, if pr. < m,
Tk+1 = . .
min(rmax, yrs], if px > n,

Increment k by one and go to Step 1.

In particular, we distinguish

o Aty j(x,s), the value at a (deterministic) x, s of the exact Taylor decrement, that is
of the Taylor decrement using the exact values of its derivatives at x;

o Aty i(x,s) = Aty ;(z,5,€), the value at a (deterministic) z,s of an inexact Taylor
decrement, that is of a Taylor decrement using the inexact values of its derivatives

(at z) resulting from the realization of random noise;
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o Ats;(X,S), the random variable corresponding to the exact Taylor decrement taken
at the random variables X, S;

o ATy ;(X,S), the random variable giving the value of the Taylor decrement using
randomly perturbed derivatives, taken at the random variables X, S.

Analogously, F} “p (X&) and F} Ly (Xk+Sk) denote the random variables associated
with the estimates of f(X}) and f(Xg+Sk), with their realizations f) = f(zx) = f(zx,€)
and f{ = f(zp+sk) = f(zp+ sk, €). Similarly, the iterates Xy, as well as the trust-region
radiuses Ry, the indices Jj, the optimality radiuses Ay, displacements Dy, ; and the steps
S, are random variables while zy, ¢, jk, Ok, di,j, and s denote their realizations. Hence,
the TR¢NE algorithm generates the random process

{ X, R, Mg, Ji, A, { Dy j Y12, Sk, Fi} (2.15)

in which Xy = z¢ (the initial guess) and Ry = ro (the initial trust-region radius) are
deterministic quantities, and where

Mk = {v%ﬁf(Xk), ey ngf(Xk)} and Fk = {F(Xk),F(Xk + Sk)}
2.1. The probabilistic setting

We now state our probabilistic assumptions on the TRgNE algorithm. For k£ > 0, our
assumption on the past is formalized by considering Aj_; the o-algebra induced by the
random variables My, M,..., My_1 and FQ), F§, FY, F§, ..., FY |, F§_| and let Ak—1/2
be that induced by Moy, My,..., My and F{, F§, ..., FY |, Ff_,, with A_; = o(x0).

We first define an event ensuring that the model is accurate enough at iteration k. At
the end of Step 2 of this iteration and given Ji € {1,...,q}, we now define,

<1>_{¢ (X < (f”)y,c,j(xk,m,j)} (e {Loos i),

M = {(1 = V)AT}, 5, (X, Sk) < Atg 5 (Xk, Sk) < (1+ ) ATy 5, (Xk, Sk)}

My N M) am?. (2.16)

Je{1l, I}

The event /\/l j occurs when the j-th order optimality measure (j < ji) at iteration

k is meaningful, while ./\/122) occurs when this is the case for the model decrease. At
first sight, these events may seem only vaguely related to the accuracy of the function’s
derivatives but a closer examination gives the following sufficient condition for My to
happen.
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Lemma 2.2. At iteration k of any realization, the inequalities defining the event My are
satisfied if, for j € {1,...,jx} and £ € {1,... jr}

— v
|(VoF @) = Var @) su)f] < 58Tz, (@, 50) (2.17)
and
VEf ¢ o1t < YAt ]
|(VoF () = Ve s (on) ) 1)’ | < & Bt (ons duy), (2.18)
where
di j = argmax At ;(zy, d). (2.19)
lall <o

Proof. If (2.18) holds we have that, for every j € {1,...,jx} and vy € {dAkyl, .. .,d,w-},
with dy¢, £ =1,...,J, given in (2.19),

J

_ 1
\Atfyj(xk,vk) Atfj xk,vk ;E_

‘( - Vﬁf(xk)) [Uk]é‘

J
1 (2.20)
?VAtfj T, Uk Z il

<v Atfvj (zk, Uk)

where we have used the bound Z — < e—1 < 2. Now note that the definition of
=1
af’fj(xk) in (2.9), (2.20) for v, = cfk’j and (2.11) imply that, for any j € {1,...,jx},

¢6f’fj($k) = Aty j(p, dr ;) < Dty j(ap,dr ;) + Aty j(xn, di ) — Dty j(a, dy ;)]

Hence the inequality in the definition of /\/ll(;g holds for j € {1,...,jx}. The proof of the
inequalities defining ./\/l,(f) is analog to that of (2.20). We have from (2.17) that
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Jk

Aty g (whs s1) = At gy, (wr,sp)] <D gl, ‘(Vz flar) — Vf;f(xk)) [Sk]z’
(=1
_ Jk 2.21
S %VAtfvjk(xk,sk)Z% ( )
=1

< v Aty (xr, sk)

Jk
1
where we have again used the bound Z 7 <2. O
=1 "

This result immediately suggests a few comments.

o The conditions (2.17)-(2.18) are merely sufficient, not necessary. In particular, they
ignore any possible cancellation of errors between terms of the Taylor expansion of
different degree.

o We note that (2.17)-(2.18) require the ¢-th derivative to be relatively accurate along
a finite and limited set of directions, independent of problem dimension.

o Since ||d ;|| and ||ka|\ are bounded by d§; < 0 < 1, we also note that the accuracy
required by these conditions decreases when the degree ¢ increases. Moreover, for a
fixed degree, the request is weaker for small displacements (a typical situation when
a solution is approached) than for large ones.

e Requiring

IVEf (@) = Vi (@)l < W Aty (xk, di ), (2.22)

instead of (2.18) is of course again sufficient to ensure the desired conclusions. These
conditions are reminiscent of the conditions required in [7] for the STORM algorithm
with p = 2, namely that, for some constant x, and all y in the trust-region {y € R™ |

ly — zkl < i},
IVEF(y) = VEF@I < ke ri ™ (£ {0,1,2}).

This latter condition is however stronger than (2.17)—(2.18) because it insists on a
uniform accuracy guarantee in the full-dimensional trust region.

Having considered the accuracy of the model, we now turn to that on the objective
function’s values. At the end of Step 3 of the k-th iteration, we define the event

Fr = {|Af(Xk,Sk) — AF(Xk, S}c)‘ < QVATf’jk (X}c, Sk)} (2.23)

def
where Af(Xy, Sk) € f(X5) — f(Xp + Sk) and AF(Xy, Sp) & F(Xy) — F(X) + ).
This occurs when the difference in function values used in the course of iteration k is



S. Bellavia et al. / EURO Journal on Computational Optimization 10 (2022) 100043 11

reasonably accurate relative to the model decrease obtained in that iteration. Note that,
because of the triangular inequality,

|Af( Xk, Sk) — AF (X, Sk)| = |(f(Xk) — f( Xk + Sk)) — (F(Xk) — F(Xk + Sk))|
< |[f(Xk) = F(Xg)| + | f(Xk + Sk) — F(Xk + Sk)|

so that Fjp must occur if both terms on the right-hand side are bounded above by
vATy ;, (Xg, Si). Combining accuracy requests on model and function values, we define

& L Fen M, (2.24)

and say that iteration & is accurate if 1¢, = 17, 14, = 1 and the iteration £ is inaccurate
if 1¢, = 0. Moreover, we say that the iteration k£ has accurate model if 14, = 1 and
that iteration k has accurate function estimates if 1, = 1. Finally we let

pate E Pr[ My | Ay pr  Pr[ B | A

We will verify in what follows that the TRgNE algorithm does progress towards an
approximate minimizer satisfying (2.6) as long as the following holds.

