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Abstract.

The paper describes the numerical techniques implemented in the finite-element code NOSA for
structural analysis of masonry constructions.

The code is then applied to the analysis of “Buti’s bell tower”, a medieval structure located on the
Pisa mountains, under two different conditions: firstly, with the structure subjected to its own
weight alone, and then while subjected to both its own weight and a horizontal load, which models
an earthquake. The displacement and stress fields, as well as the distribution of cracking have been
calculated with NOSA and the numerical results analysed and compared to the actual distribution

of fractures in the tower.
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1. Research aims

Over the last two decades, constitutive models and calculation techniques have become
available that enable realistic description of the static behaviour of masonry structures.
Recent studies [1], [2], [3], [4] have led to a better understanding of the constitutive
equation of the materials not withstanding tension, known in literature as masonry-like
materials. Such equation can realistically reproduce the mechanical behaviour of masonry,
at least regarding certain aspects. Within this framework, masonry is considered to be a
non-linear elastic material, with zero tensile strength and infinite compressive strength.

In order to study real problems, the equilibrium problem of masonry structures can be
solved via the finite-element method. To this end, suitable numerical techniques have been
developed [4], [5], [6] and [7]. They are based on the Newton-Raphson method for solving
the non-linear system obtained through discretising the structure into finite elements. Their
application requires that the derivative of the stress with respect to the strain be explicitly
known, as this is needed in order to calculate the tangent stiffness matrix.

The numerical method studied has therefore been implemented into the finite-element code
NOSA developed at ISTI-CNR [8], [9], which allows determination of the stress state and

the presence of any cracking, and moreover enables modelling to be performed of any



potential consolidation and restoration work, such as, for example, the fitting of chains
[10].

The code has been successfully applied to the analysis of some buildings of historical and
architectural interest, amongst which the chimney of the Vecchi Macelli in Pisa [11], the S.
Nicold’s Motherhouse in Noto [12], the Goldoni Theatre in Livorno [13], the Medici
Arsenal in Pisa [14], [15] and the Baptistery of the Volterra Cathedral [16] deserve special
mention.

In this paper we apply the numerical techniques and the finite-element code NOSA to
studying the structural behaviour of the medieval tower known as “Buti’s bell tower”. The
aim is to highlight the potentialities of this computational tool, which can be used both to
evaluate the safety of masonry monuments, as well as to guide the choice of restoration
operations.

Section 2 deals with the numerical method used for solution of the equilibrium problem of
masonry structures and implemented in the NOSA code. In particular, the constitutive
equation of masonry-like materials and the finite-element procedure implemented in the
NOSA code are briefly recalled. Finally, the brick and shell elements employed to
discretise the bell tower and its vault are described.

In Section 3, after a brief historical note on the bell tower, a geometrical description of the
structure is provided, and an analysis of acting loads carried out. We then take up the
numerical analyses conducted with the NOSA code. Two analyses have been performed:
the first by discretising the bell tower with brick elements, the second with shell elements.
In both cases, the bell tower is subjected to its own weight and a horizontal load that
models the action of an earthquake. According to the guidelines in technical regulations,
the magnitude of the lateral load is 7 % of the total weight [17].

The stress field calculated with NOSA fits in well with the observed distribution of cracks
in the bell tower. The numerical results accurately indicates the presence of fractures in the
tower shaft and their absence in the vault.

The finite-element analysis highlights that the compressive stresses in the structure are
well below the material’s compressive strength, according to the fact that no crushing

fractures are presents in any region of the structure.



2. The numerical method

2.1 The constitutive equation

In order to model the constitutive behaviour of the masonry material, it is assumed to be a
non-linear hyperelastic material with zero tensile strength and infinite compressive
strength. More precisely, it is supposed that the infinitesimal strain E is the sum of two
parts: an elastic part E° and a positive semi-definite inelastic strain E“; E=E°+E“.

