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Abstract

Non deterministic extensions of First-Order relational languages and Datalog are
needed to enhance the expressive power of sucl languages, and support efficient formula-
tions of low-complexity problems. In this baper, we stidy semantics and expressiveness of
the various non deterministic constrycts proposed in the past, including various versions
of the choice operator and the witness operator. We begin by formalizing declarative
and fixpoint semauntics, and operationa) setnantics of tlese coustricts, and analyze their
power of expressing deterninistic and non-deterministic queries. The paper presents var-
ious soundness and completeness results and an expressiveness hierarchy that relates the
various operators with eacl other and other constructs, such as negation and fixpoint.

Keywords and phrases, Deductive databases, logic-hased languages, non determinism,
expressive power, procedural semantics, declarative semantics, fixpoint.

1 Introduction: Da Rivedere

Two main classes of logic-based languages Lave heey extensively studied in the literature as
the theoretical basis for refational database languages and their extensions, Oune is the class
of first-order FO languages, which are based on relational algebra, or more precisely, the
first-order logic interpretation of the relational algebra. The other is the class of Datalog
languages, which are endowed with an elegant semantics based on notions such as minimal
model and least fixpoint. A first area of Hivestigation Las been the study of extensions that
support the formulation of transitive closures and recursive quertes that cannot he expressed
in relational algebra. Thig has led to the definition of queries expressible in FO plus a fixpoint
operator {fixpoint queries), Datalog witl inflationary negation, and related concepts that will
be discussed later in this paper.



More recently the work of Abiteboul and Vianu [2, 3, 4, 5] has brought into focus the the need
for having non-deterministic operators in such languages in addition to recursion and fixpoint,
Therefore, they proposed the non-deterministic construct called the witness [2, 3, 4, 5] for
the fixpoint extensions of FO. They also proposed non-deterministic procedural semantics
for Datalog— (a la production systems), giving rise to the class of N_Datalog languages. The
referenced work also characterized the expressive power of languages with these constructs
for both deterministic and non-deterministic queries.

A non-deterministic query is one which admits more than one acceptable answer. A relevant
example of such a query is the coustruction of an arbitrary total ordering relation for the
constants in the universe of interest. For a universe with n constants, there are n! acceptabie
answers that can be returned for such a query.

Clearly, a deterministic query is one which adiits only one correct answer. Non-deterministic
operators are also essential for deterministic queties in as much as they are critical for ex-
pressing low complexity problems, such as determining the parity or the cardinality (or other
set-aggregation functions) of a given relation.

The quest for enhanced expressiveness las led to the introduction of the choice construct
in the logic database language £DL. Tle basic idea is to extend the procedural (bottom-
up) semantics of deductive databases in such a way that a subset of the answer to a query
is chosen, on the basis of a functional dependency constraint. However, several different
interpretations of the choice construct are possible. The original proposal by Krishnamurthy
and Naqvi [20] was later revised by Saccd and Zaniolo [22], and refined in Giannotti, Pedreschi,
Sacch and Zanjolo [15]. While the declarative semantics of choice models is based on stable
model semantics, it leads to efficient implewentations, and it is actually supported in the
logic database language £LDL and LDL++ [21, 9].

So far, no comprehensive study is available which compares the various choice operators with
each other and with other construct, such as the witness, from the point of view of semantics
and expressiveness,

In this paper, the various choice operators proposed in the literature are systematically
studied, with the aim of:

e clarifying the relationships among their procedural, declarative and fixpoint semantics,
and

o comparing their relative power of expressing deterministic and non-deterministic queries,
also with respect to the witness operator.

More precisely, in addition to FO+W (itness), we consider the following three languages:
e Datalog with static choice, i.e. the choice construct in [20],
e Datalog with lazy dynamic choice, i.e. the cloice construct in [22],
e Datalog with cager dynamic choice, L.e. the cloice construct in [15].

On the one hand, we provide a thorough formaiization of non deterministic bottom-up evalu-
ation of dynamic choice programs, by introducing an humediate consequence operator which



allows us to relate procedural, declarative and fixpoint-based semantics. In particular, we
obtain soundness ang comnpleteness of the procedural semantics with respect to the intended
declarative semantics, based on stable models. Also, we show that the proposed procedural
semantics can be justified i terms of (minimal) fixpoints. The specific properties of lazy
and eager dynamic chojce are also studied, such as the ability of computing non monotonic
queries.

On the other hand, we provide a thorough characterization of the expressive power of various
forms of non-deterministic constructs. We establish g hierarchy of increasing expressiveness,
which we correlate to the non-deterministic extensions FO. First, we prove that Datalog
with static choice has the saie expressivenoss as the non-deterministic fixpoint extension
of PEC, where PEC denotes the positive fragineut of FO. Second, we recal] a result from
(12] and observe that Datalog with eager dynawic cloice has the same expressiveness as the
non-deterministic fixpoint extension of FO—a language which is known to express exactly
the non-deterministic polynomial-tine Queries NOB-PTIME. Third, we show that Datalog
with lazy dynamic chojce exhibits an intermediate expressiveness.

The plan of the paper follows. In Section 2 we provide some background on Datalog semantics,
relational calculus and Query complexity. In Section 3 we briefly review the non deterministic
witness operator for relational calculus, while in Section 4 we review the various forms of non
deterministic choice operators for Datalog and the associated programming styles. In Section
5 the results concerning the semantics characterizations of the clioice operators are presented,
whereas in Section 6 the results concerning tle expressiveness characterizations of the choice
and witness operators are Presented,

2 Background

We assume that the reader i tamiliar with the relational - +a mode] and associated algebra,
R

the relational calculus (i.e. the first-ordcr querics, denote ' Datalog [18, 23, 10, 13].
The basic semantics of Datalog, consists iy, evaluating I applicable instanti-
ations of the rules. This is formalized using the cons 3 o U 7p associated to a
Datalog program P, which is a map over {Herbrand) “*’S o ' Bined as follows:
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For programs without negation, Tp t w = 15 t w = Mp. This equality no longer holds for
the language Datalog— which allows tlie the use of negation in the bodies of rules. There-
fore, alternative semantics have been proposed; in particular, the influtionary semanties for
- Datalog— which adopts Tp T w as the meauing of a program P. In this paper, we use stable
model semantics of Datalo— programs, a concept originating from autoepistemic logic, which
was applied to the study of negation in Horn clause languages by Gelfond and Lifschitz [14].
To define the notion of a stable model we need to introduce a transformation which, given an
interpretation /, maps a Datalog— program P into a positive Datalog program ground;(P)
obtained from ground(P} by

e dropping all clauses with a negative literal =4 in the body with A € I, and
o dropping all negative literals in the body of the remaining clauses.

