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ABSTRACT

This paper presents some results on the limits of applying a temporal semantics approach to CCS like
language. This semantics is defined using a compositional approach, to provide modularity in the verification
process, by which it is possible to associate a CT L* formula to each language construct. We show that such

semantics cannot reach the discriminating power of bisimulation for CCS.

1. INTRODUCTION

In last years there has been a development of logics for the description of properties of concurrent
processes specified by an action prefix language and with an associated operational semantics. Among
these languages we can consider CCS [Mil 80] and its derivatives; the usefulness of associating suitable
logics, such as modal or temporal logics to behavioural languages is due to the use of logic deductive
methods to prove properties of concurrent systems, in particular for what concerns both the equivalence
verification and the proof of properties.

In this context we find several attempts to define particular logics or to use existing logics in order to
study the relations between the logic and the behavioural worlds: the adequacy of a logic w.r.t. an
operational semantics [Hen 85, Pnu 85] is the key concept to establish these relations.

Adequacy however, is too weak when compositionality is required to provide modularity in the
specification and verification of concurrent programs. In order to guarantee compositionality a
denotational semantics can be defined using the logic itself as the denotation domain. This has been done
in [Gra 86], in which an ad hoc branching logic has been defined for a CCS subset, or in [Bar 84, Bar
871, where a compositional temporal semantics of simple CSP and CCS - like languages has been given
using a linear version of temporal logic.

The scope of this paper is to investigate the possibility of giving a temporal semantics to a CCS-like
language, completely in accordance to bisimulation semantics, within the two requirements of i)
maintaining compositionality and ii) using a standard temporal logic (by "standard" logics we intend
branching or linear temporal logics as defined usually in the literature, where no operator is added with
the explicit purpose of mimicking a process language construct), such as the logic CTL* [Cla 86, Eme
86].

Actually, it turns out that these requirements are too strong and do not allow to express bisimulation,
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which can be expressed only by releasing one of them. When both requirements are enforced we can at
most reach a weaker equivalence, simulation, which is insensitive to computation interruptions, but
which still preserves the branching structure of a process.

In order to show this we have started from a subset of CCS - from now on AP, with only the action
prefixing, non deterministic choice, and recursion - providing a compositional branching temporal
semantics that is fully abstract with respect to the bisimulation semantics. When we enrich AP with the
full synchronization operator, that can be considered as the simplest parallel composition operator, we
have the interesting result that it is not possible to define a compositional temporal semantics, fully
abstract with respect to the bisimulation semantics, even using CTL* as the target logic. Rather, we
reach a simulation equivalence. This equivalence appears to be the strongest one with respect to which it
is possible to give a fully abstract compositional temporal semantics using standard logics.

2. SYNTAX AND SEMANTICS

CCS (Calculus for Communicating Systems) [Mil 80] describes the behaviour of processes and their
parallel composition, employing a finite alphabet of observable actions, a finite alphabet of co-names
and a silent action 7. In this context we will consider some simple languages derived from CCS in which
only observable actions (with no co-names) are considered.

The syntax of these subsets, which we shall refer to as AP, AP, and APg, is sketched in Figure 1,
where a ranges on a finite non-empty set of actions ¥, x ranges on a finite set of variables X and p, ¢
are terms of the proper subset.

4 - ) ™
nil a.p
plilg pllg
p+q rec X. p(x)

APi AP APs

Figure 1.

We suppose that recursion is well-guarded, i.e. any occurrence of x in p is in an action prefix
expression, as a.x.

The semantics of these languages is based on the concept of "Labelled Transition Systems" (LTS in the
following). A LTS is atriple (P,Z, {R,, ae X}) such that P is a set of processes, Z is a set of actions,
R, cP xP. We will use the notation p—a—q to mean that (p,q)e R, and we will say that p is able to
perform action 'a’ and transform in q. We will use p, q (with indexes) as ranging over processes, to be

understood as the behaviour expression representing a process in the language referred to in that
context.

The transitional semantics for the operators of the three languages is given in Table 1.



ap -a—p
p -a>p q -a—>q
p+q -a>p p+q -a—q
p -a—>p q -a—>q
pllq -a—p'lliq pltq -a—splitq

p -a—»p and q -a—>g

pllg -a—p'liq

p(recx.p) -a—p'

rec x.p -a—p'

Table 1

On LTSs several equivalence relations are defined; among them we consider the bisimulation, the
simulation and the 2/3 bisimulation equivalences:

Definition 2.1: A simulation R is a binary relation on P such that whenever pRq and ac X then:
p—a—p’ = Jq'. g—a->q’ and p'Rq’.

A process q is said to simulate a process p if and only if there exists a simulation R with pRq and we
write p<q. Two processes are said simulation equivalent if p<q and gq<p, written p<>q [Lar 85].