Moreover, the stress T, negative semi-definite and orthogonal to E“, depends linearly and

isotropically on E°, T = £ E° + vE tr(E)I, with £ and v the Young’s
I+v (1+v)(1-2v)

modulus and the Poisson’s ratio of the material. Such a material is usually called masonry-

like or no-tension material. It is possible to express the stress tensor T as function of the

total strain E, T = T(E) , with T a non-linear function. By using the coaxiality of E, T and

E®, function T can be easily calculated for both the two- and three-dimensional case.

Tensor E“ can be interpreted as fracture strain. In fact, if E“ is non-null in any region of

the structure, then we can expect fractures to be present in that region. Nevertheless, a

simple analysis of the components of E“ does not generally yield any information about

the direction of eventual fractures. To this end, it should be noted that if for any vector v it

holds thatv-E“v > 0, then v is not necessarily a fracture direction. Nonetheless, there must
surely exist at least one eigenvector q of E“ such that q-E“q >0 and then, by virtue of
the orthogonality of E“ and T, q-Tq=0. Thus, we can infer that if @ is a fracture

surface, then every vector orthogonal to @ is an eigenvector of T corresponding to the
eigenvalue 0. This criterion has been used to reveal the presence and corresponding

direction of fractures in specific regions of the bell tower.

2.2 The finite element procedure
The numerical solution to equilibrium problems of masonry structures is obtained via the

finite-element method. In particular, numerical techniques based on the Newton-Raphson



method are applied to solve the non-linear system obtained by discretising the structure
into finite elements. In order to calculate the tangent stiffness matrix the derivative D ET

of the stress with respect to the strain must be explicitly calculated.

Because of the non-linearity of the constitutive equation, the loads are applied
incrementally to the structure, a technique that has proved to be essential not only to
studying the bell tower in question, but also to the analysis of structures near collapse [5].
The constitutive equation of masonry-like materials and the numerical techniques for the
structural analysis of masonry structures have been implemented in the finite-element code
NOSA. Here, we recall the algorithm implemented in NOSA.

Let us consider the following quantities related to the it iteration of the jth load increment:
u” vector of nodal displacements,

Du"") matrix of the engineering components of D E"i“ ,

K,(u"”)  tangent stiffness matrix,

£ nodal equivalent of the assigned incremental load if i =0;

nodal equivalent of residual load if i > 1,

(.))

e, vector of the engineering components of the total strain,
a G(i"/ ) vector of the engineering components of the fracture strain,
t G(i’j ) vector of the engineering components of the stress,

where the subscript G indicates the Gauss point at which these quantities are calculated.

At the first iteration of the first load increment, u'>"” =0, and D(u®") coincides with the
linear elastic matrix. Let us assume that during the jth load increment, we have calculated
(i)

the displacement u”, the tangent stiffness matrix K,(u"’) and the nodal equivalent

loads £/ corresponding to the ith iteration. We then solve the linear algebraic system

KT(u(i’*’))Au(”j) =) , (1)
in order to determine the displacement u'"” =u"” + Au"” , corresponding to the (i+1)th

iteration.



(i+1,/)

Then, for every Gauss point of every element we calculate the total strain e associate

with the displacement u""""’, and its eigenvalues which are needed to calculate the

. . . i+1,7 . i+1,7 . . .
inelastic strain a """ ; after which we calculate the stress t """ using the constitutive

equation of masonry-like materials described in Section 2.1. Moreover, using the explicit
expression for DE’i“ [5], [6], we arrive at matrix D(u""™""), which may be used as needed
in the next iteration or load increment.

Finally, we calculate the vector of residual loads f“*"” and perform the convergence
check

| f(i+l,j) |

T @)
pui
k=1

if convergence has not been reached, we repeat all operations beginning with the solution

to system (1).

2.3 Numerical modelling

The bell tower has been discretised with eight-nodes brick elements. A further finite
element analysis has been performed using thin shell elements [18], [19], which are
especially well-suited to modelling thin structures, such as vaults, walls, efc. These
quadrilateral eight-node elements are non-conforming: in fact, rotations of the mid-side
nodes are independent of displacements of the corner nodes. Thin shell elements are based
on three hypotheses: that displacements and strains are infinitesimal; the unit vector n,
orthogonal to the mean surface of the shell, maintains its length after deformation; and that
after deformation, the normal vector n becomes the unit vector orthogonal to the mean
surface of the deformed shell (Love-Kirchhoff hypothesis). Moreover, a plane stress state
is assumed.