Next, an interpretation A is a stable model for a Datalog— program P iff M is the least
model of the programn groundy (£). In geuneral, Datalog— programs may have zero, one or
many stable models. We shall see how multiplicity of stable models can be exploited to give
a declarative account of non determinism.

A word on the terminology and notation used in tle fixpoint extension of the relational
calculus—or first-order logic {(FQ) interpretation of the relational data model—is in order.
The inflationary firpoint operator f F P is defined as follows. Let & be a FO formula where the
n-ary relation symbol § occurs. Then TFP{®, %) denotes an n-ary relation, whose instance
is the limit of the sequence Jy, ..., Ji, ..., defined as follows (given a database instance, I):

e Jg = TI(5), where [(5) denotes the extension of S in {, and

o Jryr = Jp U O(I[J/S]), for k > 0, where ®(I[J;,/S]) denotes the evaluation of the
query ¢ on [ where 5 is assighed to Jg.

It is important to observe that [FP converges in polynomial time on all input databases.
First-order logic augmented with I F P is called inflationary firpoint logic and is denoted by
FO+IFP. The queries computed by the language FO+IFP are the so-called fizpoint queries,
for which there exist various equivalent definitions in the literature [7, 16].

Close connections exist between the fixpoint FO extensions and the Datalog extensions [3]:
Datalog— under inflationary fixpoint semantics expresses exactly the fixpoint queries, i.e. it is
equivalent to FO+IFP. This implies that Datalog— under the inflationary fixpoint semantics
is strictly more expressive than Datalog with stratified negation, as the latter is known to
be strictly included in FO+IFP. Moreover, Datalog is equivalent to PEC+IFF, where PEC,
" the positive existential calculus, denotes the negation-free, existential fragment of FO [8].

Finally, the complexity measures are functions of the size of the input database. For Turing
Machine complexity class C there is a corresponding complexity class of (non-deterministic)
queries (N}DB-C. In particular, the class of (non-deterministic) database queries that can
be computed by a (non-deterministic) Turing Machine in polynomial time is denoted by
(N)DB-PTIME. 1t is importaut to avoid contusing the class NDB-PTIME of non deterministic
queries with the DB-NP of determninistic gueries coinputed by non deterministic devices.
Intuitively speaking, any query in NDB-PTIME can be evaluated by means of don’t care non



determinism: at any choice point, any non deterministic choice will lead to some acceptable
cutcome, so no backtracking is needed. A question, among others, that remains unsolved
is whether a deterministic language exists, capable of expressing exactly the queries in DB-

PTIME.

3 The Witness Operator

A non-deterministic extension of FO is achieved by introducing the so-called witness operator
[2, 4, 5]. Informally, given a formula (query) ®{X), the witness operator Wx applied to &(X)
chooses an arbitrary X that makes ® true. Tle extension of the inflationary fixpoint logic
FO+IFP with the witness operator is denoted iy FO+IFP+W.

Let us define more precisely the semantics of . Notice that, in presence of non-determinism,
we have a set of possible interpretations for a given forinula in FO+IFP+ W, or equivalently,
a set of possible sets of answers to a giver query. Cousider a formula Wx (®(X,Y)}, where
X and Y are disjoint vectors of variables representing a partition of the free variables of the
formula ®. Then 7 is an interpretation of Wx{®(X,Y)) iff, for some interpretation .J of
®(X,Y) such that 7 C J:

e foreach Y such that (X,Y) € J for some A, there is a unique Xy such that (Xv,Y) el

Intuitively, one “witness” Xy is arbitrarily chosen for each Y satisfying 3X.8(X,Y). Alter-
natively, the meaning of W can he also described in terms of functional dependencies: the
interpretation 7 is a maximal subset of J satistying the functional dependency ¥V — X.

Example 3.1 Consider a binary relation £ such that E(P, S) represents the fact that pro-
fessor P is an eligible advisor of student S, Then the formula We(E(P,S)) realizes the
non-deterministic query of assigning exactly one advisor to each student. ad

(From the viewpoint of the expressive power, tle relevance of FO+IFPLW is due to the
following result of Abiteboul and Vianu [4]:

Theorem 3.2 4 query is in NDB-PTIME iff it is cepressed in FO+IFP+ W, a

It should be remarked that the interpretation of the W operator and that of the fixpoint
ITFP operator are given orthogonally. As a cousequence, when W is used within an JFP
formula, the functional dependency counstraint is ouly enforced at each stage of the fixpoint
computation, but need not to liold in the final outcoune of the query. This observation marks
the main difference between W and the different forms of the choice construct, discussed in
the next section. :

4 The Choice Operators

In this section we provide an inforual description of the various forms of choice operators,
together with some example of the style of programuing supported by Datalog augmented
with choice. The choice constructs were designed for supporting non-determinism while



preserving the model-theoretic semantics of Datalog. Another design principle underlying
the choice constructs is that they were supposed to be amenable to efficient implementation.
In fact, all the forms of choices described in this paper have been adopted in the various
versions of the logic database languages LDL and LDL++ [21, 9] and have been widely
used in applications developed in these languages. The construct was introduced in [20], and
later refined in [22] and [15]; these improvements were wotivated by the realization that the
different versions of the construct are quite different from the point of view of the expressive
power.

4.1 Static Choice

The choice construct was first proposed by Irishnamurthy and Naqvi in [20]. According to
their proposal, special goals, of the form choice((X), (Y)), are allowed in Datalog rules to
denote the functional dependency (FD) X — Y. The ineaning of such programs is defined
by its choice models, as discussed next.

Example 4.1 Consider the following Datalog prograin with choice.

ast(St,Crs) « takes(St, Crs), choice({Crs), (SE)).
takes(andy, engl).

takes(ann, math).

takes(mark, engl).

takes(mark, math).

The choice goal in the first rule specifies that the a_st predicate symbol must associate exactly
one student to each course. Thus the functional dependency Crs — St holds in the (choice
model defining the) answer. Thus the above program has the following four choice models:

My = { ast{andy, engl),a.st{ann, math)} VX,
M, = { a_st(mark, engl),ast(mark, maih)} UX,
M; = { a.st{mark, engl),est{unn, math)} UX,
M,y = { a.st(undy, engl),a_st(mark, math)} UX,

where X is the set of takes facts. O

A choice predicate is an atomn of the lori choice{(X),(Y)), where X and Y are lists of
variables (note that X can be empty). A rule haviug one or more choice predicates as goals
is a choice rule, while a rule without choice predicates is called a positive rule. Finally, a
choice program is a program consisting of positive rules and choice rules.

The set of the choice models of a choice progratn formally defines its meaning. The main
operation involved in the definition of a choice model is illustrated by the previous example.
Basically, any choice model M), ..., My can be constructed by first removing the choice goal
from the rule and computing the resulting a_st facts. Then the basic operation of enforcing
the FD constraiuts is performed, by selecting a maximal subset of the previous a_st facts
that satisfles the FD C'rs — St (there are four such subsets).

