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(Ci) is maximeal L1ff it is not contlinog in any co-pntibi;ity clags.
-~let xci denote the composition of all the substitutions Aj which Pj 1: applicable to G with. Let
Gy be the etring of literals labelling the leaves of the graph 8.y &nd {(C )-(ph. 'h'uh) &

maximal compatibility class w.r.t. G. Purthermore let H be the substring of Gé_l which Py is ap-

plicable to;
~the application of P, to 't—l can’ be defined in the following way:

i} every node belonging to H is connected to a new node Q labelled by (P

ii) the node Q is connected to m new nodes labelled by the literals of P
~applying the maximal compatibility class (Cj} to lt_l REane:

i) joining the graphs obtained applying all the applicable procedure declaratioss Ph:(Cj)o

ii) applying the substfitution xc to every leaf;
~& graph is terminal iff all its ieavcl are labelled by T
-a computation is k-th step terminal iff there exists a terminal graph l:_lt(l

RPN )
h

k,'

Let us give an example of the execution of a schema, whose interpretation may be the following:
let R denote & "read” process, P and Q two similar processes. If the control flow passes through P
in presence of R, the output variables y,z have to assume the value g(x), Lif it pesses through Q in
presence of R, the output variables assume the value f(x). The schema is defined by the following
equationsa:

L=pix,y},0lx,2} Ria) Por Qiz.=) R{x)=¥(x,z)

Py 5

Py P(x,y) R{x}=S{x,y) L Wiz, f{x) =T
P S(e,g(x))=T L Olx,g(x))m T
B, Blx,£{x}))=T

ol ¢ Ol (ll} : Ol

Qlx,3) R{a)

P, appiicable with l2-¢<x,a>)

2, ® ° damlcy £(x}>}
m ® -

P5 ls {<x a5}

E, - ® Agp=l<z,g(x)>}

P, part-applicable ° Ai- ]

5 = w S

?5 Xs @

Haximal compatibility classes:

cls(Pz,P7} with xcl-(<x,a>,<:,g(a)>)

Cz-{PS,P4} e Xcz-(<x,a>,¢y,£(a)>)

Cy={P,.Py) ¢ xc3-€<y.f(x)>.<:.q(x),)
CymiPy Pyl ° ‘c"(“'“’}
Cs”{Ez'Fs) “ xcs=(<x,l>)

Hote that C, and C5 are two different classes because in Cq P2 is applicable and '5 part-applicable
while in Ty P, is part applicable and Ps epplicable. The reazson of having both this classes stands
in the fact that we want to mantain the poseibility of applying every procedure declaration.

(32) ' (-1}U
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Hots thet no procedure name
appears in the labels of the
111} greph, so it is a “dead
and graph”®.

The next computation step leads to:
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Hote that the graphs derive

s definition for the interpreter,

applying only one eguation at a y will lead to an explosion of the numbey

it Lke easmy to procf that our ¢ rpreter

2f tha graphs bullt at each a% CORE

Yo

unas tha s during o

Hote that it is possible to intsrpret our ecless of program schemata slsc in terms of problem
Have we want Lo stress only that the set of the computatlons of our

gchamata contalns proparly the set of the computations of Yowalski's schemata, ajnce the elzmsnte of

» while sure 2re & generalization of the AND-OR graphe.

the latter ave AMD-OR

It i very wasy to show (5] that the asbove defined interpreter is a “resolution~hHased4™ theorem
prover for first order logic augmented with non standard conjunction. Furthermore, because of ite
logic basig, the formalism can be extended to express thecrems about program gchemate, whogse proof
can be attempted, provided thet the interpretsr hze the ability to reason by induction.

4, Algebralec semantics

Let uve charscterize the eset of the computations of & schema as & lattice (8§} inm order &o glve
the semantics to the schema itself by means of the minimum firxed point of the sesociated continuous
fanctioﬁal. Let % denote the patial ordering, T and L the top and the bottom respectively, Lt and N
the join and meet operators {on sets).