Let us consider a vault element with thickness 4, Let 7,,77, be an orthogonal co-ordinate
system (not necessarily the principal one) defined on the means surface with £ as the co-

ordinate in the normal direction n. For each point having co-ordinates (7,,7,,¢ ) and for



each unit vector g(a) = (cosa,sin) in the plane tangent to the mean surface, where
a €[ -n/2,12) is the angle formed by g(a) with the direction 7,, let us put
o(a,¢)=g(a) - T()g(a), 3)

where T(¢) is the stress tensor at the point with co-ordinates (7,,7,,¢ ). Thus, the

relations
N@)= [o@{)ds, M@= [o(@{)dd )

respectively define the normal force and the bending moment per unit length

corresponding to g(«). In view of the fact that T is negative semi-definite, N(&) is non-

positive for every «. Let g, =g(0) and g, =g(7/2) be the unit vectors tangent to axes

a,(¢) (<)
7(¢) o,(9)

basis g,.8,, and from (3), the relation

n, and n7, axis, respectively. Thus, we have T({) =[ } with respect to the

o(a,)=0,()cos’a+ o, ($)sin’a + 27(L) sinacosa holds for each a €[ - 7/2, 7/2).

By taking (4) into account, we obtain N(a)= N, cos’a + N, sin’a + N,, sin2a, where

h/2 h/2 h/2

N, = .[01 (©)ds¢, N, = IO‘Z (¢)d¢, N, = jr(g) d{.  Analogously, setting
M = [o/($)¢ds, M, = 1{62@4 d¢, My, = [2({)dS, in view of (4), we have

M(a)=M, cos’a+ M, sin’a+M,, sin2a .

Now, let us exclude that the normal force may be 0 in all directions at any point in the
vault, or in other words, that the equalities N, =N, =N,, =0 hold. For each
a €[ -72,12), let us define the eccentricity corresponding to direction «,

_ M(@)

e(a) N@)

)

Function e(«) is well defined and continuous whenever N(«) # 0. Moreover, as has been

proved in [20], if there exists & such that N(&) =0, then e(«) is a constant function. For



each point (7,,77,) of the mean surface, let o, €[-#/2,7/2) be the value of a (not

necessarily unique) for which the function |e(@)|= ‘M reaches its maximum value.
The quantity
- M
- M@) (©6)
N(a,)

is the maximum modulus eccentricity at point (77,,7,) [20]. The maximum modulus

eccentricity surface (m.m.e.s.) is thus the set of all points with co-ordinates

(771,772,5(77,,772)). Wherever two values ¢, and «, exist which maximise the function

Mia) ith Ma,) = _M(a) , the maximum modulus eccentricity surface is not
N(a) N(e,) N(a))
defined.

In the particular case, frequently encountered in the applications, in which the geometry of
the vault and the loads have axial symmetry, then the eccentricity can only attain its
maximum modulus in the direction of parallels or meridians [20].

It is important to note that, analogous to the line of thrust in the case of arches [21], the
m.m.e.s. corresponding to a negative semi-definite stress field is entirely contained within

the vault. In fact, we have

M@ |=| fol@ ) &< flo@or|de = [lo@olie =2 IN@l, )

where the next to last step is justified by the fact that o(«,{) < 0 for each « and ¢ .

Moreover, if the m.m.e.s. is tangent to the extrados or intrados along a path, this path can
be considered the site of cylindrical hinges. The corresponding rotational axis coincides
with the direction orthogonal to that direction for which the modulus of eccentricity is
maximum. Therefore, under the hypotheses usually accepted for arches (namely, that
masonry possesses infinite compressive strength and sliding failure cannot occur), as the
load increases, vault collapse occurs when the m.m.e.s. is tangent to the intrados and
extrados along paths so as to determine a hinge distribution sufficient to render the vault a

kinematically indeterminate structure. Thus, in dealing with equilibrium problems, the



m.m.e.s. corresponding to internal forces equilibrated with the load can be used to define a

geometrical safety factor similar to that employed for arches [22].