{3



For the sake of simplicity, assume that P contains ouly one choice rule r, as follows:
ri A B(Z), choice((X), (Y.

where B(Z) denotes the conjunction of all the non-choice goals of r, and Z is the vector of
variables occurring in the body of r (hence Z D X i Y.) The positive version of P, denoted
by PV (P), is the positive program obtained from P by eliminating all choice goals. Let
Mp be the least model of the positive program PV (P), and consider the set Cp defined as
follows:

Cp = { choice((x), (y)) | Mp E= B(z)}

Consider next a maximal subset Chof Cp satistying the FD X = ¥. Under these hypotheses,
a choice model of P is defined as the least model of the program P U Ch.

Thus, computing with the static choice entails three stages of a bottom-up procedure. In
the first stage, the saturation of PV (P) is computed, ignoring choice goals. In the second
stage, an extension of the choice predicates is computed by non-deterministically selecting
a maximal subset of the corresponding query which satisfies the given FD. Finally, a new
saturation is performed using the original program P together with the selected chojce atoms,
in order to propagate the effects of the operated cloice.

The qualification static for this clioice operator stems trom the observation that the choice
is operated once and for all, after a preliniinary fixpoint computation. Because of its static
nature, this form of choice becones ineffective wit, recursive riles.

4.2 Dynamic Choice

A new semantics for the chojce operator was was proposed by Sacca and Zaniolo (22]. The
new formulation of choice called Dynanic Choice avoids the semantical anomalies of the
version proposed [20]. As discussed iy details tater, anonomalies occur when choice is used
within recursive rules [13].

Furthermore, dynamic choice is no longer defined using FD directly, rather choice pro-
grams are transformed into programs witl, negation which exhibit a multiplicity of stable
models. Each stable model corresponds to an alternative set of answers for the original
program. Following [22], therefore, we introduce the stuble version of a choice program P,
denoted by SV (P), defined as the program with negation obtained from P as follows,

Definition 4.2 The stable version SV(P) of a clioice program P is obtained by the following
transformation. For any choice rule s of P

riA e B(Z), choice((X), (Y}).

where B(Z) denotes the conjunction of all the non-clioice goals of r, and Z is the vector of
variables occurring in the body of r:

L. replace r with a rule » obtajned by replacing the body of + with the atom chosen,{Z):
I I g Y

’

1A = chosen, (Z).



2. add the new rule:
chosen (Z) « B(Z),~dif fChoice.(Z).

3. add the new rule:
dif fChoice, (Z) « chosen, (Z'),Y #Y".
where Z' is a list of variables obtained from Z by replacing variable ¥ by the fresh
variable Y.

An interpretation [ is called a stable choice model of P iff T is a stable model of SV(P). O

The transformation directly generalizes to FDs involviug vectors of variables, and to rules
with multiple choice goals. When the given program P is such that none of its choice rules
is recursive, then P and its stable version are semantically equivalent in the sense that the
set of choice models of P (in the sense of the static choice) coincides with the set of stable
choice models of P on common predicate symbols [22].

Example 4.3 The following is the stable version of Example 3.

a-st(St,Crs) « chosen(Crs, St).

chosen{Crs, St) « takes(St,Crs), —~di f fChoice(Crs, St).
dif fChoice(Crs, St) + chosen(Crs, St'), 5t # 5S¢,
takes(andy, engl).

takes(ann, math).

takes(mark, Lnﬂ)

tekes{mark, math).

This programs has four distinct stable models, corresponding to the four choice models of

Example 4.1. |

It should be remarked that, in choice programs, negation is ouly used to assign a declarative
semantics to the choice construct. In other words, choice prograins are positive Datalog

programs augmented with choice goals.

An operational semantics for this form of clioice is defined by the dynamic choice fizpoint
(DCF) algorithm [15]. Given a choice prograin P and its stable version SV (P), call C the
set of chosen rules in SV(P), D the set of dif fC'hoice rules in SV (P), and O the set of the
remaining (original) rules in SV (P). Then, the DCF procedure operates as follows:

1. find the fixpoint of the O-rules;
2. if there exists an enabled ground instance » of a chosen rule in C then:

(a) execute r;

(b) execute all rules in D enabled by +;

3. repeat steps | and 2 until no rule is enabled.



Notice that we used the term “execute” to mean tle ordinary bottom-up computation mech-
anism of asserting the head of a rule whenever its body is true. The idea underlying the
DCF procedure can be explained as follows. There are two modes of operation: a saturation
mode and a choice mode. In tle saturation wode, the consequences of the original rules
are computed by an ordinary fixpoint mechanistm, When nothing more can be deduced, the
procedure switches to the cloice mode. [u the choice mode, a single instance of the chosen
rule is executed together with all the associated dif fChoice rules.

The qualification dynamic for this form of chioice steins from the fact that the choice are
interleaved during the fixpoint computation, and not postponed till the end as in the static
choice.

9 Static Choice versus Dynamic Choice: Lazy and Eager

Let us now discuss the issues that have motivated the introduction of dynamic choice and its
further refinements into a lazy and eager versions, These are issues of efficiency and expressive
power that have emerged wlhile inplementing and using clioice as a non-deterministic pruning
operator in the LDL4+ systemn.

An interesting example consitsts o studying liow choice can be used to inodify and prune
the transitive closure and graph reachability programs. For instance, the following program
that generates a spanning tree, rooted in a node a for a graph, where an arc from X to Y with
cost C is represented by facts g(X, Y, C):

Example 5.1 Spanuing tree

st{nil, a).
st(X,Y) « st{ X}, g{X,Y),choice((Y),(X)).

(This program assumes that there is 10 loop arc g(a, a), otherwise a condition X # Y must
be added.)

This program is basically the computation of the trausitive closure of a graph constrained
by addition of the choice goal and the pruning induced by the FD constraints. Consider now
the following graph:

o

a,

om
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(b,
(
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).
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If we consider the equivalent program under dynamic choice it is easy to see that the program
has 3 stable models, as follows:

o

st{nil, a),st(a,b), st(a, c)
st(nil, a), st(a,b), st(b,c)
st(nil, a), st(a, c), st(c,b)



Under the original version of choice (which we will call static to distinguish to new one
called dynamic), the semantics call for (i) the computation of the model of the program
PV (P) obtained from P by eliminating the choice goals and (ii) the extractlon of a subset
- of this model to satisfies the FDs of the clioice goals.

Therefore, in addition of the above three models the static choice will also accect the
solution:

st{nil,a}, st(b, c},st{c,b)

This solution not longer correspouds to a tree but rather to an unsupported cycle in the
graph. In fact, this is an example of the greater expressive power and improved efficiency
available through the use of dynamic choice due to its ability pruning and controlling the
computation of a recursive predicate. This ability is lost static choice, which, because of its
semantics, can only perforin a postselection on the nodes generated by the transitive closure.
As a result dynamic choice is both more efficient and more powerful than static choice. The
gains in efficiency, due to the early pruning performed in the course of the computation can
be underscored even further by the following example.