AS.3  There exists a., v« € (3,1] such that p. = .y, > 1,

Py, Z sy DPFy Z Vx and E :H-Sk(]- - jl]:k)Af(Xka Sk) | Ak—lj| Z 03 (225)

. £, . .
where Sy, is the event Sy, de {iteration k is successful}.

We notice that due to the tower property for conditional expectations
]P’r[]-'k | Ak,l} :E[ﬂfk |A,H} :E[JE {Lfk |Ak,%] |Ak,1],
and hence that assuming, as in [16] and [7],
Pr[fk | Ak,%] > Yy

is stronger than assuming pr, > 7.. Similarly,

E[1s, (1= 15 )Af(Xp, Si) | Apy] = 0 implies E [Ls, (1—15,)Af (X, Sk) | Ax-1] = 0.
(2.26)

Assuming AS.3 is not unreasonable as it merely requires that an accurate model and
accurate functions “happen more often than not”, and that the discrepancy between true
and inexact function values at successful iterations does not, on average, prevent decrease
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of the objective function. If either of these condition fails, it is easy to imagine that
the TRgNE algorithm could be completely hampered by noise and/or diverge completely.
Because the last condition in (2.25) is less intuitive, we now show that it can be realistic
in the specific context where reasonable assumptions are made on the (possibly extended)
cumulative distribution of the error on the function decreases (conditioned to A;_1).

Theorem 2.3. Let Gy, : Ry — [0,1] be a differentiable monotone increasing random
function which is measurable for Ax_1 and such that

Gr(0) =0 and Tli_}rg(} Gr(r) =1, (2.27)
lim 7 (1= G(r)) =0, (2.28)
/(1 — Gp(7)) dr < o0, (2.29)
0
and
Pr[AF(Xk, Sk) — Af(Xp, S) > 7 | Ak,%} <1- Gy(r) (2.30)
for 7 > 0. Then,
E [15,(1 - 17)(f(Xi) = f(Xk41)) | Aka] >0 (2.31)

for each k such that

ATf ik Xk, Sk

3|>—‘

Ja-cuma
0

Proof. Consider w € (2, an arbitrary realization of the stochastic process defined by the
TRgNE algorithm. Suppose first that E [ﬂgk (1-1x,) | .Ak_%} (w) = 0. We then deduce that

E[1s,(1 = 17)(F(Xe) = F(Xk41)) | Apoy| (@) =0. (2.32)
Assume therefore that
E[ts,(1-15) | Ay | @) =B (2.33)
for some p > 0. To further simplify notations, set

ATy, % ATy, (X, Sk) and Ej, = AF(Xk, Sk) — Af(Xx, Sk). (2.34)
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If we define 7 % {Ek(w) > 0}, the definition of successful iterations, (2.14) and the
triangular inequality then imply that, if 1s, (,) = 1 then

Af(Xk, Sk)(w) = AF(Xk, Sk)(w) — Ek(w) Z nATk(w) — JlIEk(w). (235)
This in turn ensures that

E|1s,(1 = 17 )Af(Xk, Sk) | Akfé] (w) > ATy (w)E [ﬂsk(l —17,) | Ak,%} (w)

B[, (1 - 15,)12Ex | Ay | (). (2.36)

Moreover, we have that

E [1Sk(1 15 )17E; | Ak,%} (w)
_E [18k(1 —17)1zEx | Ay 1,8k 0 f;ﬁ] (w) - Pr[S N Fi [ Ap—3](w)
+E [1Sk(1 —17)1zE | A1, (Sk N fﬁ)”} (W) - Pr[(Sp N F) | Ap_1](w)
= BE[1rEx | Ay S0 FE| (@)

<prE []1IEk \ Ak_%} (w),

where we used the fact that [1s, (1 — 1£,)](w) = 0 whenever (S U F)(w) happens,
(2.33) to derive the second equality, and the bound 17Ej(w) > 0 to obtain the final
inequality. Now, (2.30) implies that, for 7 > 0

PrlizB > 7 | Ay ] (@) = Pr[By > 7 | Ay (@) <1-au(r)

where g (7) def G (w)(1), and thus

oo

Prfts (1= 12)12B0 > 7 | A y]@) < (L- gulr) e = i [ g0l

T

Then, employing (2.27)—-(2.30), and integrating by parts

E{nsk(lfnfk)ank |Ak,%}(w)§ﬁ /tgk :;ﬁk/ 1 — gu(t))dt < oc.
0 0

Finally, using (2.36),

E[1s, (1 1) A7 (X0 50) | A ] (@) 2 5 [nTiw) = [ (L= aule
0
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and thus
E [ﬂsk(l = 17)(f(Xk) = f(Xk41)) | Ak_%} (w) >0 (2.37)
holds when
1 o0
A _ _
Tk 17 O/ 1 gk

Combining (2.32) and (2.37) and taking into account that w is arbitrary give that

E|ls, (1 = 17)(f(Xk) = f(Xk41)) | Ak—% > 0.
Thus, (2.26) yields (2.31). O

Note that the assumptions of the theorem are for instance satisfied for the exponential
case where G (7) = e~ T7 for T > 0 and measurable for A;_1. We will return to this result
in Section 4 and discuss there the condition that AT} j, (X, Sk) should be sufficiently
large.

3. Worst-case evaluation complexity

We now turn to the evaluation complexity analysis for the TRgNE algorithm, whose
aim is to derive a bound on the expected number of iterations for which optimality fails.
This number is given by
def A Ai j
NS infk>0 | 657 (Xp) < ej—* for j € {1,...,q} ¢ (3.1)
4!

We first state a crucial lower bound on the model decrease, in the spirit of [10
Lemma 3.4].

Lemma 3.1. Consider any realization of the algorithm and assume that My occurs.
Assume that (2.6) fails at iteration k. Then, there exists a ji € {1,...,q} such that
Aty (T, di ji) > s€5,.00° /(3k)(1 +v)) at Step 1 of the iteration. Moreover,

~ 5Jk
Atf Jk (mkv Sk) > ¢f k]? (3.2)

where

QZ & déf Jk" th,]k (xk’dk,jk) > S€min
!, 7 o
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Proof. We proceed by contradiction and assume that

— GE; b
Aty d ;) < —L “k 34
3@k di ) < ol (3.4)

for all j € {1,...,q}. Since M}, occurs, we have that, for all j € {1,...,q},

14+v)\ — Y .
o) < (F50) Bpslondig) 6 % € (),
which contradicts the assumption that (2.6) does not hold for z; and d;. The bound
(3.2) directly results from

- o ik
Aty (Tk, 8k) > Aty (Tk, di gy ) = ¢mﬁ7

where we have used (2.13) to derive the first inequality and the definition (3.3) to obtain
the equality. The rightmost inequality in (3.3) trivially follows from the negation of (3.4)
and (2.10). O

We now show that, for any accurate iteration k there exists 7 > 0 such that the itera-
tion is successful whenever r;, < 7. For simplicity of notation, given d¢;, j € {1,..., ¢},
as in (2.1), we define

def
¥y = max[l, max UJ¢,]. 3.5
P max(l, max 0] (35)

Lemma 3.2. Suppose that AS.1 holds. Consider any realization of the algorithm and
suppose that (2.6) does not hold for xy and 6y and that & occurs. If

_def . s(1—mn) s(1—mn) def
< = 0 min ( — min — H~r€min, .
T <T mm{,4(1+y)19fe 4(1+V)19fe K€ (3.6)

=R

Ky € (0,1), holds, then iteration k is successful.