3. Buti’s bell tower

3.1 Brief historical account

The centuries-old bell tower of Buti is located in the Pisa mountains. It presents signs of
various architectural styles. Stratigraphic analyses of the masonry walls and thorough
archive research have highlighted that the structure has changed many times over the
course of history. The tower has built during the Middle Ages, in the late XIth century —
early XIIth century. This original part of the structures is 26 m high and still standing
today. Then during the Renaissance the tower’s height was increased to 28 m by addition
of a belfry. Further modifications came about during the Baroque period, when an
octagonal tambour and vault were added.

Thus, over the centuries the bell tower has undergone considerable changes from a
structural point of view. These modifications have had the effect, not only of increasing its

weight, but also altering the stress field in some parts of the structure as well.

3.2 Description of the geometry

Buti’ bell tower is a square-based prism surmounted by an octagonal brickwork tambour,
which supports a vault, for a total height of 34 m. Its external dimensions vary from about
6,9 m x 6,75 m at the base, to 6,5 m x 6,5 m at the belfry level. The stonework of the bell
tower is made of verrucano stone, a white-rose quartzite, probably mined from local

quarries.
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Figure 1. Buti’s bell tower.

The walls are 1,68 m thick at the base, but taper to 1 m at 22 metre’s height, due to two
offsets in the masonry within the construction and a gradual reduction in thickness up to
the belfry. The northern and eastern sides are free-standing, while the south abuts the
church, and a building leans against the west side, up to a height of 11 m.

A brick cross vault was built at a height of about 22 m, and acts as the floor of the belfry.
This latter is square in cross section, with about 4,5 m sides and a thickness 1 m. It is made
of stone masonry complemented by brickwork. Four gothic style, bricks-lined double
lancet windows open on each of the bell tower’s sides. An 2 m-high octagonal tambour,
with a thickness of about 0,45, m is set on the square-based prism by means of four brick
brackets located on the vertices of the prism. The tambour supports the vault, which has
diameter of about 5 m, and thickness of a header. The vault is strengthened by ribs and has

a lantern set at its top.
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3.3 Crack distribution within the structure

Several parts of the bell tower, particularly the masonry structure, are in a clear state of
deterioration.  Externally, the facing walls of all four sides of the structure bear
longitudinal full-width cracks running from the base of the bell tower up to the belfry
(Figures 2, 3 and 4). These cracks are also clearly visible from the inside (Fig. 4), and
some of them bear the marks of previous stuccoworks testifying to their evolution over
time. The stone architraves of the original openings, made of verrucano blocks, presents
cracks over one centimetre wide, some of which have been filled with mortar and

subsequently reopened.
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Figure 2. Crack distribution in the bell tower, external side.

Figure 3. Crack distribution through the clock.
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Figure 4. Crack distribution in the bell tower, internal side.

On the southern side (Fig. 3) the vertical crack running along the wall in its centre splits
the clock-face above into two parts, and reaches the pentagonal architrave of the original
main entrance below. The stuccowork is made from different kinds of mortar, thereby
allowing the cracks to be dated to remote times. As for the belfry, wide cracks are visible
in the pointed arches, at the crown, as well as in the round arches, at the haunches.
Moreover, many bricks have clearly undergone detachment. The vault does not exhibit any
clear signs of cracking.

On the whole, the bell tower presents neither significant deformations, nor deviations of

the edges from the vertical, nor even yielding or rotations of the structure.

4. Finite-element analysis of the bell tower

Two kinds of finite-element analyses have been performed: in the first case, the bell tower
was discretised using eight-nodes brick elements, while in the second, shell elements were
employed, with the aim of focusing attention on the behaviour of the vault. For the sake of
brevity, henceforth, we shall refer to the analysis conducted using brick elements as
analysis 1, and that conducted with shell element as analysis 2.