Example 5.2 Spanning tree
st{nil, 0).
st(¥,s(J)) +« st(X,J), g{X,Y}, choice((X), (J)).

On the graph ¢{«, b), ¢(b, b) this program has an infinite number of static-choice models, each
requiring an infinite computation. Because of the pruning, the program has only one model,
computed in two steps. a

In terms of improved expressive power, it is easy to prove that for each program with the
static choice construct there is an equivalent dynamic choice program (hint: move the choice
construct after recursion), the opposite is not true. For instance the inequality construct can
be expressed by a positive datalog program and dynamic choice, bhut cannot be expresseda
by a positive datalog programn with static clvice, (See section).

The typical sitnation that a designer has to face is a tradeoff between increased expressive
power and increased computational complexity of various constructs. In moving from static
to dynamic choice we were instead faced with an unusnal win/win situation, where greater
expressive power was achieved along with improved efficiency.

Furtermore this unusual situation of inverted tradeoff curve” occured again in the tran-
sition to eager dynamic choice on which most of the paper is spent. In a nutshell though the
situation whether once the node is reacled all the available chioices compatible with the FD
constraints should be exercised in a

..... Perhaps move this...

As an example, the following choice program ORD[U/] exploits the lazy dynamic choice to
compute an arbitrary ordering of the elements of an EDB relation U.

Definition 5.3 The choice program ORD[U] cousists of the following rules:
Ry SUCC (min, min).

Ry SUCC(X,Y) ~ SUCC(L,X), UY),
choice((X), (Y)), choice((Y), (X)).

10



where min is a new constant, which does not occur in the EDB. |

According to the semantics of the dynamic cloice, the binary relation SUCC defines a total,
strict ordering over the input relation /. Viewing SUCC as a graph, we see that the first
clause of program ORDIU] starts the fixpoint computation, by simply adding a loop arc
on the distinguished element nin. Consider now the second rule, and say that this, in the
second stage of the computation, adds an are (nein, a) to SUCC, where a is an element in U.
No other arc can be added at this stage, i)ecallse it would violate the constraints imposed by
choice. Likewise, at the third step a new element from U will become the unique successor
of &, and so on. Since the two clioice goals enforces acyclicity (for the elements added by
the second rule), at the end of the computation SUCC contains a simple path touching all
elements in {7,

With relation SUCC(X, ¥) defining the immediate successor Y of an element X, the less-
than relation < can be constructed as the transitive closure of SUCC (also we eliminate the
distinguished element nein):

X<Z « SUccx,z), Ux), Uz).
X<Z « X<y sucawy,z), uz),

iFrom this, the definition of inequality follows:

X2Y « X<V
X#£Y +« Y <X,

This is a first example of a deterministic query which can be expressed tusing the form of non
determinism provided by the dynamic choice.

6 Semantics Characterizations

After the informal presentation of the various forms of choice constructs, this section is aimed
at providing a formalization of dynamic choice. The main tool is a notion of non deterministic
immediate consequence operator, which yields directly the notions of a computation and a
fixpoint. We define a general operator ¥p for non deterministic bottom-up computations of
a choice program P, and study its properties from three different points of view: procedural,
fixpoint and declarative semantics, Chlaracterization results which relate the three semantics
are established. Tle lazy and eager dynaniic cloice semantics are next identified as instances
of the general operator Wp, insuch a way that their relevant properties are directly derived.

For the sake of generality, we do not confine ourselves to the case of Datalog choice programs,
and study arbitrary cloice prograins, which adit the use of function symbols. The results
hold in this general sense, although it is newded to introduce g notion of fairness with respect
to choices, in order to prevent that infinite computations do not converge to a fixpoint.

Given a choice programm P, we denote by Tp,. the innnediate consequence operator associated
with the chosen rules in the stable version SV(P) of P, ie., the rules introduced at step
2 of the transformation of Definition 4.2, Analogously, we denote by Tp, the immediate

i1



consequence operator associated with the nou-chosen rules in SV (P). Therefore, we have
that, for any interpretation 7:

Tsyipy(I) = Tpy (1) U Tp:(1).

Moreover, when we refer to an interpretation of a choice program, we actually mean an
interpretation of its stable version. Given a choice program P and an interpretation I, we
write [ = FDp if, for any choice rule » of P, the set of chosen, atoms of I satisfies the
FD constraint specified by the choices in rule . We are now ready to introduce a general
operator for non deterministic fixpoint computations of cloice progras.

Definition 6.1 Given a clioice prograw P, its non-deterministic immediate consequence op-
erator Up is a map frow interpretations to sets ol interpretations defined as follows:

Yp(f) = {J U Tp,Ta(J) | JeTp{)}
where either & = n (> 0) or o = w, and
Tp{l) = {TUAI | QCAICTp . (HHNT A ATEFDp} U {1 | Tp,(I)\T =0}

O

Informally, the ¥p operator, when applied to an interpretation I, first uses Tp, to derive all
the admissible choices, and then uses Tp, ou all possible admissible subsets of the derived
choices, in order to derive all consequences of the operated choices. Clearly, non determinism
is due to fact that there are many subsets of admissible choices. Notice that, at this stage,
we are not specific on what kind of subsets of choices are selected. For instance, it is possible
that two such subsets arve included in each other.

Observe that the definition of Wp is paratnetric with respect an ordinal e, which is either finite
or w. The selection of « gives rise to a family of operators. Again, the need for introducing
the ordinal parameter is due to the general case of arbitrary programs with function symbols.
If @ = w is chosen in the definition of Wp, then the computation step from I, to T4y is
not effectively computable in the general case of logic prograius, although effectiveness is still
guaranteed for Datalog prograns, since saturation via Tp, is obtained at some finite stage.

In the definition of T'p([), two cases are specified, in such a way that AT is not empty if
Tp. (I)\ I is not empty, thus reflecting the fact that, if there are possible new choices, then
at least one has to be made.

The Tp operator formalizes a single step of an ileal bottom-up computation of a choice
program. Instead of defining the powers of Up, it is technically more convenient to define
directly the notion of a non deterministic computation based on the Wp operator.

Y I P Of

Definition 6.2 Given a choice programn P, a (non deterministic) computation of P is a
sequence {I,),>0 of interpretations sucl that:

i. Iy =0,
. Loy € ¥p(l,), forn=>0.
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A computation (In)nzo is fair iff for any chosen atowm H such that H e Tp (1) for infinitely
many n > 0, then H € 1, for sowe m > 0. m|

According to the above definition, computations are always infinite. In our framework, finite
computations are viewed as infinite computations which reach a fixpoint at a finite stage.