Proof. First, note that the minimum in (3.6) is attained at K,€min since 8 > €, and
€ (0,1). Suppose now that (3.6) holds, which implies that d; = min[f, r] = ri. Let
jx be as in Lemma 3.1, and denote Af(zy,sr) = f(ar) — f(zp + sk), Af(zp, sk) =

f(ae) = f (@ + sk).
Using (2.14), the triangle inequality and 1g, = 1, 15, = 1, we obtain

A_f(l'k, Sk) - Eﬁ]k (zka Sk)
Atfyjk (T, Sk)

lor — 1| =
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< |Af(m/€’ Sk) - Atf’jk (mkv Sk)l |Atf7jk (xka Sk) - Eﬂjk (xk’ Sk){
B Aty (K, k) Aty gy (zk, k)
I |A_f(=’fk, sk) — Af (zk, 5k)|
Aty (Tk, sk)

NI @r 4 sk) = trgi (T 55)| 3vAty, (Th, sk)
B Aty j, (w, sk) Aty j, (ks sk)

Invoking (2.3), the bound [|sg || < 7% = 6k, (3.5), (3.2) and v < (1 —n) we get

’l9f7“k 3

lp — 1] < = +Z(1—ﬁ)-
£k
Using (3.3) and (3.6) we deduce that
14+v)dsr 3
1< EEOTE L 3y <1y (37)

Thus, pr > 1 and the iteration k is successful. 0O

We now provide a crucial lower bound, depending on a suitable power of €, for
realizations of ATy ;, (X, Sk) at any accurate iteration & such that ry > 7.

Lemma 3.3. Suppose that AS.1 holds. Consider any realization of the algorithm and
suppose that (2.6) does not hold for xy and 0y, & occurs, and that v, > T with Ty
defined in (3.6). Then

_ _ - S
Aty (Ths o) =ty (@, 0) = Ep g0 (Trs s8)> (Rs€min)" ", (3.8)
where k5 € (0,1) is defined by

def Krp
= 3.9
o 14+v (3.9)

with K, defined in (3.6).

Proof. Let ji be as in Lemma 3.1. By (3.2), (3.3) we obtain

q
S€min 6k

Aty (Th, sk)> Tio g

If r, > 0 then 6, = 6 and the bound 0 > €,;, implies



S. Bellavia et al. / EURO Journal on Computational Optimization 10 (2022) 100043 17

q+1

- Ce
Aty (g, SK)> —0—.
fd(xk Sk;) q'(1+V)

Thus (3.8) holds by definition of ks and the fact that s, € (0,1). If 7 < 7, < 0,
then 0 = rg. The proof is completed by noting that the form of 7 in (3.6) gives that
Tk > Kr€min- O

3.1. Bounding the expected number of steps with Ry <T

We now return to the general stochastic process generated by the TRgNE algorithm and
bound the expected number of steps in N, from above. For this purpose, let us define,
for all 0 < k < N, — 1, the events

A SRy >7) A E (R <7,

where T is given by (3.6), and let

Ne—1 Ne—1
def def
Ny = § 1, , Npe = § dag, (3.10)
k=0 k=0

be the number of steps, in the stochastic process induced by the TRgNE algorithm and
before N, such that Ry > 7 or Ry < T, respectively. In what follows we suppose that
AS.1-AS.2 hold.

An upper bound on E [N Ac] can be derived as follows.

(i) We apply [12, Lemma 2.2] to deduce that, for any ¢ € {0,..., N. — 1} and for all
realizations of Algorithm 2.1, one has that

¢
(+1

ZﬂAgﬂsk S5 (3.11)

k=0

(ii) Both o(1,,) and o(ls¢) belong to Ay, because the random variable Ay, is fully
determined by the first k£ —1 iterations of the TRgNE algorithm. Setting £ = N, —1 we
canrely on [12, Lemma 2.1] (with Wy, = 1¢ ), whose proof is detailed in Appendix A,
to deduce that

N.—1 N.—1
E lz 1@14 > p E lz 1%] : (3.12)
k=0 k=0

(iii) As a consequence, given that Lemma 3.2 ensures that each iteration k where &
occurs and r, < T is successful, we have that
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N.—1 N.—1 N

€
Z Taelg, < Z Tasls, < 5
k=0 k=0

in which the last inequality follows from (3.11), with £ = N, — 1. Taking expectation
in the above inequality, using (3.12) and recalling the rightmost definition in (3.10),
we obtain, as in [12, Lemma 2.3], that

E[Nj] < 2]19*IE[NE}. (3.13)

3.2. Bounding the expected number of steps with Ry > T

For analyzing E[N], where N, is defined in (3.10), we now introduce the following
variables.

Definition 1. Consider the random process (2.15) generated by the TRgNE algorithm and
define:
e A, = {iteration k is such that Ry > 7};
N1
N = Z 13, Leg: the number of inaccurate iterations with Ry > 7;

k=0
N.—1

e Ny = Z ]lKk 1g, : the number of accurate iterations with Ry > T;
k=0

N1

o Nys = Z 1%, 1g, Ls,: the number of accurate successful iterations with Ry > 7;
k=0
N.—-1

e Nay = Z 14, 1g, 1sg: the number of accurate unsuccessful iterations with Ry > 7;
k=0

Ne—1
e Nig = Z 17, Leg 1s, : the number of inaccurate successful iterations with Ry > T;
k=0

Ne—1
e Ng = Z 1%, 1s,: the number of successful iterations with Ry > T;
k=0
Ne—1
e Ny = Z 14, Lsg: the number of unsuccessful iterations with Ry > 7.
k=0
(3.14)

Observe that Ay is the “closure” of Ay, in that the inequality in its definition is no
longer strict. We immediately notice that an upper bound on E[N,] is available, once
an upper bound on E[N;] + E[N4] is known, since
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Ne—1 N.—1 N.—1
E[NA] <E lz 1z | =E lz Ixleg+ Y Ix1e, | =E[N] +E[Na]. (3.15)
k=0 k=0 k=0

Using again [12, Lemma 2.1] (with W) = 13 ) to give an upper bound on E[N;], we
obtain the following result, whose proof is detailed in Appendix A. This is the first result
of a series of lemmas needed within this section to prove the final complexity result stated
in Theorem 3.7.