Definition 2.2: A binary relation R on P is a bisimulation if and only if both R and R'= {(q, p) : (p,
q)eR]} are simulations.

Two processes p and q are said bisimulation (observational) equivalent if and only if there exists a
bisimulation R with pRq, and we write p~q [Par 81].

Definition 2.3: A 2/3 bisimulation is a binary relation R on P such that whenever pRq and ac X
then:

i) p—a—p' = Jq'. g—a—q and p'Rq’

ily g—a— = p—a—>.

Two processes are said 2/3 bisimulation equivalent if and only if there exists a 2/3 bisimulation R with
pRq and a 2/3 bisimulation R' with qR'p, and we write p=q [Lar 88].

We will consider only "strong” equivalences because we don't take into account silent actions; in this
case bisimulation is a congruence with respect to all the CCS operators. Hence from now on we will use
strong (observational) congruence as a synonym for bisimulation equivalence.

3. BRANCHING TEMPORAL LOGIC

We choose a standard branching time logic, CT. L* [Eme 86], with the addition of a maximal fixed point

constructor, to give the branching temporal semantics to our language, since CTL" is adequate with
respect to the strong congruence on CCS [Bro 88].

The atomic predicates specify events and are borrowed from the action set . The formulae in this logic



are interpreted on the states of a model structure M which can be seen as a tree. A model M is a 4-tuple
(S, sp. R, L), where:
_Sisaset of states;
_So€ES;
_Ris arelation on S which defines the structure of the model (a tree); the propertics of R are:

i) VseS.(s,s) ¢ Rand (s,s9) ¢ R

if) Vs, s'eS. (s, s € R = (Vs"eS -{s}.(s",s") ¢ R)

iii) Vse S -{sp}. 3 s'€ S.(s', s)e R;
_ L is a mapping, L: S—2Pp, from S to the powerset of Prop (the set of atomic propositions, Prop =
Z U {true, false}). We have:

i) Vse S. true € L(s) and false ¢ L(s)

ii) Vse S, Va,be X.ifa# b and a € L(s) then b ¢ L(s). (This means that only one action can be
performed in a transition, and implies that (a A b) = false if a=b).
Note that we can reach the state s' from s via the occurrence of an action a if and only if (s, s)eR and
ae L(s) and that we allow both finite and infinite computation paths.

Table 2 shows the operators of CTL* used in the following to provide branching temporal semantics
and what means for a state s in a model M to satisfy a formula ¢, (denoted by s l=y ).

Informally, EX ¢ means that if exist next states then exists a next state which satisfies ¢. The formula
EX! ¢ means that exists a next state which satisfies ¢. Moreover, AX ¢ means that if exist next states
then all next states satisfy ¢; the formula AX! ¢ means that exists a next state and all next states satisfy
¢. Also, we have that every state satisfies true and no state satisfies false.

Actually, the pair of strong next operators can be derived by the weak ones by duality, and vice versa.
We have defined explicitly strong and weak next operators to emphasize that we deal with finite and
infinite paths, that represent partial or complete computations; on the contrary, having only infinite paths
implies that weak operators coincide with the corresponding strong ones.

Propositional calculus operators

s Bv P iff pe L(s) (pe Prop)

s Ey —0 iff not (s ky 0)

s by 0vy iff G Ey 0o (sky w

s by oay iff (s v 9 and (s by W)
Branching temporal operators

s Ev AX 0 iff RGs)={} or forall s'eR(s):s ky o

s by EX 0 iff R(s)={)or exists s'eR(s):s kpo

s by AX!o iff  R(s)#() and forall s'e R(s):s' kpg0

s By EX! o iff R(s)#{) and exists s'e R(s):s' kpp &

s By vx ®(x) iff s Em Anse®(true)

Table 2.



Note that by ®k (true) we denote the temporal formula O( (... $(true)...)) k-times. The maximal
fixed point constructor vx. @ (x) denotes the maximal solution to x=®(x) , which exists if the
functional ®(x) is monotonic and continuous. The monotonicity requirement can be ensured by the

appearance of the temporal formula x in ¢ under an even number of negations [Ban 89] and continuity
derives from the continuity of all logical operators.

4. ADEQUACY AND EXPRESSIVENESS

In order to define a temporal semantics for AP we need some preliminary definitions. As we are
interested in correct logic reasoning on processes of a process language P, with an associated
operational semantics, in a particular (temporal) logic T, we need to identify a process p (pe P) with
the set of all properties (formulae in T) which it satisfies.