Lat (gli and {uzi be two sety of graphs of a computation, {51)9(52} iff (nz) containg (sl}.
in {sﬁ}, that {5k°1}gfak}, ¥ k, and that the lattice is complete. The funciiomal (ES)
e gschema i the set of the eguations iteself, which is obviocusly a wonotonic mapping

Remark that
zzgociated Lo th
onto the lattice, since epplying 1t o the set of graphs (ukuleoilcwing the definition given in 3.}

wa obisin (Bk} and {gk“}}sis%E‘ Furthermore £S5 ig continuous, in fact ¥ h,k
| : N Y e ¢
ES(e, 0o BSlsy y 40y ooor BSUe, P =ES( (o, ., Bypapre cer S W

5¢ we can wge the Knaster —~Tarski theorem and find the unique sst of graphs {8, in the compucation

-
of our schema which charzcterizes tt and such thats iﬁ,)x%ggsa(ik
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A LOGICALLY BASED CLASS OF PROGRAM SCHEMATA AND ITS RELATION TO COMPLEX CONTROL STRUCTURES

‘Abstract:s Tha ﬁaper introduces a class of program schemata based on recursion and non-determiniaa

whose expressive power overcomes the capabllity of the recursive non~deterministic schemata defined
so far. The class containe complex schemata for which no equivalent standard recursive non-determi-
nistic egchema can be defined. As an example, we consider schemata which express in & purely syntsc-

tic way control constructs related to parallelism, such as cooperation, synchronization, co-routining
etc. ’

1. Schems formslism

Cur formalism, based on first order predicate calculue, uses a relational representation of
non-primitive functionz {(i.e. f(x,y) is rapresented by the relation F(x,y,z), such that f(x,y)=z2).
Such a representation, in which a strict distinction betwean input and output varisbles is avoided,
leads to a general and flexible formalism which is -uitaﬁla for "reamoning about program schemata®.

& program schema is 2 set of equations of the following formi
o I ‘1"2""'?n

where the A"l, i=l,m, and the Bj'-, j=il,n, are first order logic literzls, whose constant and func—
tion symbols are uninterpreted. Let F be the set of formal variables (i.e. variable symbols which ap-
pear in the lsft-hand parts of the equations) and A be the set of actual veriables {(i.e. variable
symbols which appear in the right~hand parts only) .

It is worth noting that our formalism is an extension of Kowalski's Predicate Logic [3] , eince
the latter does not allow equations to have a left-hand part consisting of more that one literal.

2. Logical eand procedural interpretations

From & logical point of view, ocur eguation (1} can be read as stating:

#) Istituto di Scienze dell'Informazione dell'Universitd degli Studi d4i Plse

(0) Istituto di Elaborazione dell'Informazione del C.B.R.
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(2} Al AND A, AND ... AND Am ig£ Bl and B, end ... and Bn

where the AND operator has & non standard interpretation, i.e. the AND conjunct does not imply ite
conjunctg. Hence the hxger—clausa* (2) allows only to assign a denotation to the single gompound re-
lation (A; ARD A, AND ... AND Am), while the individual conjunct denotations are undefined. On the
other hand, the compuond relation cannot be rapresented by a single compound predicate, since the
hi's may oceur in other clauses.

It is possible also to give a procedural interpretation to equations of the form of equation
{1}, 1f ite left-hand set consists of the single distinct literal l,which stands for start, it is &
main program schema; otherwige it is a procedure declaration schema. The left-hand literals are the
procedure names, while the right-hand literals ars the procedure body. An assertion is a procedure
declaration schema, whose body consists of the single distinct literal T, which stands for atop. A
right-hand gide literal Bj can be seen as a call of a procesdure whose hame Ai “matches” B,. A body
consists of several procedures calls which have to be "executed® concurrently. Multi-name procedures
{corresponding to equationz having more than one left-hand literal) are activated by concurrent
©¢alls to all its names. The only basic control primitive is the parallel call of procedures by
“matching”. Standard constructs, like function composition, conditionals and “parallel if-then-elass®

can be eassily expressed within the formalism. Por example, the assignament y=f(g{a},b) is transia-
ted into two parallel procedure calls: Gls,x) ,.Fls.b,y).

3. Operaztional semantics

In this sectlon we give the definition of an gperational semantjica for cux cliass of schemata,

by defining a gyntactic interpreter which can be regarded both as a schema evalustion mechanism,

and aes a first order logic theorem prover.

Let ug first give the Ffollowlng definitiona:

~let W, be the string of the procedure name and BL be the procedurs body of the i-th eguation
Pix Ni-Bi’ . !

