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The average parallel complexity
of some sparse probiems
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I.Introduction.

In this paper, we give a first look at the average parallel complexity
of some problems concerning random g*‘aph‘* and matrices. More
precisely, we consider the solulion of large sparse posilive definite
linear systems, which arise in a variely of conlexis, e.g. scientific
computation.

The direct solution of Such systerrs is i\,fpi‘cal’z\; performed by
Cholesky factorization {61041, A=LLT, in fo g

1) crdering; 2) symbolic factorization;

47y solution of t{riangular systems

Stages 1) and 2) are of combinatorial type. Ordering consists of

erm tmo the rows end the columns of A in order 1o decrease the

L

fill=in’, i.e. the number of additional nonzerocs. The choice of
Qe"muta ion for A is cr‘;iéca" yithout eny ordering, & sparse pr
slimination sieps. Finding
€ faa’%:es’“ L is an NP complete proble
eqies have been proposed. Minim
forth)[5] and its variants are the most
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pattern of L is obtlained. Starting from it, the noti
iree [ 4] 1s introduced to formalize the precedence relations existing
betwesn different elimination sieps.



In this paper, we import the notions
— of ‘elimination tree’, from numerical analysis, and
- of ‘random graph’, from graph theory,
and we analyze the average parallel cost of solving a sparse linear
system by Cholesky factorization, through stages 1)-4). More
precisely we show that
n- 1

i) .Zﬂ(] )']an I is the average minimum number of
}*O

nonzeros in the row chosen by MD, where n is the size of the matrix, p

is the probabmw that an element of the matrix is nonzero, and g=1-p;

-1 i { f oo
e1+p/4z , ae(e !,1), is the average number of leaves in

the elimination tree, where n,p,q are defined as above:
i11) we give also formulas to estimate the average fill-

Furthermore, we conjecture that the average depth of an elimination
tree is 8(n).

Our investigation uses probabilistic techniques involving matrices
with uniform random nonzero pattern, to study, on the aver age, how
the coefficient matrix evolves during the factorization. Note that we
deal only with the size of the matrix and with the probability of each
element ’to be nonzero.

As mentioned above, we estimate the probabilistic shape of L
the average fill-in in the matrix L. Moreover we predict the averag
number of leaves, in the elimination tress in order to give the
meximum number of rows that can be eliminatad al the first step of
the factorization. Finally we find an experimental evidence that this
number is releted to the overall number of steps needed to perform
the parallel factorization.
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Previous works in the field has been done in [31[7], where some
probabilistic estimetes were proposed for fill-in dung gaussian
elimination. More recently [2] a graph-theoretic appro has been

ch
used for the (worst-case) paraliel solution of sparse systsms.




Z.Preliminaries
We assume the reader to be familiar with Cholesky factorization for
positive definite symmetric matrices. We use the following notation:

. N, : . y (k)
C=(cy;) denotes a matrix C whose (1,))-th entry is ¢yy; cl=(¢ i)

denotes the transformed matrix C(K), at the k-th elimination step,
. . (k)

with entries ¢

Minimum Degree Algorithm,

It works with the nonzero structure of the matrix A (ie. with a
boolean matrix B with by;=1 & 8;;=0, and by;=0 & a;;=0), as follows:

1) Step i=1,..,n : we look for the row, say r, of the {(n-i+1)x(n-i+1)

matrix
(1) ; : .
Bn-7+1 (see below) with minimum number of nonzerc elements.
i-1
B(i) e
~ n-i+1 -l

2) Row r (and column r) is then put in “pivot” position and elin
takes place.

Flimination,

We consider the elimination involving the row r.
I with probability p.

ot ,:{ s ) o = o
Let Dri =10 with probebility I-p. ! Fon,

and
D(HJ% with probability p,,
ih Tl0 with probability t-p,_

m .

(k) ., . { s P
where by is the (§,h)-th element of B(K). Then the probability of an
element of the submatrix to be nonzero, after the elimination, can be
approximated by the formule

ECD, P =D+ (1D )0y (1),



: (Y
This follows from the fact that, if b(f} = or(b‘; I)::I and b]r ~1),

then b(K) 1 =

Eliminalion ITree.
Let L=(T; ) be an nxn irreducible triangular matrix. For each column j

of L“defme

PARENT[}‘F{ min (i[©>) and 1;=0} 3k st 120, ke,

otherwise,

The elimination tree is a tree with n nodes, labelled from 1 1o n, and
with arcs (j,PARENTL 1), i=1,..,n, j=PARENT[j]. One can readily see that
the arcs of the elimination tree correspond to dependences among the
elimination steps, i.e. to sequential consiraints.