This requires the definition of a binary relation k& Px7T, usually called satisfaction relation, written:

P ¥=¢ and read "p satisfies the property ¢". The definition of this relation induces an equivalence
between processes which enjoy the same properties. Formally, we define:

Fp)={0:0e T A p ¢}
hence
p=rq iff Fp)=F@)

Now, if = ¢ P xP is the equivalence induced by the native operational semantics of the process
language P, it is possible to define a relation between = and =y

Alogic T is adequate [Hen 85] w.r.t. an equivalence (=) defined on a given process language P, if for
every pair of processes p and q:

p=rq iff p=q

However we may require a stronger relationship between a process language and a logic: a way to

characterize with a unique finite formula in T all the properties satisfied by a given process p (pe P); in
the context of this paper this corresponds to define a temporal semantics {Pnu 81}, i.e. a particular

denotational semantics in which a mathematical function associates to each peP a temporal logic
formula expressing the properties of its execution sequences.

When a denotational semantics is defined on a language provided with an operational semantics it is
necessary to establish a link between them; as a first relation we can speak about simple abstractness: a

semantics D is simply abstract with respect to the operational semantics defining =, if and only if:

Vp,.qeP. Dlpl=Dlq] iff p=gq

The notion of simple abstractness of a logic semantics w.r.t. a given operational semantics can be related
to the logic by mean of the following definition:

Alogic T is expressive [Pnu 85] w.r.t. an equivalence relation (=) defined on a given process
language P, if it is adequate and for every process p (p e P) there exists a characteristic formula (or
logic semantics) L(p)e T such that:

Lip)=L@Q) iff p=q.



We can therefore say that a logic T is expressive w.r.t. an equivalence relation =, defined on a given
process language P, iff it is possible to define a semantics L for P such that the denotation domain of L
is T and L is simply abstract with respect to the operational semantics defining =.

In order to provide modularity in the specification and verification of concurrent programs, semantics
should be compositional [DeR 85]. A semantics ¥ is compositional with respect to an n-adic syntactic
operator Op if and only 3 f: Dy M>Deyy . VP1.p2, - Pr€ P . FOP(P1.p2: -» Pu)) = {F (p1). F(po),
..» F(pyp)), where P is the object language and Dy, is the set representing the range of the semantic
function ¥ [Fis 87].

In this case a stronger link between the denotational semantics and the operational one can be defined:
the denotational semantics should be fully abstract with respect to the operational semantics. Let P be a
set of processes; a semantics D is fully abstract with respect to the operational semantics defining an
equivalence =, if and only if it is simply abstract and compositional.

Also, we can define a stronger relation between a process language and a logic:

Alogic T is fully expressive [Pnu 85] w.r.t. an equivalence relation (=) defined on a given process
language P, if it is adequate and for every process p (p € P) there exists a compositional logic
semantics L(p)e T such that:

Lp)=L@q if p=q

As before we can state that a logic T is fully expressive w.r.t. an equivalence relation =, defined on a
given process language P, iff it is possible to define a semantics L for P such that the denotation
domain of L is T and L is fully abstract with respect to the operational semantics defining =.

Note that if a semantics L for P is compositional and fully abstract (or simply abstract - in this case the
two concepts coincide) with respect to the operational semantics defining the equivalence =, then = is
also a congruence on P.

5. EXPRESSIVENESS OF CTL*

In this section we will give several results which show the expressiveness of the logic CTL*+ v with
respect to different language operators and different equivalence relations defined on the process
languages.

As a first observation, we recall that CTL*+ v is adequate with respect to the strong congruence. In
[Bro 88] it is shown that CTL* is adequate with respect to the bisimulation equivalence; adequacy is not
lost when enriching the logic with a new operator, in this case the maximal fixed point.

We can also note the strict correspondence between the models of the Logics and the Labelled
Transitions Systems; they differ only because in the former labels are associated to states while in the

latter they are associated to arcs. We can easily transform each other shifting the information from states
10 arcs or viceversa.

Theorem 1: CTL*+ v is fully expressive for AP with respect to the strong congruence .

Proof (by construction): We will give a denotational semantics to AAP where the domain of denotations
is CTL*+ v in order to produce a semantics fully abstract with respect to strong congruence.

The branching temporal semantics of AP is shown in Table 3. It is defined by means of the semantics



function M and auxiliary functions §, T.

AP semantics

Mdp) = 8(p) A AXT(p), for p+ rec x.p', p#x

M(recx.p) =vxM(p)

Mx) =X

T (nil) = false T(a.p) = a A M(p)
T(p+q) =T(p)v T T(rec x.p) = T(p(rec x.p))
S(nil) = true S(a. p) =EX! (a A M(p))
S(ptg =8(p) A8 S(rec x.p) = S(p(rec x.p))

Table 3

Bisimulation is preserved by M ; actually, since we have a compositional constraint, which involves
contexts, the proof of fully abstractness reduces to prove: M(p)=*(q) if and only if p = q. For the if-
direction of the proof we show that the M function respects the axioms of bisimulation on AP [Mil §9].
For the other implication we show the correspondence between the transitions of a process p and its -
formula using inductive arguments. For the complete proof see the appendix. O

Example 1:

Consider the processes rec x.(a. b. x+ a. nil) and rec x.(a. b. x):

M(rec x. (a. b. x + a. nil)) = vx. (EX!(a A AX!(b A x)) A EX!(a A AXfalse)n AX((a A AXYb A x)) v
(a A AXfalse)))

Mirec x. (a. b. x)) = vx. (AX!(a A AX!(b A x)))

(In the formulae above we have applied the property EX!) A AX) = AX!9).