The fairness requirement characterizes those cotuputations which eventually make all admis-
sible choices. Conversely, an unfair cotuputation is one which never selects a choice which is
infinitely often compatible with the FD’s,

The following result points out some basic properties of non deterministic computations,
namely that they are inflationary, and that preserve the FD’s,

Lemma 6.3 Let (L) (n > 0) be « non deterministic computation of a choice program P.
Then, for n >

(1) In g I'n-f-l)
(2) I, = FDp.

Proof. (1} follows from the fact that, for any pair of interpretations 7 and J such that
J e Up(I), we have [ C J, which is a direct tonsequence ol the definition of Up.

The proof of (2) is by induction on n. [u the bhase case, we have ) = FDp, which holds
trivially.

In the induction case, two subcases arise. [f Tp (1T, is etnpty, then we have foy1 =1, by
the definition of Up, and therefore the thesis directly follows from the induction hypothesis
that 7, = FDp. If Tp, (1) \ 1, is not eipty, we have to prove that 7, UAJ = FDp for any
non empty subset Al of Tp_(7,) \ I... Counsider a chosen-atom chosen, (z,y) € Tp. (I)\ I,
Consider the rule chosen, {#,9) « B(;r:,y),ﬁ(.f?ﬁf_f(,'haic-c,.(:n,y) from SV(P): the fact that
chosen, (z,y) € Tp.(I,) implies that the body of such a rule Lolds in I, and in particular
dif fChoice,(z,y) & I.. As a cousequence of the tacts that SV (P) contains any instance of
the diffChoice rule dif fChoice, (X, Y) & clhosen, (X, YOY £ Y and that I, is saturated
with respect to such rule, we obtain that, for any ¥ #y, chosen, (w,y') & I,. Therefore, the
choice chosen, (x,y) does not violate the ED%, Le., TU{chosen, («, y)} = FDp. To conclude
the proof, it suffices to observe that the above reasoning can be repeated for any chosen atom
in A, and that A7 & FDp by the definition of ¥p, a

Given a computation {£n) (n > 0), we define its (@) linit limy,so (L) = Un<w In.

We now aim at relating limits of [air computatious and fixpoints of Wp, in order to Justify
the fact that non deterministic (fait) computations are in fact fixpoint computations. We
need here a unconventional notion of fixpoint, due to the fact that Vp maps interpretations
to sets of interpretations.

Definition 6.4 An interpretation f is a fixpoint of Op if Up(l)={I}. a

In other words, [ is a fixpoint, of ¥ p if the operator hehaves deterministically on I, and [ itself
is obtained as a result. I order to Justify the ahove notion of fixpoint of a non deterministic
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operator, we observe lLere that this notion coincides with that of a fixpoint of the ordinary
immediate consequence operator Tyy(p) associated with the stable version SV (P) of a choice

program P.

Lemma 6.5
Let P be a choice program. Then M is a firpoint of ¥p iff M is « fizpoint of Tsy (py.

Proof. First, observe that, for any interpretation [:
Tsvpy(y =1 iff  Tp.{l) = Ic and Tp, (1} = In, (1)

where I denote the set of chosen atoms i f and Ty denote the set of non-chosen atoms in 1.
Consider a fixpoint I of Tyypy. (1) implies that Tp. (1) \ [ =@, and therefore Tp{l)={I}.
Also, (1} implies Tp, T o(f} U I = 1. Therefore ¥p(f) = {7}, s0 I is a fixpoint of Up.

Conversely, assunie that ¥p(f) = {I}. Then cleatly Tp, (f) = Iy and Tp.(I) = I by the
definition of ¥p, so the fact that [ is a fixpoint of Ty p) follows from (1). ad

The next resuit shows that the limits of fair computations are mininal fixpoints of ¥p.

Theorem 6.6 Let M be the Limit of a fair computation (1) (n > 0). Then M is a minimal
fizpoint of Up.

Proof. We first show that M is a fixpoint ol ¥p. Asswine by contradiction that Up(M) #
{M?}. This, together with Theorem G.3(1) implies that there exists J € Yp(M) with M C J.
Therefore, for some ground iustance I + B of a clause » from SV (P), we have

M = B (2)
M ¥ H (3)
J = H (4)

By (2) we have that for some k& > 0, I, = B, i.e., Two cases then arise.

Case 1. ris not a chosen clause.
Then we conclude that f.4+; = H by the definition of ¥p, and therefore we get a contradiction
of (3), as fp41 C M by the fact A is the linit of the computation.

Cuse 2. r is a chosen clause.
Then, for any n > k, I, U{H} = FDp, otherwise (4) is contradicted. Therefore, by the
fairness requirement, I,, |z H for some m > k, which contradicts (3).

" This concludes the proof that M is a fixpoint of Wp. We now show that M is a minimal
fixpoint. Assume by contradiction that there exists a fixpoint M’ of Up such that M' C M,
and consider an atom H € M\ M'. Let n (> 1) be the stage of the computation at which H
is inferred, i.e., such that [, = T and [,_1 J£ H. and cousider the clause H + B of SV(P)
such that [,,_; | B. Two cases arise.

Case 1. H is not a clhosen atonn.
As a consequence of the fact that A is a lixpoint and M’ [£ H, we have that, for some atom

Aof B, A M\ M.
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Case 2. H is a chosen aton,

Let = chosen, (t). Hence the body B of the clause is C, ~dif fChoice,(t). As a consequence
of Theorem 6.3(1} and (2), M = FDp, whicl implies that M dif fChoice, (t). By the fact
that M’ C M we have that also M’ & dif fChoice,(t). As a consequence of the fact that A’
is a fixpoint and M’ £ chosen, (), we have that, for some atom A of C, A € M\ M.

In both cases, we found that the existence of an atom iy In \ M’ implies the existence of
another atom in 7,_; \ M’. We cay therefore repeat the construction of cases 1 and 2 n — ]
times, until we obtain the existence of an atom i I\ M =0, which is a.contradiction. 0O

The next result S]lOWS Hlﬂ.t norn (l(‘t@['[llil'l]ﬁti(‘. computations areg stab!e ChOiCB models thus
1
providing i llOtiOll of soundness w.r.t. the stable model sejnantics of ChOiCE programs.

Theorem 6.7 (Soundness)
Any limit of ¢ non deternvinistic fuir compulation of a choice program P is g stable choice

model of P,

Proof. Let M be the limjt ol a computation (f-u)“gu, and consider the reduced pProgram
P = groundy (SV(P)). We have to show that A is the least model of P’ Clearly, by
Theorem 6.6, M is a model of P, To show that M is the least model of P! we provide a
construction similar to that of the proot of Theorem 6.6. Assume by contradiction that that
J(C M) is a model of ', and cousider an atom H ¢ A \J. Let n (> 1) be the stage of the
computation at which H is inferred, ie., such that I, = H and L1 ¥ H, and consider the
ground clause i « B of SV{P) such that /,_, = B, and the corresponding clause H « B/
of P'. Two cases arise.