\Ly i is always a lgaf
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There are atl least {wo important measures of paralielism beside

elimination trees, i.e. their depth and width (number of Teaves).

- Depth: gives the number of parallel sleps, where each siep is an
eliminalion process, provided that enough processors are available.

- Width : gives an upper bound o the number of processors sufficient
to perform the elimination wilh maximum paratlelism. In other words,
it gives the maximum number of eliminations */Lmh take place

simultaneously.

Random_malirices
Let P{x} denote the probability of the event x.
To investigate some aspect of ordering and g we use @
]

n
special type of random matrix [1]. In the following, an nxn matrix




Bz(bi}-) with elements in {0,1}, is called random matrix of size n and
probability p, if

P for i=] .
Poy=1)=" oo,

i
Note that B is unsymmetric; this simplifies our calculus and is @
reasonable assumption, being the size of n large enough [ 1]

3.Theoretical resulls

Average number of leaves in the elimination ire

Assume that no row and column interchanges have to be done, and
that the matrix does not suffer from fill-in. In this case we have the
following pretiminary result.

Lemma 1.
Let p; the probability of the node i to be a leaf, then

where p is the probability of an (off-diagonal) element of the
matrix to be 1, and g=1-p.

Sketch of the proof.

The n nodes of the elimination tree correspond to the rows of L. Th
first row is always a leaf. The secmd row is a leal with pmbammy q
(i.e. the probability for which 1,,=0); for the i-th row, one can
consider the upper-left ixi SLbrfc\m of L, and combine the
probability of being nonzero for 1., r=1 -1, with the probability of
being zero for L., j=1,.,i-1, for any r. Then the thesis follows, since a

e
it

J
node 1s & leaf if and only if the corresponding row is null (except that
for the diagonal element) or each nonzero in the row has at least one
(off-diagonal) nonzero in the same column and in one of the previous
FOwWSs =

Proposition 2.

Let L be an nxn lower triangular matrix, with ?{hjﬁo}zp, 13, O<p<t,
Then the average number of leaves in the elimination tree derived
from L is ‘




1+5 TTCT-pah) (2),

where g=1-p. =

We assume thal the probabilities of two nodes 1 and j, to be leaves,
are independent. This is asymptotically {rus for large sparse
matlrices; the formula (2) gives also good approximations for small
matrices.

Corollary 3.
Let ny be the average number of leaves. Under the hypotheses of

Proposition 2 we heve, for n large enough,

n g\:'g _ 1 n-1 K
np=1+y, §i(1-pg)= 1+p/aZ€q =an, oe(e 1) =
k=2 i=0 T e

Corollary 4.
Under the hypotheses of Lemma 1 we have, for n large encugh, and
assuming that p=c/n, c=0(1),

Ve
: ~C_ g
lim pn=¢g® 1= , =
h—}OO e

From corollary 4 we can further approximate the average number of

leaves in the elimination tree, as n, = np, p= ¢ °~ 1

Minimurn Degres,

We give two formulas that approximate the number of nonzeros in
the matrices B(K) after sach step of factorization.

A preliminary resull is the following

I

Proposition S.

Let As(aij) be an nxn  matrix, with P{a;=0}=p, O<p<l. Then the
average number of nonzeros in the row chosen (st the first step) by
D s
n- | i N
N % )
Minp)= Lo 1= 404 );ﬂq“”? ! (3)
1=OL =0 )




Sketch of the proof.