The two formulae are not equivalent and the two processes are not congruent.

Example 2:
Consider the processes rec x. (a. a. x) and rec x. (a. x):

Mirec x. (a. a. x)) = vx. EX!(a A(EX!(a AX) A AX(@a A X)) A AX(a A BEXI(aAx) A AX(a A X)) =
EX!a A (EX!(a) A AX(a))) A AX(a A (EX!(3) A AX(2))) A ..... = EX!(a) A AX(a) AEX!(a A (EX!(a)
A AX(a)) A AX(a A (EXI(a) A AX(@) A ... = vx. EX!(a A x) A AX(a A x) =M (rec x. (a. X))

The two formulae are equivalent and the two processes are congruent.

As soon as we enrich the language with even the simplest parallel composition operator, such as the full
synchronization operator, we have the general result that shows that any compositional temporal
semantics given induces an equivalence weaker than bisimulation:

Theorem 2: Let | be an associative operator such that the idempotence law, p | p =p, where =is a
defined equivalence on processes, does not hold. Then it is not possible to find a temporal semantics for
the enriched language AP+{|} fully abstract w.r.t. = making use of a compositional method and a
standard logic as CTL*.

Proof:

Let ¥ atemporal semantics function for the terms of AP +{|}, Fp: AP+{[} — CTL*.



In order to satisfy the compositionality requirement we must find a function ysuch that Fg(p | q) =
YF L), Fr().
Let y= o-p, where:

- o-p(x, y) stands for o(p(x, y))

- ¢ is a composition of unary operators (X and —) and path quantifiers (A and E)

- the outermost operator of p is binary.
We show firstly that ¢ is an empty sequence or a sequence of quantifiers and not operators. To see that,
let 0 = 61-X-09; since | is associative, thatis (p1q) Ir=p|(q!r), we must have Y(Y(x, y), z) = Y(x,
Yy, z)). But such equality will be generally false because, in the left part, the argument x is prefixed by
X one more time than in the right part (the converse holds for z). So, ¢ can only be an empty sequence
or a sequence of quantifiers and not operators.
Now, let Y= ¢-p such that p(x, y) = op(¥1 (X, ¥), ¥2(X, y)), where op is a binary operator, ope {U},
A, v}. We show that op#U; in fact, if we still consider the associative law (p 1 @) Ir=p ! (q 1), we
must have P = Q, where:

P =o(y;(¥(x, y), 2) U (Y(x, y), 2))
Q= oy (x, ¥y, 2)) U 1p(x, Yy, 2))).

Since Y(x, y) = 6(y1(x, YUy (x, y)) and wil(wollw3) # (w1Uwp)Uw3, we have that generally PxQ.
The reasonings above apply inductively to y; and ;.
Finally, we are reduced to p, and hence v, being a composition of boolean operators only and path
quantifiers (Note that y must be a composition of A, v, — operators because a state formula cannot be
quantified again); in this case we get immediately that y(x, x)e {x, —x, true, false}; if we examine the
first possibility, i.e. Y(x, x) = X, we can see that this corresponds to state p | p = p, so we have a
contradiction. For the other possibilities, they are clearly not acceptable generally as a valid meaning for
plp. O

The last part of the proof clearly shows that problems with bisimulation arise when we consider AP,
and AP g:

Theorem 3: It is not possible to find a temporal semantics for AP, APg and CCS making use of a
compositional method and a standard logic as CTL*, with atomic action predicates, without losing the
full abstractness with respect to bisimulation semantics.

Proof: Straightforward by applying Theorem 2 to the parallel composition operators present in the
relevant language. O

Actually, this theorem applies also to 2/3 bisimulation semantics, for which the idempotence law does
not hold for the composition operators of AP, APs and CCS.
Let us however try to give a compositional temporal semantics, using CTL*, to AP s, in Table 4.

AP g semantics

M@ = AX B(p), for p= ree x.p'(x), p£x
M' (rec x. p(x)) = vx.M' (p(x))

M) =X

B(nil) = false

B(a. p) =anM (p)

B(ptg) =B(p) vB(©Q

Brec x. p(x)) = B(p(rec x. p(x)))

Bplg) = B(p) A B(Q

Table 4



The following example shows that this semantics is indeed not consistent with strong congruence:

Example 3: For the processes a. b. nil + a. nil and a. b. nil we have:

™M'(a. b. nil + a. nil) = AX((a A AX(b A AXfalse)) v (a A AXfalse))

M'(a. b. nil) = AX(a A AX(b A AXfalse))

Since V§. AXd v AX false = AX¢, we have that the two formulae are equivalent.