Case 1. H is not a chosen alon.
As J B H, we have that J % A4, for some atom A4 of B

Case 2. H is a chosen atom,

Let H = chosen,.(t). As a cousequence of Theorem 6.3(2), M = FDp, which implies that
M dif fChoice,(t). Therefore, all atoms in the body B' of the clause from P’ are not
chosen or dif fChoice, by the definitioy of SV(P) and the stability transformation. Again,
as J = H, we have that J ¥ A4, for some atom 4 of B,

We can therefore repeat the construction of cases { and 2 at most n — I times before indi-
viduating an atom A, inferred by a unit clause 4« from SV(P), such that J K A. This
contradicts the fact that J is a model of P, 0

Theorem 6.8 (Completeness)
Let P be a choice program, and assume « = w in Hhe definition of Up. Then any stable choice

model of P is the limit of a fair computation of P,

Proof. Let M be a stable model of SV(P). Le., the least model of P! = grounda (SV(P)).
First, observe that

M = FDp. (5)

To prove (5), assume by coutradiction that Af = choice, (t) Achoice, (') such that choice, (t)
and choice, (1) violate the FD'. Then, by the definition of SV{P}, we have that A =
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di f fChoice (t'") A dif fChoice,(t). By the stability transformation, there is no clause in P’
with either choice,(t) or choice,(t') in the head, thus contradicting that M is the least model

of P'.

Next, let Pj; be the program consisting of the non-chosen rules of P', and P} be the program
consisting of the chosen rules of P'. We can define the following sequence of interpretations

(Mn)nzﬂ:
i. My = @a
. Maps = Tpy, T w(Tp (M) UM,),  foru > 0.

Clearly, M = Tpr 1 w = U,y M., since P’ is a definite program, and therefore the powers
of Tpy and Tpy, can be arbitrarily interleaved to obtain Tpr T w. Therefore, by (5), we get
M, = FDp for n 2 0. As a cousequence, Tpr (M) 15 a subset of Tp.{M,) which satisfies
the FD’s, and therelore it can be selected as & Af iu the definition of ¥p. To conclude the
proof, it suffices to notice that, by construction, (Af,) (» > 0) is a fair computation of P. O

It is easy to see that, for & finite, completeness does not hold. Therefore, a transfinite
computation is required in the evaluation of a single step of ¥p in order to compute any
stable model. However, this linitation only applies to arbitrary choice programs with function
symbols, and not te Datalog programs, as iu the latter case the saturation of Tp, can be
effectively comnputed.

Summarizing, we have shown that stable clioice models and limnits of fair computations coin-
cide, and that they are minimal fixpoints. Therelore, we have that two semantics of choice
programs coincide, namely the procedural and declarative interpretation. Such a coincidence
does not hold with the fixpoint sewantics, in that there are prograns with minimal fixpoints
which are not stable choice model or equivalently limits of computations. As an example,
consider the following program P:

pl) — pla).
p(0).
(X))« p(X), choice((), (X))-

and its stable version SV (F):

1(X) = p(X), choscn(X).

chosen(X) « p(X), ~dif fChoice( X).

di f fFChoice{ X)) + chosen(X'), X # X'
It is readily checked that Up has two miulimal fixpoints:

My = {p(b), g(0), chosen(b), dif fChoice{a)}
A, {p(0), pla), gla}, choscn(a), dif fChoice(b)}
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but M, is not a stable choice model of P, as well as it cannot be obtained as the limit of any
computation. In fact, the atow chosen(a) in My is supported by the fact p(«) which cannot
be computed by a bottom up computation starting with the empty set. :

- Two remarks arise from this discussion. First, the non-coincidence of procedural semantics
and fixpoint based semantics supports the cloice of stable model semantics for choice pro-
grams. In fact, the only other semantics which allows multiple models is the completion
semantics, which coincides with tle fixpoint semantics discussed in this section. The simple
counter exampie exhibited above shows that completion semantics allows more models than
those computable with tle intended procedural serantics, and therefore it is not adequate.

As a second remark, it is natural to ask ourselves whether reasonably large classes of choice
programs exist for which stable mmodel and fixpoint {or completion) semantics do coincide.
We believe that the answer is affirmative, and that a promising way to go is to extend to
choice programns the notion of acceptable programs from (6], as for this class of programs we
have coincidence between stable model and completion semantics. The interest about this
possibility is that we would obtain sitmpler means lor reasoning about choice programs in a
declarative way. However, this forms material for furtier research,

6.1 Eager Dynamic Choice

We are now in the position of introducing two natural instances of the Up operator which
formally describe two distinet choice coustriacts. The first one corresponds to the dynamic
choice construct discussed carfier, and the second one correspond to a new construct, called
eager dynamic choice. In order to avoid coufusion, the first construct is referred to as lazy
dynamic choice. In both cases, the ordinal v is chosen to be w, whereas the choice of certain
Al’s in the definition of T'p is what makes the dilference. In the case of lazy choice, only
singleton subsets of the admissible clioices are selected as A7, wlereas in the case of eager
choice, only maximal subsets of the adiissible choices which satisfies the FD’s are selected.

Definition 6.9
(1} The luzy operator WL is defined as the instance of Vp where @ = w and Al is a singleton:

VE(I) = {JUTpk, tw(d) | J€Tp))
where
Lr(T) = {TUSH} | {HYSTrD\1} U {1 | Tpo()\ =0},
(2) The eager operator 111}’5 is defined as the instance of ¥p where o = w and AJ is maximal;
VE) = {JUTp, tw(l) | Je I'p(I)}
where

Cp(l) = {TuATl | 0CAICTp (I)\I A AT'l= FDp NAT s maximal }
UL | Tro(I)\ T = 0},
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Computations according to the \If% and the kIJg operators formalize respectively the lazy and
eager dynamic choice procedures. The latter, proposed in [12], can be described as follows,
by modifying that in Section 4.2 in such a way that a maximal set of choices compatible with
the FD’s is made whenever the algorithin is in the choice mode.

1. find the fixpoint of the O-rules;

2. while there exists an enabled ground instance of a chosen rule in C then repeat

(a) execute r;

(h) execute all rules in D enabled by r;
3. repeat steps 1 and 2 uutil no rule is enabled.

This version of choice semantics is somewhat simpler to implelent and more expressive than
lazy dynamic choice, as it will be showu tater. The following exawmple from [15] shows how to
emulate negation using eager choice. The following choice program defines relation NOT.P
as the complement of a relation P with respect to a universal relation UV, We assume here
that both P and U are extensional relatious.