The probability P{min=m} that the minimum number of nonzeros in a
row of A is, say, m, can be evaluated using the eguality
Pl{min=m}=P{min>=m}-P{mir>=m+ 1}. Since min>=k if and only if each
row of the matrix has al least k nonzeros, then the thesis follows by
summing up all the terms h P{min=k} for h=0,.. ,n. B

~When we choose & row with M(n,p) nonzeros, the probability of an
element of the submatrix B(K) tg be nonzero is

, _nln=1p-2M(n.p) 4
R Y2 o
Starting from (1),{3) and (4), one can obtain the formula:
' Do=p
Py =E(MCn=1+1,p) R(n=i+1,p,)) i=1,.n-1, (%)

(n=(n-1)p;

This formulza gives an approximation, from below, to the number of
nonzeros in each row (and column),

The error introduced by (5) depends on

i) the uniform (unsymmetric) distribution assumed for the pattern of
A

i1) the underestimate of the value of the minim

The largest error we meake is due to the propert
when we apply MD, the number of nonzeros i

<

m chosen by MD.
ies of the MD; in fact,

)

! chosen, can not
be less than the number of nonzeros in the row selectad by the

previous application, minus cne. In the following we obtain another
approximation, based on the last argument.

Let us consider an mxn random maimy We define .

Pj(m,n,m, as the probability that the minimum number of nonzeras in

arow is j;
p { ) s the nrohai }l that Tho e i I Nt ko Af A n oA~ At
] 'r\\’ LS Drogentiiy hat (ne minimum numoer ¢ nonzeros atl
: 4 + 1o 9.
the k—-th step s §;
M. (n,p), the expected m

; rinimum number of nonzeros at ﬁc k—-1h sie
}(n,m is like E, with the additional constraint th:

T'ﬂ

nonzeros in the row eliminated
Ry(n,p) is like R, wﬁh

eliminated contains j nonzeros;

J




The following equalities hold:

n(n-1)p-2
Ri{n,p)= )
j(n.p) (n-1)n-2)
E(np)=p+(1-p)(j/n)2,
l:_‘i m % m
pimnp)| 1= 2 (M )piC-pyi | =] 1= 2, (2 dpic g-pyn-i
i=0 i=0 )
Now, let us suppose that the MD after k steps is j, with probability
P; «(n,p); hence, each row contains at least j nonzeros. Using R; and E;

we first simulate the elimination of the selected row and then we

alculate the probability that the next MD is hzxj, as the probability
that the MD of a matrix of size (n-k)x(n-k-j-1) is h-j, i.e.
Ph,j(n—%ﬁ 1,n~k-j,p’), where p’ is appropriately chosen.

In this way, we have calculated the probability that the MD is h,
provided that the previous one was j. Summing up for all i<h, we
obtain a formula for Py, (n,p).

More formally, we have:

Mk(m,p):tgjpjlk(m,p), k=1,.m-1,
P, (m,p)=P'(m m-1,p.1), -
Pike1(m,p)= ipzx(‘ PP i(m=K,m- o lmp,)), k=1,.m-1,
0
rk(m,pj):(r;’mﬂﬂm .<+mi{?:§<+],pk_s(m@)))q’ —

{Do(m P)=p,
p(m.p)=EM (m p)R(mp)), k=1,.,m~1,

n? (Tl p\ (mmk‘f‘ | :}(m*k}pk‘7<n}rD>W2MQ<m7‘Q\ - |
IaY { 5 j )= & , K: .om- ,‘
K (m=k)(m-k-1) =

These formulas allow {o estimat D
B(k) to be nonzero, i.e. the average fill-in. Note i
these formulas wmh (2) and obtain an evaluatio
leaves 1n the elimination tree after MD.
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4.Experimental resulls.

We have tested the behaviour of eliminalion trees. Experiments have
been performed on matrices of size from S50x50 to 600x600, with
random (uniform) distribution of nonzeros, and p=c/n, ¢c=1,2,4,8.

200 100 1

180 4 matrix 4005400, c=4 T omaelrix 200x200, c=4
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Fig. 1. Number of nodes eliminated versus the number of steps.

n fig. 1 we have plotied the average number of nodes eliminated, 1.

the number of leaves of the eliminalion {ree, versus the elimination

steps, with the condition thal, al each slep, we eliminate as many

nodes as possible. It turns ocut that the average number of nocdes

eliminated approaches 1 exponentially.

It is possibie to introduce a formu? t“ai expresses the average
e

numbers nr of leaves eliminated at the first step, i.e
n
N il {ng C
Ne = ; <c<
2 10 , 2460
S.Conclusions.
[he main \,suhs o* the paDer are gf“ObdDI

rformed i t this problem we
conjecture that the average depth of an elimination tres is 8(n), i.e all
these nods require at least linear time
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