As expected, bisimulation is not preserved by M ' in this example; actually, we can give the following
result:

Theorem 4 : The semantics M ' for APs is fully abstract with respect to simulation semantics. As a
consequence, CTL* is expressive w.r.t. simulation equivalence on AP s.

Proof sketch: Again, for compositionality, it is enough to prove M (p) = M '(q) if and only if p<>q.
We prove that a process p is simulated by a process q if and only if M’ (p) implies M ' (q), showing the
correspondence between transitions and logic formulae. For the complete proof see the appendix. Note
that Theorem 2 does not apply in this case since p Il p <> p holds for simulation equivalence.

Since in the hierarchy of branching equivalences [Gro 88] the 2/3 bisimulation equivalence is
immediately above simulation equivalence, the simulation equivalence is the strongest equivalence that
we can characterize with standard logic if we consider synchronization operators on processes,
maintaining the compositionality constraint.

6. CONCLUSIONS

The temporal semantics approach presented can be considered inside a research context in which several
attempts to provide expressive logics for CCS-like process languages have been developed [Hen 853,
Pnu 85, Gra 86]. Our approach differs from previous attempts because it considers together the
compositionality constraint, the use of a logic with standard operators and the application to a language
with recursion and parallel composition operators. At least one of this aspects is missing in each of the
referred approach. Another characteristic of our approach is that we consider a "bounded" temporal
logic and consequently we can characterize both equivalences that cover infinite computation properties
(liveness) as maximal trace equivalence and bisimulation equivalence, and equivalences that cover partial
properties as trace equivalence and simulation equivalence.

We have shown the impossibility, even when considering simple forms of parallel composition
(interleaving, full synchronization), of giving a temporal semantics fully abstract w.r.t. strong
congruence inside standard logics as CTL*, maintaining the compositionality constraint. We consider
more interesting to work inside standard logics, in order to use tools already developed for them, rather
than using Hennessy-Milner Logic with recursion [Lar 88a], or p-calculus [Koz 83], that however do
not add expressive power.

The result can be extended to all those action prefix languages which have a parallel composition
operator: as an example, in [Fan 90] we have considered the same result for what concern the LOTOS
specification language.

Within CTL*+v we have instead succeeded in defining a compositional temporal semantics for a subset
of CCS, fully abstract with respect to a weaker equivalence, simulation, which still preserves the
branching structure of the processes.
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APPENDIX

a) Proof of Theorem 1

Lemma l.a: p—a~Va iff 8(p) = true.

Proof (by structural induction):

(only if)

i) p = nil

nil—a/~Va and § (nil) = true.

ii)p=p'+p"

p' +p"—a—Va implies p~—a~Va and p™——a/~Va; we have, for the induction hypothesis: 8(p') =
true and S(p") = true and then 8(p'+ p") = S(PIAS (p") = true.

iii) p = rec x.q(x)

rec x.q(x)—a/-»Va implies q(rec x.q(x)—a/—»Va; thus, for the induction hypothesis,
8(q(recx.q(x)))= true and then 8 (rec x.q(x)) = 8 (q(rec x.q(x))) =true.

@if)

i) §(nil) =true and nil—a/’~>Va

i) 8(p'+ p") =8 (p") A 8(p") = true. Therefore we have 8(p') = true and 8(p") = true and for the
induction hypothesis p~—a~Va and p"—a’—~Va; so p'+ p"—a~Va.

iii) S(rec x.p(x)) = true.

Since 8 (p(rec x.p(x))) = & (rec x.p(x)) we have 8§ (p(rec x.p(x))) = true and for the induction
hypothesis p(rec x.p(x)—a—Va; so rec x.p(xr—a>Va.

Lemma 1.b: p—a~Va iff T(p) = false.
Proof: is analogous to that of Lemma 1.a.

Lemma 2.a: p—a—p' iff 8(p) = EX!(aAnM(p)) As.

Proof (by structural induction):

(only if)

pp=arp

" a.p—a—p and 3(a. p)=EX!(aAM(p"))

ii)p=p1+p2

If py + pp—a—> p' then p;—a— p' or pp—a—> p'; because the induction hypothesis we have:
S(p) =EX! @A) A s

or

S(py) =EX!@aAM(@)) A s".

Therefore S(p; + p2) =8(p1) AS(P) =EXI(a AM(P")) A s.

iii) p = rec x.q(x)

We have rec x.q(x)—a—p' iff q(rec x.q(x)—a—p'. Then S(q(rec x.q(x))) = EX!@a AM(PNA s
and S(rec x.q(x)) = 8(q(rec x.q(x))) = EX!(a APL(P")) A s.