Definition 6.10 Tle choice program NOT[P, U] consists of the following rules:

Ry: NOT_P(X) « COMP.P(X.1).
Ry: COMP_P(X,I) + TAG_P(X. ), choicc{(X), (I)).

R:; : T4G-P(H{[, U}
Ry: TAG_P(X,0) « P(X).
Ry : TAG.P(X,1) « U(X),COMP.P(_,0).

where ni/ is a new constant, which does not occur in the EDB. 0

According to the sketched operational semantics of eager choice, we obtain a set of answers
where COMP_P(z,1) holds if and only il + is not in the extension of P. This behavior is
due to the fact that the extension of COAMP_P is taken as a subset of the relation TAG.P
which obeys the FD (X — [), and that the dyunamic clioice operates early choices which
binds to 0 all the elements in the extension of P. This immplies that all the elements which
do not belong to P will be cliosen in the next saturation step, and hence bound to 1. The
fact rule TAG_P{nil,0) is needed to cope with the case that relation P is empty.

More precisely, in the first saturation plase, the facts TAGP(nil,0) and TAG_P(xz,0) are
inferred, for any @ in the extension of relation . In the following choice phase the facts
chosen(z,0) are chosen, again for any « iu the extension of P, as all possible choices are
operated. In the second saturation phase the facts COM P_P(x,0) are inferred for any z in
the extension of P, aud the facts TAG_P(x, 1) tor any « in . In the following choice phase
the facts chosen (i, 1) are chosen in a maximal way to satisfy the FD, i.e. for any z not in
the extension of P, as any x In P las been chosen with tag 0 already. In the third saturation
step the extension of NOT'_P becomes the complement of P with respect to U.
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Essentially, this example shows that the eager dynamic choice offers a flexible mechanism for
handling the control needed to emulate the difference between two relations. It is shown in
[11] that the above program can be refined in order to realize more powerful forms of negation,
such as stratified and inflationary negation. This goal is achieved by suitably emulating the
extra control needed to handle program strata and fixpoint approximations, respectively.
Thus, eager choice can compute non-monotonic deterininistic queries. On the other hand, we
shall see later how any deterministic query specilied using the lazy dynamic choice is indeed
monotonic.

Some remarkable differences among the lazy and eager choice construct can be enlightened
using their formalization in terwms of the associated operators ¥L and TE (and their relation
with the general operator ¥p).

Firstly, the Up operator, as well as the lazy operator lIl,% obey a property of non deterministic
monotonicity. The next result shows that computations starting from larger input databases
yield farger output, in a seuse made precise below,

Lemma 6.11 Let P oand P choice programs sach that P is cqual to P except that it has a
larger EDB. Then for any linit I of cotupittation of P there dis a limit J of a computation
of P such that I C J,

Proof. Let 7 be the limit of a computation {({,}.»u of P. We construct a computation
(Jn)npo of P/ with limit J such that 1, © ., for any n > 0, which directly implies the thesis.
The construction is by induction on n. We naintain the following invariants, for any n > 0:

I'U(J\L) = FDp, (6)
In {'Iu\[u) = ¥ (7)

In other words, we require that the extra choices made in the computation over P’ do not
conflict with the choices made in the computation over P.

In the base case, we cleatly put J, = 0. lu the induction case, consider Iy, € Up(l,), ie.,
Int1 = Tp, tw(l, UAL), for some subset Al of Tp.(I.) \ I, such that A, = FDp.

We now show

Ale C© Tp(J)\ e (8)

Due to (7) and the fact that A7, and I, are disjoint, we have that AT, and J, are disjoint,
s0 it suffices to how that Af, C Tp{:_.(.]“). Assine by contradiction that some chosen atom
- chosen(t) violates this inclusion. Therefore, the clause chosen(t) « B(t), ~dif fChoice(t) is
such that [, = B(t}, ~dif fChoice(t), and J, [ B(t),—dif fChoice(t). By the induction
hypothesis that I, C J,, we lave J, = B(t), so J,, ¥ —dif fChoice(t), te., dif fChoice(t) €
Jn. Therefore, we have cliosen(t') € J, for some t/ # t such that chosen(t) A chosen(t')
FDp. So we get a contradiction witl (7), as chosen(t) € Al, and, a fortiori, in 1.

Next, as a consequence of (8) we can choose a subset AJ, of Tp,, (Ja)\Ju such that AT, C AJ,
in order to satisfy (7) and (7), and put

J”_+1 = TP,;I T LAJ(J,L ) A],L)
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To conclude that I,,41 C Jy.4 it suffices now to observe that Tp, (H) C Tp}:{(K) for H C K.
A similar construction can be adopted in the case of the lazy operator ¥k. a

As a consequence of this Lemma, we have have that on deterministic queries, i.e., those
queries for which exactly one computation exists, the general and the lazy operator behave
monotonically in the standard sense. In other words, these operators allow to compute only
monotonic deterministic queries. On the contrary, the eager operator \Dg is not monotonic,
due to the fact that the commitinent to maximal sets of adinissible choices reduces the non
determinism in such a way that the construction in the proof of Lemma 6.11 is no longer
possible. An exampile of a non monotonic deterministic query computed by means of the
eager operator is the negation/complement query in Section 4.3.

Another difference concerns fairness. Any eager computation is fair, as a consequence of
the commitiment to maximal sets of adnissible choices. Qu the contrary, lazy computations
are not necessarily fair, and therefore lazy computations must be monitored by appropriate
schedulers to ensure that cotnputations are not terminated until a complete stable choice
model is reached.

Finally, it is readily checked that the procedural semantics based on the lazy operator is
complete in the sense of Theoremn (.8, since any computation can be emulated by one where
choices are made one at a time. On the other hand, the procedural semantics based on the
eager operator is not complete. Again, an iluminating examnple is the negation query of
Section 4.3. Stable clioice models of such program exist where the relation NOTp is not the
set difference of refations £ and U: tliese solutions correspond to computations where non
maximal sets of choices were made at sonte steps.

7 Expressiveness Characterizations

In this section, we study the expressiveness ol the various static and dynamic choice operators,
We show how these operators give raise to a hierarcly of increasingly more expressive query
languages. In order to achieve a complete claracterization, we also relate this hierarchy
with the query fanguages obtained by adding the witness operator to the relational calculus
FO and its positive existential fragiment PEC'. Therefore, we refer to the query languages
PECHIFP+W and FO+ITFP+W. The latter is already known to express exactly NDB-
PTIME. On the other hand, we needed a finer tuned characterization of PEC + IFP 4+ W.
(JFrom our study, new results concerning PEC'+ [ F P+ W emerged, which are reported next.