Lemma 3.4 ([12, Lemma 2.6]). Suppose that AS.1-AS.8 hold and let Ny, Na be defined
as in Definition 1 in the context of the stochastic process (2.15) generated by the TRgNE
algorithm. Then,

E[N] < . ;p* E[Na]. (3.16)

Turning to the upper bound for E[N 4], we observe that
E[Na] = E[Nas] + E[Nav] <E[Nas] + E[Ny]. (3.17)

Hence, bounding E[N4] can be achieved by providing upper bounds on E[N4g] and
E[Ny]. Regarding the latter, we first note that the process induced by the TRgNE algo-
rithm ensures that Ry, is increased by a factor v on successful steps and decreased by the
same factor on unsuccessful ones. Consequently, based on [12, Lemma 2.5], we obtain
the following upper bound on the number of unsuccessful iterations with Ry > T.

Lemma 3.5. For any £ € {0, ..., N. — 1} and for all realizations of Algorithm 2.1, we have
that

14 14 _ 14
T T
D Az ds <> 1x 1s, + “ log., 1 <r—> H => 1z 1s, + [1og7 (?Oﬂ :
k=0 k=0 0 k=0

From the inequality stated in the previous lemma with £ = N, — 1, recalling Definition 1
and taking expectations, we therefore obtain that

E[Ny] < E[Ns] + [logw (%OH =E[Nas| + E[Nrs] + [10% (%Oﬂ : (3.18)

An upper bound on E[N 4¢], in terms of a suitable power of €y,ip, is given by the following
lemma.




20 S. Bellavia et al. / EURO Journal on Computational Optimization 10 (2022) 100043

Lemma 3.6. Suppose that AS.1, AS.2 and AS.3 hold. Then we have that

2q!(f0 - .flow)

Flas) = <1 (Ks€min) " h (3.19)

where kg is defined in (3.9).

Proof. Consider any realization of the TRgNE algorithm.

i) If iteration k is successful and the functions are accurate (i.e., 15,17, = 1) then
(2.14), (2.10) and (2.23) imply that

flar) = flaren) > [f(mn) — f(mrgr)] — 2vALgj, (2, 5k)
> nxtf,jk (xk)a Sk) - ZVEka (xkv Sk)
= (n — 2v) Aty (xk, 51)

1 —
> 5’17Atf’jk (Cﬂk, Sk)Z 0. (3.20)
Thus

]lgkjl]:k = ]lsk]lfk]l{AFk,+20}7 (3.21)

where AFy, . = f(X)) — f(Xk41). Moreover, if My, also occurs with r, > 7 (i.e., if
1s,1g, 15, = 1) and (2.6) fails for ), and g, we may then use (3.8) to deduce from
(3.20) that

S
flzr) = f(zrg1) = 2—;7, (Ks€min) "™ >0, (3.22)
which implies that, as long as (2.6) fails,

Ls, 1e, ]le. =1s,1g, lekﬂ{AFk’+>0}~ (3.23)

ii) If iteration k is unsuccessful, the mechanism of the TRgNE algorithm guarantees that
xp = Tp41 and, hence, that f(xry1) = f(xr), giving that (1 — 15, )AF;, 4+ = 0.

Setting fj def f(Xo) and using this last relation and AS.2, we have that, for any ¢ €

{0,.., N, — 1},

4 4
fo—fiow > fo— f(Xep1) =Y AFep =Y 15, AF . (3.24)
k=0 k=0
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Remembering that Xy and thus fy are deterministic and taking the total expectation on
both sides of (3.24) then gives that

4 4

fo = fiow = Elfo — flow] > Z [15,€AF,§,+} ~SE [E [15kAFk,+ | A,HH. (3.25)

=0 k=0
Now, for k € {0,...,¢},
ﬂ.gkAFk7+ e ]]-Sk]l]:kAFk,-i- + ]lgk(l — ﬂ._;:k)AFk7+

and so, using the second part of (2.25),

E [15,9AF,€,+ | Ak_l} —E [nskﬂﬂAF,@,+ | Ak_l} +E [1sk(1 —17)AF, | Ak_l}

>E {Jlsk 17, AF+ | Ak—1:|- (3.26)

Thus, again using the law of total expectations, (3.25) yields that

¢ ¢
fo = fiow = ZE []E {lsk 17, AFk ¢ | .Ak_1“ = ZIE []lgk 17, AF 1| (3.27)
k=0 k=0

Moreover, successively using (3.21), (2.24), (3.23) and (3.22),

15,17, AF; + = 15,15, 1(AF, . >0} AFk +
=15, 17, 1m, 11aF, >0} AFk + + 15,17, (1 — Ty, ) 1qar,  >0) AFk +
> 1s,1e, 1, >0} AFk+
2 1s,1e, 15, Liar, , >0} AFk +

> 277| (Foemin) ™ (Lo, e, 15, ) (3.28)

Substituting this bound in (3.27) then gives that, as long as (2.6) fails for iterations
{]" M 36}7

14

S
fO - flow > 2_;7' (ﬁ5€min)q+1 Z]E []lSk 1Sk]1Kk:| . (329)
’ k=0

We now notice that, by Definition 1,

N.—2
Nasg—1< ) s g, 15,
k=0
and therefore
Ne—2
E[Nas - 1< Y E[nskngk } (3.30)

k=0
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Hence, letting ¢ = N, — 2, substituting (3.30) in (3.29), we deduce that

<

Qq‘ (’Qéemin)q—i_l S fO - flow

E[Nas — 1]

and (3.19) follows. O

While inequalities (3.18) and (3.19) provide upper bounds on E[N4g] and E[Ny], as
desired, the first still depends on E[N;g], which has to be bounded from above as well.
This can be done by following [12] once more: Definition 1, (3.16) and (3.17) directly
imply that

E[N;s] <E[N] < 2P B[N, < L L2 (E[Nas] + E[No) (3.31)
and hence
e < 2 (2 + o, (2)]) o0

follows from (3.18) (remember that 1 < p, < 1). Thus, the right-hand side in (3.16) is
in turn bounded above because of (3.17), (3.18), (3.32) and (3.19), giving

E[Na] < E[Nas] + E[Ny]| < 2E[Nas] + E[Nrs] + [logv (%Oﬂ
(2119*5*1 * 1) <2E[NAS] * [logv (T?Oﬂ)

P l4q!(fo — fiow) flog, (22)] +2

- 2p,—1 N (/igemin)q+1

. (3.33)

This inequality, together with (3.15) and (3.16), finally gives the desired bound

BV < LE < [4q!(f0_flow) ﬁogw(%oﬂ 49 (3.34)

< +
D 2p. — 1 N (n(;emin)QH

We can now express our final complexity result in full.