-let C be a string of litersls®™ana 3' & substring of G, P H =B, then W, is unlfisble with G* iff
Wy and G’ can be unigiad by the first crder logle uniflcation algorithm and for every gubstitution
<variable, term» one of the faollowing conditions holds:

‘1) <variable>c¢F and no symbol of P occure in <term>;
ii) <variable>ch;
~P; is ampplicable to G with substitution ) iff (!1)1-(6')A)
-P, is pert-spplicable to ¢ iff ac least one literal in_P1 is unifisble with & literal in G.

Let us define now the computation of a schema:
-a gomputation is a sequence of sets of directed graphs (lo), (ll), cees (5-) vhere
i) {so}iu the set whose only element iz the graph with a single node labelled by I;
i) let si_l be the i-th graph of the set (s, ;) and let Gt-l be the string of the literals la-
belling the leaves of Lp ('k] is the result of the union of {'k-l) and the graphs obtained
applying to sy ;, ¥ i, all the maximal compatibility classes, ome at a time.

In order to formalize the concept of application, we need some more definitiomres

~two procedure declarations Pi &nd Pj are non-compatible w.r.t. & string G 1iff one of the following
conditions holds:s

i) P, and P, are part applicable to the same literal(-s) in Gs

14} ?i and Pj are applicable to G with substitutions xi and xj respectively, such that l"lj-ly
£33) §9k which iz non-compatible w.r.t. G with Pi and Pj]ﬁ?
~let (PG} be the set of all the procedures part-applicable te G. A subset (C‘) of (PG}L- & com-~
patibility class (w.r.t. G) 1ff no pair of non-compatible elements (w.r.t. G) belongs to it.

* wote thet hyper-clauses are different from non-Horn clauses, because thelir left-hand sides are
not disjuntions.

** In G we do not take care of the literals T.

l"il!'!’at!mtcu that an applicable procedure declaration is also part-applicable.
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5. Program schemata and cemplex control gtructures

We will firet consider how non-determinism is handled in the framework of our schemeta. The most
popular scracegy wsed Ls bagktracking, which unfortunately is not admissibile. Some A.X. languages
iQh4, QLISP, WDLISP) use the state-saving technique of contexts; 1.e. every computation is carried on
in & context, while &t a choice point & new context 1s created copying the actual stete of°the compu-~
tation (memory and control). Let us show how it is possible to model euch a strategy using our for-
maliewm.

e define:
- gontext 1s a sequence of graphs (context ststes) Byo Bys cenr By such that LIPS ie obtained from
8. ¥i, applying one maximal compatibllity class;
-~the memyry stete of a context iz the substitution L ansociated to Lt:
-& zontext is terminal L1€f it has a state whose lesves are labelled by T i
& gogputation s terminal iff lt has e terminal contaxt;
-2 cgmputsation is pon-deterministic iff it bag more then one terminal contexty
~% rodtpubtabion is detsrministic L£f 1t has at most ons terminal contanty
~a gompmtation is determinats Lff all itve cermipel coatextz heve the sams SaBOCY shale X .

Another peculiar aspect of cur schemste 18 thelr ablility to Foymallse thoaw Muplaxr oostesl
structures which sre present in sctwe nay vavy high level programaing languages and whisd sllow wos

wtandard construcie such as co~routiming end retantion (7). What sctually sabkus L6 pos

gtrictly relsated to an explicit raprésentaiion off ¢

che compound Rawmess of the procvedure declara N

fEma s

&s an sxemplae of a schewma which gser suck ooeplen

valent amonyg Kowalski's schemata, we giva the £ owling verkalile Iree schemas

int A be a procedure whose sxecution fan be repumsd efter & “return® has bess g iy F oomn fived
A ¥

ier zuch & reiurn 1\3 is computsd. Sesvalrgy kb Ls &

im messnsd

return after computing Al and B, 1f zes: wing 5 Ler sonputing By BTE

1k

o calliing 2, sinve the leeh sowand

23

requires A to be executed starting from ite firsk antvy polnt. & fe resumsd by Saiiisg B4, whils
AEBLA U6 PULRLE

peible Lovmingl

the miltiname pyocedure deciaraticas ?,ﬁ AN ?m 2ra HEPLLGLE rapresentatian 8 oy
whtich depend from thes "sleeping siate” ﬂ.‘é%l

contexts of the echema:

?l H L=g
lf*zi

?3:

Pﬂ‘A

?51

st Bl
P‘ys D R
Psz @Fﬁ,AmAz "Q?
sz QQ‘"SZ 134
Plot 877
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