7.1 Positive Existential Calculus and Witness

The witness construct, when added to languages wlich support negation, strictly enhances
expressiveness, in the sense that it makes possible to compute new delermindstic queries. In
the case of the fixpoint logic FO + [FP, adding ¥ allows to commpute all queries in NDB-
PTIME, hence all polynowmial deterministic queries. Also, it has been recently shown that
the addition of W to FO (without recursion) allows to compute certain deterministic queries
not expressible in FO. It is therefore interesting to ask ourselves whether similar properties
hold for PEC—the positive fragment of FO where negation and universal quantification are

dropped.
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The next results show that the answer is negative: W without negation does not improve
expressiveness on deterministic queries (with or without fixpoint).

Theorem 7.1 A deterninistic query is expressed in PEC if it is expressed in PEC + W.

Proof. Consider a deterministic query ¢ in PEC + W, and let I be the (unique) database
instance which satisfies ®. Consider next the (deterministic) query @' in PEC, obtained
from @ by removing any occurrence of a witness operator, and let J be the database instance
which sutisfies ®'. Clearly, we have / G J, by the definition of W. We now prove that indeed
I=.. ‘

Assume by contradiction that there exists a tuple o such that o € J \ I. By the definition
of W, IU{a} £ FD, where FD denotes the set of functional dependency constraints of the
W operators in . Next, consider K C J such that K U {a} }= FD. Observe that such a K
exists: it can be constructed by removing from [ the tuples which, together with «, violate
the FD’s. As a consequence of the fact that PEC + W ig monotonic, there exists a maximal
instance /' satistying FD such that A U {a} C /' € J. To conclude the proof, it suffices to
observe that, by construction, 7 # ', and both [ and [/ satisfy @, which contradicts the fact
that @ is a deterministic query. o

Next, we observe that the above argument can be literally repeated in the case of the fixpoint
extension of PEC, thus obtaining the tollowing result.

Theorem 7.2 A deterministic query is expressed in PEC+TFP iff it is expressed in PEC +
IEP + W, O

As a conclusion, W, when added to negation-free deterministic query languages, allows to
compute certain non deterministic queries, but does not huprove on deterministic queries,
Another, perhaps surprising, result is that PEC+TFP+W is equivalent to its sub-language
L cousisting of the formutas where W does not occur within the fixpoint I FP operator. In
other words, in absence of negation, I lLas 1iot effect within recursion-—the only meaningful
use of W is after a fixpoint computation.

Theorem 7.3 A query is crpresscd in PEC + TFP + W iff it is expressed in L.

Proof. It suffices to show that any interpretation of the formula IFP{®,5), where ¢ is a
formula in PEC + W and § is a relation occurring in ®, coincides with the (unique) inter-
pretation of TFP(d',5), where &' is the PEC formula ohtained by dropping all occurrences
of W in &. To this end, we observe that the mounotonicity of PEC implies that the exten-
sion of ' at stage n of tle fixpoint computation is included in the extension of & at any
later stage. As a consequence of the fact that the FD’s constraints of the witness operators
are not maintained through the fixpoint computation, we have that eventually all candidate

witnesses are selected. ™

The above result is based ou the observation that the witness does not enforce the FD
constraint globally to the fixpoint computation, and therefore it has no effect in presence of
monotonicity. In fact, all alternatives will be always present during the computation, and
hence eventually selected, due to the semantics of witness.
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7.2 Datalog with Static Choice

Datalog programs with static choice are evaluated by first disregarding the choice construct,
and then selecting some subset of the answer which satisfies the FD’s. In other words, the
choice is performed at the end of recursion. This observation, together with the known
fact that PEC + [ F'P is equivalent to Datalog [8], [11], allows us to derive immedijately an
interesting corollary of Theorem 7.3, namely that Datalog with static choice and PEC 4+
IFP 4+ W are equivalent query languages.

Theorem 7.4 A query is expressed in Datalog with static choice iff it is expressed in PEC +
IFP +W. a

As shown by Definition 5.3, Datalog with dyunamic choice can produce a total ordering on the
universe, and, therefore, it can also express the inequality query #. Now, if the total-ordering
query could be expressed in Datalog with static choice, then we have to conclude that the
query # can be expressed in PEC + TP +1W—and, by Theorem 7.2, in PEC 4+ IFP, since
# is a deterministic query. But given the equivalence ol Datalog with PEC + [ F P this would
contradict a well known result [19]. Therefore:

Theorem 7.5 The ordering query is inerpressible in Dutaloy with statie choice. a

7.3 Datalog with Dynamic Choice

The next result, which characterizes the expressiveness of eager dynamic choice, has been
proven in [12].

Theorem 7.6 A query is capressed in FO + [FP + W iff it is eapressed in Datalog with
eager dynamic choice. a

As a consequence, we obtain that Datalog with eager choice represents a very powerful
language, inasmuch as it can express all queries in NODB-PTIMFE. Datalog with lazy dynamic
choice is characterized by the W& operator, which is an iustance of the ¥p operator. As a
consequence of Lemma 6.3(1), any computation with the Wp operator is inflationary and,
a fortiori, any query supported by such a computation is polynomial. As a consequence of
- Theorem 7.6, we obtain that any query expressible with lazy dynamic choice is also expressible
using eager dynamic choice, as the latter express all (non deterministic) polynomial queries.

Theorem 7.7 If u query is expressed in Datalog with lazy dynamic choice then it is expressed
in Datalog with eager dynamic choice. A

As a consequernce of Lemma .11, Datalog with lazy dynauic clioice has a monotonic seman-
tics, in the sense that tlie query associated with a lazy dyuauic choice program yields a larger
output when applied to a larger input database. As a cousequence of this fact, the negation
query cannot be computed. Therefore, eager dynatnic clioice is strictly more expressive than
lazy dynamic choice.

Theorem 7.8 The ncgation query is ineapressible in Datalog with lazy dynamic choice. O
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It is immediate to observe that, in the case of prograws wliere all choice rules are non recursive,
all three forms of chojce constructs exhibit the sane semantics. Moreover, by Theorems 7.3
and 7.4 we obtain that every program with static choice iy recursive rules can be reduced tg
an equivalent program where chojce is only used in lion-recursive rules. Therefore:

Theorem 7.9 If a query is expressed in Datalog with static choice then it is expressed in
Datalog with luzy dynamic choice, O

The following table swnmarizes the results presented iy this section, which characterize the
g )

query languages associated wit the various choice operators as a hierarchy of increasingly

higher expressiveness.

Datalog with static choice | =
< 1
l

PEC+IFPY I/q

C
) N

-
FO+1FP+W:]

Datalog with lazy dynaniic choico
| C l

Datalog with eager dyramic chojce | =

I
I
l
|
|

It should be stressed that all extensions of Datalog considered here do not allow the use of
negation-—although negation can be defijed usiug cager dynarmic choice, Greco and Sacca []
showed that Datalog with stratified negation and luzy dynawic choice is yet another language
which express exactly NDB-PTIME

8 Conclusions
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