Theorem 3.7. Suppose that AS.1-AS.3 hold, then

BN < 2 [4q!(fo—f10w) og, (2)] +2|. (3.35)

+
(ZP* - 1)2 sn (/i(;emin)ﬁl

with Ne, T and ks defined as in (3.1), (3.6) and (3.9), respectively.
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Proof. Recalling the definitions (3.10) and the bound (3.13), we obtain that
E[N.
B[N = EINF] + E[V] < S04 + B[N,

which implies, using (3.34), that

2]9* -1 1 4(1'(f0 - flow) To
E[N] < 1 — 2
2ps [ ] T 2pe—1 Ln (56€min)q+l * ’70g,y < T )—‘ +

This bound and the inequality { < p, <1 yield the desired result. O

We note that the O (er;gzﬂ)) evaluation bound given by (3.35) is known to be sharp in
order of €, for trust-region methods using exact evaluations of functions and derivatives
(see [11, Theorem 12.2.6]), which implies that Theorem 3.7 is also sharp in order.

We conclude this section by noting that alternatives to the second part of (2.25) do
exist. For instance, we could assume that

E|1s, AFy + | Akq} > pE [ﬂ-sk]]-kaFk,Jr | Ak—1

for some g > 0. This condition can be used to replace the second part of (2.25) to ensure
(3.26) in the proof of Lemma 3.6 and all subsequent arguments.

4. The impact of noise for first-order minimization

While the above theory covers inexact evaluations of the objective function and its
derivatives, it does rely on AS.3. Thus, as long as the inexactness/noise on these values
remains small enough for this assumption to hold, the TRgNE algorithm iterates ultimately
produce an approximate local minimizer. There are however practical applications, such
as minimization of finite sum using sampling strategies (discussed in more detail below),
where AS.3 may be unrealistic because of noise intrinsic to the application. We already
saw that, under the assumptions of Theorem 2.3, a large enough value of AT} j, (X, Sk)
is sufficient for ensuring the third condition in AS.3, but we also know from (2.23),(2.34),
(2.35) and the definition of v that, at successful iterations,

Af( Xk, Sk) > ATy (Xk, Sk) — By > (n — 2v) ATy j, > inATy

whenever Fj, holds. Thus a large AT ;, (Xg, Si) is only possible if either A f(Xy, Sy) is
large or Fj fails. But a large A f(Xy, S) is impossible close to a (global) minimizer, and
thus either Fj, (and AS.3) fails, or the guarantee that the third condition of AS.3 holds
vanishes when approaching a minimum.

Clearly, the above theory does not say anything about what happens for the algorithm
once AS.3 fails due to intrinsic noise. Of course, this does not mean it will not proceed
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meaningfully, but we can’t guarantee it. In order to improve our understanding of what
can happen, we need to consider particular realizations of the iterative process where
AS.3 fails. This is the objective of this section where we focus on the instantiation TRINE of
TRgNE for first-order optimality. Fortunately, limiting one’s ambition to first order results
in substantial simplifications in the TRgNE algorithm. We first note that the mechanism
of Step 1 of TRgNE (whose purpose is to determine ji) is no longer necessary since ji
must be equal to one if only (approximate) gradients are available, so we can implicitly
set

Dy Vi f(Xk)

1= _—Ak and ATf,l(Xk,Dk’l) = 7Vif(Xk)TDk,1 = ||V,1£f(Xk)||Ak
VLS (Xl

and immediately branch to the step computation. This in turn simplifies to

Vi f(Xk) AW
Sk = _miRk and ATfJ(Xk, Sk) = HVif(Xk)H Rk
V23S (X

irrespective of the value of 4, and (2.13) automatically holds. We thus observe that the
simplified algorithm no longer needs dj ; (since neither Eéfk] (z) or Aty j(zy,dy ;) needs
to be effectively calculated), that the computed step s is the global minimizer within
the trust-region and that the constant 6 (used in Step 1 and the start of Step 2 of the

TRgNE algorithm) is no longer necessary. The resulting streamlined TRINE algorithm is
stated as Algorithm 4.1.

Algorithm 4.1. The TR1NE algorithm.

Step 0: Inmitialization. A starting point zg, a constant v > 1, a maximum radius rmax > 0 and an
accuracy level € € (0, 1) are given. The initial trust-region radius 7o € (€, rmax] is also given. For

a given constant n € (0, 1), define v ' min [in, 1(1 —n)]. Set k = 0.

Step 1: Derivatives estimation. Compute the derivative estimate Vg f(zg).
Vif(zk)
fi Tk
VL7 @l o
Step 3: Function decrease estimation. Compute the estimate f(zr) — f(zr + sk) of f(zr) — f(zk + Sk)-

Step 4: Test of acceptance. Compute pp = w
IV f(@)llre

If pr > n (successful iteration), then set xp41 = ) + sk; otherwise (unsuccessful iteration) set
Tr4+1 = Tk
Step 5: Trust-region radius update. Set

Step 2: Step computation. Set s = —

1 .
STk, if pr <
rk+1:{"{ 4 n

min{rmax, Yrx), if pr > 7.

Increment k by one and go to Step 1.

The definition of the event My, in (2.16) ensures that M,(f) implies M,(Cl) when first-
order models are considered, and thus, using also (2.23), that M, and Fj then reduce
to
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My, = {IVLF(Xp)ll = VLA < vIVEF(Xo)[I}
and
T = {|AF(Xy, Sk) — Af (X, Si)| < 20|[VEF(Xi)[| R},

respectively. Observe now that, because of the triangle inequality, M, is true whenever
the event

Mi E V3£ = VEFOG) | < v VEFXO)I} 1)

holds, and, since v||VL f(Xy)|| min{l, Ry} < v||VLf(Xk)], it also follows that Fj, is true
whenever the event

Fi E{|AF(Xk, Sk) — Af(Xx, S)| < 20| VEF(Xy)|| min{1, Ry }} (4.2)

holds. As a consequence,
Pr{/\/lk |AH} > ]Pr{/% |AH} and Pr[]:k | A,.H] > Pr[fk |A,H]. (4.3)

Our analysis of the impact of noise on the TRINE algorithm starts by considering a rel-
atively general form for error distributions (as we did in Theorem 2.3) and we then
specialize our arguments to the particular case of finite sum minimization with subsam-

pling.
4.1. Fuailure of AS.3 for general error distributions
At a generic iteration k, suppose that Hoj and H; g, are continuous and increas-
ing random functions from Ry to [0,1] which are measurable for Aj_; and such that
Ho,(0) = H1 £(0) = 0, im0 Ho 1 (7) = lim, 4o H1x(7) = 1 and,
Pr[|AF(Xy, Sk) = Af(X, Sl < 7l Ak | = Hox(r)

Pr[|V3F(Xe) = VEF(X) < 74k = Hia() (4.4)

For sake of simplicity, assume a, = 7. > /1 in AS.3 and let By and B; such that
Hy 1 (Bo) = /a, and Hy x(B1) = /&y, and B = max[By, B1]. Then,

Pr[mF(xk,Sk) — AF(Xp, Sp)| <7 | Apr, T > B] > /ax, (4.5)
Pr[IVES(Xk) = VEF(XW) < 7| Apr,7 2 B| = var. (4.6)

Define
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B=——"— >

B B
vmin{l, Ry} ~— v

> B, (4.7)

and note that B is measurable for Ay _;. Then (4.5) and (4.6) ensure that

Pr[|AF(Xk,Sk) — Af(Xp, S)| < B| A,H} >/ (4.8)
Pr[|VEF(Xe) - VEFXR)I < B | 4| > v, (4.9)

Finally, define the events

G < {||VLf(Xp)|| > 2B), (4.10)
G = {IVLf(Xy)ll = B}, (4.11)
Ve & (VLA (%) ~ VEF (X)) < D), (112)

and observe that (4.6) implies that

IP’r[Vk |,4,H} > \/a. (4.13)

The next theorem provides a lower bound on the probability of G, to occur, conditioned
to the trace o-algebra {Ag_1,Gx}.