@if)

Dp=ap

We have a. p—a—p' and S(a. p) = EX!(a AM.(p")).

i) p=p; +py;

S(p1+p2) =81 AS(pp) =EX!I(aAM(p)) A s; then S(py) = EXI(a AM (D)) A sp or 8(py) =
EX!(a AT(P")) A ss.

For the induction hypothesis we have p;—a—p' or py—a—p' s0 p1 + py—a—p".
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iii) p = rec x.q(x);
S(rec x.q(x)) = 8§ (q(rec x.q(x))) = EX!(a A M(p")) A s; for the induction hypothesis we have g(rec
x.q(x)}—a—>p' and so rec x.q(x)—a—>p'".

Lemma 2.b: p—a—p’iff T(p)=(aAM(p')) vt.
Proof: is analogous to that of Lemma 2.a.

Lemma 3.a: If p—a;—p; (i=1, .., n) are the (only) transitions of p then:
S(p)=A,_; , EX'a; A L(py) .

Proof (by contraddiction):

From the Lemma 2.a. we have §(p) = Ai=1.n EX1(@; ATL(Py) A s. If the thesis not hold then

we have s = EX! (b A M (q)) A s' and for all i=1, .., n aj#b or M (p;)#M(q). But for the

Lemma 2.a. p—b—q so we have a contraddiction.

Lemma 3.b: If p—a;—p; (i = 1, .., n) are the (only) transitions of p then:

Tp)= Vi , (@i nTL(p)) "
Proof: is analogous to that of Lemma 3.a.

Lemma 4.a: If S(p) =A,_; ,EX!(a; A M(p;)) then 3 q;, , q,, such that:
i) Vie{],..,n}ﬂje{],..,m}:p——-a,-—-aqj and Il (p;) =1(q))

ii) Ws{],..,m}ﬂie{],..,n}:p———a,-—aqjand M (p;) =1(g)).
Proof:

Since 8 (p)#true we have, for the Lemma 2.a, that 3 q, .., q, by, ..,.b, such that the

transitions of p are p———bj—eqj, (G =1, .., m) and then, for the Prop 3.a., we have 8(p) =
Aicl.m EX!(b; A (q;). Hence A,_; EX!(a;aM(py) = Aiet.m EX!(b; A (g;)) and
this implies the thesis.

Lemma 4.b: If T(p) = Vi1 n (@i A TL(p;)) then 3q;, . q,,such that:
i) V’ie{],..,n}ﬂje{],..,m}:p~ai—>qjandM (pi) =M (qj)

i) Vie{l,..m}Jie{l,...n}: p—a;—qjand M (pi) =11(gj).
Proof: analogous to that of Lemma 4.a.

Lemma 5: p—a~Va iff M(p) = AX false”
Proof: immediate from the definition of M.(p) and from Lemmas 1.a, 1.b.

Lemma 6: M(p) # AX false implies Ip;, ,p,,. a;, ... 4,,°
Mp) =Aop n EXNa; AP (p)) AAX(V,; (@i A PE(D})).

Proof: immediate from the definition of M.(p) and from Lemma 3.a, 3.b, 5.

Lemma (*): M (p) =PL(q) impliesp =~q.

Proof: (by induction on formulae)

For the Lemma 6 we have only two cases:

D M(p)=M(q) = AX false

For the Prop 5. we have p—a/~Va and q—a~Va sop =q.



) Mp) =M@ =A_; o EXWay ATL(p)) A AX(V,y o, @ AM(P))

Let p—b-p’; then for the Prop 3. 3 ie {i, ..,m} such that a;=b and M.(p') =M (p;), and, for
the Prop 4., 3 q' such that g—b—q' and M.(q") = (p;); thus we have M (p') =M (q) and,
for the induction hypothesis, p' = q'. We can repeat this reasoning for any transition of p and
q and so we have p = q.

Lemma (**): p =q implies M(p) =M(q).

Proof: we will apply the semantic functions M, 8 and T to left and right parts of
bisimulation's equational axioms [Hen 85] and we will show that functions M., 8 and T
preserve the equalities.

Dp+@+nN=(p++r

We have:

M(p + (q + 1)) = S(pHg+ 1)IA AX(T (p+ (q+1))) = SPIAS(g+ DAAX(T P)vT (q+ 1)) =8 (p) A
S@ASMAAXTP)v TV TE)=8Sp+t OAS MAAXT (p+ QVT (@) = S((p+q@)+ DA
AX(T ((p+ ghn)) = PML((p+q)+1).