Theorem 4.1. Let B as in (4.7). Then, for each iteration k of the TRINE algorithm,

Pr|Gy | Ar—1,Gk| > V. (4.14)

Proof. For any realization of the TRINE algorithm we have that

IVE7 @0l = [IVEF @)l = 192 f () = TR @)l

Therefore, | VL f(x1)| > 26 (where 3 is the realization of B) and ||V f(zx)—VLf ()| <
B/v < 3 ensure that IVLf(xp)] > B. Then, G, NV implies G, where the events Gi, Vg
and G, are defined in (4.10)-(4.12), and ]P’r[g_k | Ak,hgk,vk} = 1. We therefore have
that

E|1g, | Ax-1,Gx| 2 E[1g, | A1, G Vi| Pr[Vi | Ako1, G| 2 1- v,

where we have used (4.13) and the fact that
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E[ﬂvk | Akflagk} =E[E[1y, | Ak-1] | Ak—hglq}
to derive the last inequality. The conclusion (4.14) then follows. O

We are now in the position to show that the first requirement of (2.25) in AS.3 holds
provided that the norm of the gradient is sufficiently large. Moreover, we prove that if
the first requirement of (2.25) does not hold for a specific realization w, then the norm
of the gradient at zj, is smaller than 2B(w).

Theorem 4.2. Let B be defined by (4.7). Then, for each iteration k of the TRINE algorithm,
Pr[My | Ak, {IVAF(X0)] 2 2B} | 2 . (4.15)
Moreover, if w is a realization for which ]P’r[/\/lk \ Ak,l} (W) < ay, then

IV f (@)l < 2B(w). (4.16)

Proof. We obtain from (4.3) and (4.14) that
Pr|{Mj | Ak—l,gk} > Pr{ﬂk | Ak—hgk} =E {Jl/(;lk | Ak—l’gk:|
>E [Jquk | Ak—l;gk,Gk} Pr[gk | Ak—l,gk}
> \/Q_*]E[Jlﬂk | Ak—hgmgk}- (4.17)

If Gy is true, then it follows from (4.7) and (4.11) that v||VLf(Xg)|| > B. Then, (4.1)
and (4.6) yield

E[ﬂﬂk | Akflag_k} > /. (4.18)

Because the trace o-algebra {Ay_1,Gx} contains the trace o- algebra {Ax_1, Gk, Gr}, the
tower property and (4.18) then imply that

E[]l/qk |Ak—1;gkag_k} = E[E []l/qk |Ak—1,gk] |Ak—1,gk,g_k}
> E[\/a_* |Ak71;gk7gk} =\

which, together with (4.17) gives (4.15). Since Gy, is measurable for Aj_; we have

Pr [Mk | Ak—l} > Pr [./\/lk | .Ak_l,gk}]E []lg,C | .Ak_1:| = Pr [Mk | Ak_l,gk] 1g,.



28 S. Bellavia et al. / EURO Journal on Computational Optimization 10 (2022) 100043

If we now consider a realization w such that Pr [Mk | Akfl} (w) < ay, we therefore

obtain, using (4.15) taken for the realization w, that
a, > PriMy | Akqﬁk] (W) g, () = ax g, (),
which implies that 1g, () = 0, and thus that (4.16) holds. O

Similarly, but with reference to the second requirement in (2.25), the following theorem
can be proved.

Theorem 4.3. Let B be defined by (4.7). Then, for each iteration k of the TRINE algorithm,
Pr[Fi | Aer, {IVEF(X0)] 2 2B} | > .. (4.19)
Moreover, if w is a realization for which Pr[]—"k | .Ak_l} (w) < ., then

IV (i)l < 2B(w). (4.20)

Proof. The proof is similar to that of Theorem 4.2, and is given in Appendix A for
completeness. O

Theorems 4.2 and 4.3 indicate that the assumptions made in AS.3 about Mj and
Fi. are likely to be satisfied as long as the gradients remain sufficiently large, allowing
the TRINE algorithm to iterate meaningfully. Conversely, they show that, should these
assumptions fail for a particular realization of the algorithm because of a high level of
intrinsic noise, “degraded” versions of first-order optimality conditions given by (4.16)
and (4.20) nevertheless hold when this failure occurs.

4.2. A subsampling example

We finally illustrate how intrinsic noise might affect our probabilistic framework on
an example. Suppose that

1) = 3" fiw) (a.21)

where the f; are functions from R to R having Lipschitz continuous gradients and where
m is so large that computing the complete value of f(z) or its derivatives is impractical.
Such a situation occurs for instance in algorithms for deep-learning, an application of
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growing importance. A well-known strategy to obtain approximations of the desired
values at an iterate xj is to sample the f;(z)) and compute the sample averages, that is

flzy) = Z filwr),  Vif(a) = Z Vifi(zr),  (4.22)

zEbo(rk) zEbl(xk)

where by (z) and by () are realizations of random “batches”; that is randomly selected*
subsets of {1,...,m}. Observe that Step 3 of the TRINE algorithm computes the estimate
f(zr) — f(xp + si), which we assume, in the context of (4.21), to be

— 1

Flxr) — flan +s1) = TREN]] D (filw) = filww + s1)), (4.23)

1€bo(x)

(using a single batch for both the function estimates). Observe that our choice to make
bo and by dependent on zj implies that their random counterparts B (X) and B (X)
are measurable for A4;_1 (clearly we could have chosen a more complicated dependence
on the past of the random process). The mean-value theorem then yields that, for some
{Yiticvo(ay) in the segment [vg, z), + si],

[F () = Flan + si)] < Z Vefiwi) | Isell <vn max [V fi(y)]

YE|Tk, T+ Sk

bo(
| O i€bo(zr) i€bo(xr)