) prq=qt+p

Mp+ =3P+ AAX(T(p+ ) =S(PIAS(Q A AX(T(p) vT(q) = 8(9) AS(p) A AX
(T(@ v T(p) =8 (gt p) A AX (T(q+p)) =M(q+ p).

iii)p+nil=p

MA(p+ nil) =S (p) AS(nil) A AX (T(p) v T(nil)) = S(p) A true A AX(T(p) v false)) = S(p)
A AX(T(p)) = M(p).

iv) rec x.p(x) = p(rec x.p(x))

Mrec x.p(x)) = vx. M(p(x)) = vx. S(p(x)) A AX (T (p(x))) = S (p(rec x.p(x))) A AX(T (p(rec
x.p(x))) = M (p(rec x.p(x))).

Theorem 1: The semantics M for AP is fully abstract with respect to bisimulation
semantics, i.e.P(p) =M(q) if and only if p = q.
Proof: follow by Lemmas (*) and (**),

b) Proof of Theorem 2

Lemma 7: p—a;—q; (i=1, ..,n) implies B(p) = Vi, (@A) .

Proof: (by structural induction)

i)a;g—a—qandB(a. Q)=aAM'(Q

ii) p; + py—a;—q;ieI={1,..,n};

then 3 11,12 such that It U I2 =T and Vi;e 1, Viee 2. Pr—2j;—>qj, and Pr—ai,—>q;,
For the induction hypothesis we have:

B(py) = Vien (@i AM'(qi) and B(p,) = Vie1, (ai AM'(qi)): therefore B ( p;+Py)=B(p
)VB(PY = Vie @AM(@)) V Viep (@i A M(Q))= Viey,_n (8 A T1'(q)-

iii) py | py—aj—q;ieI={1,...n};

we have then:

3 by, by P11s P1m» €15 +Cp P21» Py (M, t 2 0) such that :

*) P1_bj“‘>P1j (=1, ...m)

*) pr—c =Py k=1, ..,1)

*) {by, b} {cgs e} = { 2y, .8}

¥ Vidj,k: aj= bj= ¢, and G = Dy; Il pyy.

13
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For the induction hypothesis we have:

B(py) = Vi=1,.m (0 A (p1))

B(Py) = V=1, (i A M (P21))

and then:

B(pyllpp) =B () AB (D) = (Vja1,..m ©j AL (P A (Vii,.p € A T (P21)))-

Since for any model (a A b) = false ifa#b, and M'(p) A M'(q) =M '(pllg), we have:
(Vi=1,.om Gy ATL (P A (V=1 (Ci AP (P2))) = Vbi=c, (bj AL (PPATL (por)) =
Vi=1,.n (@ A T(q)).

iv) rec x.p(x)—aj—q;ieI={1,..,n};

then we have p(rec x.p(x))—a;—q; ie I={1,..,n}and for the induction hypothesis B (p(rec
X.p(x))) = Vi=1,..n (s A F1°(gy)); s0 B (rec x.p(x)) = B (prec x.p(x))) = Viz1,.n (@ A
M(gp)-

Lemma 8: p—uq;/— Va iff B(p) =false.

Proof: (by structural induction)

(only if)

i) nil—a/— Va and B (nil) = false.

ii) py + py—a/— Va;

then we have p—a/—> Va (i=1, 2) and for the induction hypothesis B (p;) = false; therefore
B(p; + py) = B(p;) v B(p,) = false v false = false.

iii) p; Il pp—a/— Va;

there are two cases:

*) p;—a/— Va, for i=1 or i=2; then B(p,) = false and so B (p; ll p,) =B (p;) AB(p,y)=
false A B(pi = false.

*) p—a;—py; (=1, ..,n) and pZ——bj—->p2j (=1, ...m); since p; ll p,—a/~> Va we have
ai;tbj Vi, j and so, for the Lemma 7, B(p;) = Vv; (3 AM'(q;)) and B (py) = \Z (bj A
T’L'(pzj)). Then (Vv (@ AM'(q)) A (Vi by AT (p2p)) = false and this implies a; # bj Vi, j.
iv) rec x.p(x)—a/—> Va; therefore p(rec x.p(x)}—a/—> Va and for the induction hypothesis
B (p(rec x.p(x))) = false.

@n

i) B(nil) = false and nil—a/— Va.

i) Let B(py + py) =B (p; ) v B(py) = false. Then B (p,) = false and B (p,) = false so for
the induction hypothesis p;—a/— Va and py—a/— Va; therefore p,+p;—a/— Va.

iii) Let B(p; Il pp) =B (p; ) A B (py) = false. Then we have two cases:

*) B(py=Tfalse for i=1 or i=2; in this case, for the induction hypothesis, p—a/— Va and
80 pyll py—a/— Va.