Note that one expects the right-hand side of this inequality to be quite small when the
trust-region radius is small or when convergence to a local minimizer occurs. To simplify
our illustration, we assume, for the rest of this section, that there exists a constant xy
such that for any y € R"™, for every realization bg(zy),

re max ||VLf < rep.
bomax IV fily)l <

Returning to the random process and using the Bernstein concentration inequality, it
results from [5, Relation (7.8)] that, for any k and deterministic 7 > 0,

w, ?|Bo (X))
_ < ~Wo() _ _TIB(XW)l -,
]P’r[AF(Xk,Sk) Af( Xk, Sk) > T] <e where Wy (7) Iy (2r7 + 47) (4.24)
Similarly,
Pr[HViF(){k,Sk) — VLf(Xk, Sh)|| > T] < min [1, (n+ 1)6_”1(7—)] ,
(4.25)

72|81 (X

Wi(r) = dkg(2k, + 17)’

4 With uniform distribution.
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for some constant x4 > 0. One also checks that, since B (X}) and B (X}) are measurable
for Ax_1, so are Wy and Wj. One then easily verifies that Wy (7) is an increasing function
of 7, and hence e="o(7) is decreasing. Letting Ge(r) =1- e=Wo(7) | we immediately
obtain that conditions (2.27) and (2.28) hold. Let us now analyze condition (2.29) and
consider any realization w, where wo(7) o Wo(w)(7). Note that wo(r) > |bo(z)|27

when

r>7 I (4.26)

1
and “"J(,fi"w is large enough so that
s

b 4
lo(@e)lz 4 (4.27)
K 3
1
Hence e~wo(7) < ¢=lbo@)I27 for a1l 7 > 7, and
/e—wo(ﬂ dr < /e—wo(T) d7_~_/€—|bo(ﬂfk)|%7d7_.
0 0 Tx
In addition, since e~*(7) is decreasing and non-negative, we have that
/e*wo(r) dr < meem"0O) = 7
0
This bound and (4.26) then imply that
00 o] 1
e~ 1bo(@k)]2 7
/ (1= gu(r / oM dr < 7 ————— < +o00, (4.28)
0 5 [bo (k)|

proving that (2.29) also holds for the arbitrary realization w. We may therefore apply
Theorem 2.3 provided Bo(Xy) is sufficiently large® to ensure (4.27) and (4.26), and
conclude that, under these conditions, (2.31) holds whenever

/1—9k
0

5 While the bound given by (4.28) is adequate for our proof, this inequality can be pessimistic. For
instance, if we set ky = 1 and |bo(X)| = 2056, the numerically computed value of the left-hand side is
0.0556 while that of the right-hand side is 0.1818.

Aty (xg, sk)

SIP—‘
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We can also apply the analysis in Section 4.1 with
HO,k(T) =1- €7WO(T) and HLk(T) — max 0’ 1— (n + 1)6*W1(7‘):| )

A short calculation shows that By = O(k|Bo| 2|) and By = O(k,|B1|"2]), where
By and B are defined below (4.4). Then, Theorems 4.2 and 4.3 hold with B =

1 1
max{rs|Bo| 2 |,kg|B1|" 2|}
O( vmax{1l,Ry} )

We finally illustrate the impact of intrinsic noise on the (admittedly ad-hoc) problem
of minimizing

1 9 N 2] det 1
f(x)2ﬂ1;§;[;x + Lasga(i) e | < m L@ (4:29)
where a > 0 is a noise level and where Z = {—m,...,m} \ {0} for some large integer
m. Suppose furthermore that the {f;(z)};cz and {VL fi(x)}icz are computed by black-
box routines, therefore hiding their relationships. Consider an iterate xj at the start of
iteration k of an arbitrary realization of the TRINE algorithm®
We verify that, for i € Z,

applied to this problem.

VL filan) = i (11— asgn(i) )
and thus V1> f(x) = 2 and, in view of (2.5),
¢ (wx) = || O (4.30)

for all xi. As a consequence, x = 0 is the unique global minimizer of f(z). Suppose, for
the rest of this section, that B x def Bo(zr) = Bo(rr + sk), Bk def B1(zk), and that
n?k and n%fk, the cardinalities of these two sets are known parameters. We deduce from
(4.22) that

Vif(zr) = xp (1 - a\I!(%Lk)e_‘”i) where U(*B) o % Z sgn (7). (4.31)
i€

Thus W(B) is a zero-mean random variable with values in [—1,1], depending on the
randomly chosen batch B C Z of size |B|. Using the hypergeometric distribution, it is
possible to show that |¥(B)| is (in probability) a decreasing function of |B].

Moreover, the use of standard tail bounds [14] reveals that, for any t € (0, 1),

Pr||T(B1,)| < t} = IP’r[\I/(‘BLk) < tr = (1 - ]P’r[\I/(‘BLk) > tDQ > (1 — e~ 3n8)2,
(4.32)

6 With given v and ¢ = 1.
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in turn indicating that Pr[|\P(‘B1$k)| < t} > 1 whenever

oo (1 L[ 24559

2
»
nk 2 3

Occurrence of /\/l,(:) and M;f). Let us now examine at what conditions the events M,(Cl)
and M,(f) do occur for a specific realization b; j, of B, j, and consider the occurrence of
/\/l,(cl) first. Because the minimum of first-order models in a ball of radius dx must occur

on the boundary, we choose di 1 = —sgn(VL>f(zy))dx so that
Atyi(ek,dia) = [VEF(r)] Ok
Using (4.31), we then have that
At gy (@, dpr) = |7k] 0 |1 — aW(by k) e k| (4.33)
Thus the quantity 1 —a¥(by k) e~k may be interpreted as the local noise relative to the

model decrease.
Taking (4.30) and (4.33) into account, M,(;) occurs, in any realization, whenever

2 1
1—aV¥ TR > 4.34
1oy e | > (434)
that is
2 2
ek 1 ek 1

| < — - — v >— 11
o)< S (1= 1) o w0 = S (1411 )

This condition may be quite weak, as shown in left picture in Fig. 4.1, where the shape
of the left-hand side of (4.34) is shown for increasing values’ of the local noise level
aexp(—z?) as a function of ¥(b; ), and where the lower bound 1/(1 + v) is shown as
a red horizontal dashed line. The corresponding ranges of acceptable values of ¥(by )
are shown below the horizontal axis (in matching colors). The one-sided nature of the
inequality defining /\/l,(cl) is apparent in the picture, where restrictions on the acceptable
values of W(by ;) only occur for positive values. This reflects the fact that the model may
be quite inaccurate and yet produce a decrease which is large enough for the condition
to hold.

The constraints on ¥(by x), and thus on n‘fk, become more stringent when considering

the occurrence of ./\/l,(f). Since, for any realization, s, = —sgn(VLf(zx))ri, we deduce
from (4.31) that

7 Magenta for 0.5, blue for 4/3 and cyan for 4.
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\

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 4.1. An illustration of conditions (4.34) (left) and (4.36) (right) as a function of W¥(by ), for v = 1 and

local relative noise levels ae™ "% = 1 (magenta), ¢ (blue) and 4 (cyan). Acceptable ranges for ¥(by ) are
shown below the horizontal axis in matching colors.