*) B(p;) # false, i=1, 2. From the implication (=) we argue that Jay, ...ay, P1qs -Pips 1o
«» B> P215 s Popp Such that py—a;—py; (=1, ..,n) and pz—bj—%pzj (=1, ..,m); then,
from Lemma 7, we have B (p;) = (V; (3; AM'(py))) and B(p,) = Vj(bj AT (pyy) and so:
Bpipy) =B () AB(py) =(V; (@AM (p1)) A (V; (b A T (pg;)) = false ; this implies
a;#b; Vi,jand then p, ll py—a/—> Va.

iv) Let B(rec x.p(x)) =B (p(rec x.p(x)))= false ; we have then p(rec x.p(x)}—a/~> Va and
S0 rec x.p(x)—a/—> Va.
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Lemma 9: If (a A M '(p)) = B(q) then Jq’ such that g—a—q’ and M '(p)=2r1'(q’).
Proof: (by structural induction)

i) q=a. g—a—q'

since B(a. q)=aA?L'(q) and a A M'(p) = B(q) wehave M'(p) = M'(q").

ii)g= p;+py

From the hypothesis we have a A M(p) = B(p; +py) =B (p;) v B(py).

This implies aAM'(p) = B(p;) oraAM'(p) = B(p,); for the induction hypothesis we
have 3q' such that pj—a—>q' and M'(p) = M '(q") or 3q' such that p)—a—q’' and M.'(p)
= M'(q); therefore p; + py—a—q and M'(p) = M '(q).

ii)g=p;lipy

From the hypothesis (a AM'(p)) = B(p; lIpy) =B (p)) AB(py),s0 (@aAM'(p)= B(py)
and (a AM'(p)) = B(py); if we apply the induction hypothesis we have:

Jq" such that pj—a—q" and M'(p) = M'(q")

and

3q" such that py—a->q" and M.'(p) = M'(q").

Then p, Il p;—a—q" Il q" and M (p) = M'(@") AM'(@")=P1"(q" I q").

iv) q = rec x.p'(x)

From the hypothesis (a A *1'(p)) = B (rec x.p'(x)) = B (p'(rec x.p'(x))); then we have, from
the induction hypothesis, that 3q" such that p'(rec x.p'(x)}—a—q and M'(p) = '(q');
this implies rec x.p'(x}—a—q' and M'(p) = M'(q").

Lemma 10: (B(p)=8(q)) < (M '(p)=>P(q)).

Proof:

(only if)

From the definition of M' we have ' (p) = AX (B (p)) = AX false v AX! (B(p))
Since (f=g) = (AX!f=AX!g)

and

AXf < AX false v AX!f

and

(b=c)=(b=(cvd))

we have: (f=g) = [(AX false VAX!)=(AX false vAX!g)], and then :
BE=E@Q@) = CT'E)=>M'(Q)

@

We can note that:

{lavb)y=(avc) A(@a=—b)A(@a=—c) A (c =2-a) A(b=—a)} = (b= c).
So we have:

@1'(p)="'(q))= [(AX false VAX!B (p))=(AX false VAX!B(q))]
and

AX false > —AX!f,Vf

and

AX!f = —AX false , V 1.

Then "1 (p)=71'(q)) = (B (p)=B (q)).

Lemma (#): p < q= (M'(p) = M'(q)).
Proof: (by structural induction)
We have two cases:
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*) p—a>Va;

then p < q Vq and for the Lemma 8. we have B (p) = false and false = B (q) Vq.

*) p—aj—p; (=1, ..n).

Since p < g we have:

Jq;, .., g, such that g¢—a;—q; (i=1, ..,n) and p; < g; ; then for the Lemma 7. we have:
B =V; @A™ (p))

and

B(Q) =V; (3 A M (@) v (V5 (b A TL' @)

Also, for the induction hypothesis, M.'(p;)=>M '(q;) (i=1, ...,n); so we have B(p) = B (g)
and then, for the Lemma 10., M.'(p) = M.'(Q).

Lemma (#): (M'(p)=>M'(q)) = p<q.

Proof: (by structural induction)

We have two cases:

*) p—a>Va;

For the Lemma 8. we have £ (p) = false ; therefore M '(p) = AX B (p) = AX false.

We have AX false = M.'(q)Vq and since p—a>Vap<q Vq.

*) p—a—p; (=1, ..n);

For the Lemma7 we have B(p) = Vv; (a; A™M'(pp) and so M'(p) = AX(V; (g A M P)-
Since for the hypothesis M '(p) = M '(q) we have, for the Lemma 10, B (p)=>B (q), i.e. V;
(3 AM'(py) = B (q). Then, for the Lemma 9., we have:

34y, ..q, such that g—a;—q; (i=1,..n) and M '(p;) = M'(qyp); thus, for the induction
hypothesis, p; < q;, and so p < q.

Theorem 2: The semantics M’ for APy is fully abstract with respect to simulation
semantics, i.e. M '(p) = M '(q) if and only if p<>q.
Proof: this result follows from Lemmas (#) and (##).