Atg1(xg, Sp) = —TpSk = —Tk [fsgn(xk) sgn (1 —a¥(big) e*wi) rk]

= |zk| K sgn (1 —a¥(big) e*Ii)

and
Ef,l(zk, Sk) = |l’k| Tk ’1 — Oé‘lf(bl,k) Gizi . (4.35)
One then verifies that ./\/lf) occurs whenever
1 2 1
— <1—a¥ e < . 4.
Ty Stmallu)e™ s = (4.36)

The acceptable values for U(b; ;) are illustrated in the right picture of Fig. 4.1, which
shows the shape of the central term in (4.36) using the same conventions than for the
left picture except that now the acceptable part of the curves lies between the lower and
upper bounds resulting from (4.36) (again shown as dashed red lines). A short calculation
reveals that (4.36) is equivalent to requiring

2 2
e’k 1 e’k 1
— (1l —-— <V < —1(1- .
a ( 1—1/) - (bl’k)_ « < 1+V>

This therefore defines intervals around the origin, whose widths clearly decrease with

the local relative noise level. Because |¥(B1 )| is (in probability) a decreasing function
of n;,, this indicates that n, must increase with ae~"%, that is when the local relative

noise is large.
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Occurrence of Fj. A similar reasoning holds when considering the event Fj. Given
(4.23), we have that

A f (s 1) = BT (g si)| = 30 [ (Bo0)| [e7F — ety (4.37)

and, in view of (4.35), Fj, thus occurs whenever

b [W(bg )| e |1 — e~ Coent) | < 2y |y ‘1 — oW (by 1) e

(4.38)

Thus, if |zx| is small (e.g., if the optimum is close) then satisfying (4.38) requires the
left-hand side of this inequality to be small, putting a high request on no(‘ik, while the

inequality is more easily satisfied if |2y is large, irrespective of the batch sizes. Note that,

in the first case (i.e., when |zj| is small), the request on ng’, is stronger for smaller nP, .

Occurrence of (2.31). Given (4.32) and (4.35), we see from Theorem 2.3 that (2.31) holds

whenever
T 1 T
(1—gg(r))dr = -
0/ n Zn‘fk

where we have used the definition of the erf function to derive the last equality. Thus,

R 2
Atgi(zr, sg) = |zg| Tk |1 — aW(by k) e %

>

|-

as |¥(by,)| < 1, guaranteeing (2.31) requires a larger n?ik for small value of xy, that is
when the optimum is approached.

5. Conclusions and perspectives

We have considered a trust-region method for unconstrained minimization inspired
by [10] which is adapted to handle randomly perturbed function and derivatives values
and is capable of finding approximate minimizers of arbitrary order. Exploiting ideas
of [12,7], we have shown that its evaluation complexity is (in expectation) of the same
order in the requested accuracy as that known for related deterministic methods [7,10].

In [4], the authors have considered the effect of intrinsic noise on complexity of a de-
terministic, noise tolerant variant of the trust-region algorithm. This important question
is handled here by considering specific realizations of the algorithm under reasonable
assumptions on the cumulative distribution of errors in the evaluations of the objec-
tive function and its derivatives. We have shown that, for such realizations, a first-order
version of our trust-region algorithms still provides “degraded” optimality guarantees,
should intrinsic noise cause the assumptions used for the complexity analysis to fail. We
have specialized and illustrated those results in the case of sampling-based finite-sum
minimization, a context of particular interest in deep-learning applications.

We have so far developed and analyzed “noise-aware” deterministic and stochastic
algorithms for unconstrained optimization. Several research perspectives are natural ex-
tensions of the type of analysis presented here. Firstly, a challenging investigation is
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to design adaptive regularization algorithms for smooth unconstrained functions whose
values and derivatives are subject to random noise. Such a study would improve upon
[3] where derivatives are subject to random noise while the objective function values are
subject to a deterministically controlled error. While results are available in this refer-
ence for the first-order version of adaptive regularization algorithms since it is basically
the same scheme as Algorithm TRINE on page 24, deriving results for an arbitrary order
¢ remains an open problem. Secondly, it is relevant to extend the study conducted in
Section 4 and analyze the trust-region procedure under non-vanishing noise and with an
arbitrary values of ¢. Finally, the constrained case deserves study.
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Appendix A. Additional proofs

Proof of (3.12). Since o(1,¢) belong to A1, because the random variable Ay is fully
determined, assuming Pr(1 A¢ ) > 0, the tower property yields:

E [1g, | 1as] =E [E [1g, | Ae—1] | Las] > E [ps | Tac] = pa.
Then, by the total expectation law we have
E [Le,1ag] = B [IE [Te, | 1ag]] 2 p.E [1ag]
Similarly,
E [1{renyle Iag] > PoE [Lppenylag],

as Lirp<n,y is also determined by Ajy_1. In case Pr(1,¢) = 0, the above inequality holds
trivially. Then

Ne—1

k=0

=E [ ]l{k<Ne}]1Ai]15k‘| ZPME lz 1{k<N€}1Ai‘|
k=0 k=0

Ne—1
> Iagls
k=0

and (3.12) follows. O

Proof of Lemma 3.4. Proceeding as in the proof of (3.12) with 14, in place of 1,¢, we
obtain:
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Ne—1 Ne—1
E Z ﬂAkﬂgk] Zp*IE Z ﬂAk] .
k=0 k=0

Moreover, proceeding again as in the proof of (3.12) and substituting 1g, with 1g we
obtain

Ne—1
E lz JlAngg,g] <(1-p)E
k=0

Using the above inequalities we obtain (3.16). O

Ne—1
> 1,4 .
k=0

Proof of Theorem 4.3. Because of (4.3) and (4.14), we have that
]P’r[]:k | -Alcfhgk] > Pr[]?k | Akﬂ,Qk} =E [ﬂj—k | Akﬂ,gk}
> ]E[]l]f-k | Ak—l,gk,gk} Pr[gk | Ak—lygk}
> @E[ﬂﬁk|Ak—l7gk76k}~ (A.1)
If Gy, is true then by (4.7) it follows
20| VL f(Xy)|| min{1, R} > Brmin{l, R} > B.
Then, (4.2) and (4.5) yield
E[iz, [ Ay G| > Ve, (A.2)

Because the trace o-algebra {A;_1,Gx} contains the trace o- algebra {Ax_1, Gk, Gi}, the
tower property and (A.2) then imply that

E[]l]?k | Ak—lagkaGk} :E[E [Jl]f-k | Ak-l,@k} |Ak—1,gk,gk]
Z E |:\/ Oy | Akfla glm g_k:| = VO
which, together with (A.1), implies (4.19). Since Gy, is measurable for A;_; we have that

]Pl"[fk | Ak71} > ]P’I'[]:k ‘ Ak71,gk} E {]].gk | .Akfl} =Pr []:k | Ak,l,gk} 1g, .

Considering now a realization w such that Pr [Fk | Ak_l} (w) < au, we therefore obtain,

using (4.19) taken for this realization, that
Qe > Pr{]:k | Ar—1, gk] (W) Lg, () = x Lg, (W),

which implies that 1g, () = 0, in turn yielding (4.20). O
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