In analysis 1 the bell tower was discretised with 2920 elements, corresponding to 2135
nodes and 6405 degree of freedom (Figure 5). The geometry of the finite-element model
coincides with the geometry of the construction. The thickness of the masonry varies from
1,68 m at the base to 1 m at the level of the belfry, while the belfry has a constant thickness
of 1 m. The tambour of the vault was divided into three rings of 0,8 m height and a
constant thickness of 0,35 m. The vault was discretised with 192 variable thickness
elements, from a maximum of 0,35 m to a minimum of 0,11 m at the top. For the sake of
simplicity, the lantern has not been modelled, but accounted for by applying a load equal to
the its weight distributed on the top of the vault.

In analysis 2 the bell tower has been discretised with 824 elements.
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Inc 1
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Time: 0.000=+000 MSC 2,

Il campanile di Buti: modello 3d. W/LY

Figure 5. The bell tower, finite-element mesh.

As for the boundary conditions, the base of the bell tower is fixed and the contribution of
adjoining constructions assumed to be negligible; consequently, they have not been
considered in the analysis.

Two load distributions have been considered. In the first case the bell tower was studied
under the action of its own weight; while in the second case, an equivalent static analysis
was conducted, in which the bell tower is subjected to its weight as well as a horizontal
load that models a seismic action. Such loads were assigned incrementally, the following
specific weights have been considered

p=1800 daN/m’ for the brick masonry of the tambour and vault,

p =2000 daN/m” for the verrucano stone masonry and bricks making up the belfry,

p = 2200 daN/m’ for the verrucano stones of the vertical walls.

The weight of the lantern is 800 daN.
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The static load equivalent to an earthquake has been calculated on the basis of the Italian
ministerial decree 16-1-1996 [17]. The seismic action is assumed to be a system of
horizontal forces acting along the x direction. The vertical effects of the earthquake are

neglected. The resultant of the horizontal forces is given by the expression
F,=CRIW,

with

C= % the seismic intensity coefficient,

S = 9 the seismicity degree of the site,

R =1 the response coefficient relative to the direction of the forces,
1= 1 the coefficient of seismic protection,

W =1673000 daN the weigth of the structure.

Thus, it holds that F, = 117110 daN.

In analysis 1 the load is uniformly distributed along the x direction on the shaft and belfry;

t
U7 _ 6 708 — = 0,0708 daN/em?

the corresponding force per unit area is s =
P g P 27x6,13 m’

At the first increment the weight of the structure has been applied; subsequently, the
horizontal load has been split into 100 increments.

In analysis 2, the horizontal load is applied to the whole structure as a force per unit
volume, v=1,5326 10~ daN/ cm’.

In both analyses, Young’s modulus and the Poisson’s ratio have been assumed to be same
for all the materials making up the bell tower. In particular, we have taken £ = 32000
daN/cm? and v =0,1.

Figure 6 shows the x component of the displacement field in the structure subjected to its
own weight. The displacement of the shaft is a few mm, and the maximum values are
reached at the top of the belfry and at the base of the vault, where they reach about 0,015
mm. Due to the symmetry of both the geometry and loads, the y component of the
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displacement behaves in a similar fashion. As for the z component, the maximum lowering
is experienced by the top of the vault and the keystone of the window arches. The
displacement of the top of the vault is about 0.015 m, and that of the arches’ keystone
exceeds 0,02 m (fig. 7). By inspecting the structure of the windows, it can be observed that
the double lancet window is not well toothed to the round arch that bounds the window
(Figure 1). This fact suggests that the double lancet windows were added to the round
arches some time after the tower’s constructions, probably with the aim of containing the

strains of the round arches, like a prop.
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Figure 6. Displacement u_ due to the structure’s own weight (load increment 1).
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If the horizontal seismic load is then accounted for, the lowering at the crown increases to
about 0,035 m. As for the x component of the displacements, the maximum value is
reached near the base of the vault, in the same direction of the seismic load and equals
0,037 m (Figure 8).

Let us now analyse the stress field due to the weight. At the first increment, component

o_. of the stress tensor takes on values far lower than the compressive strength of the

material. The tower’s base, in particular the vertices of the external faces, bear the
maximum compressive stresses, whose values are around 9 daN/cm® (Figure 9). Stress

peaks are limited to the springings of the window arches; where the value of o_ is 17

daN/cm?, still below the compressive strength of masonry. In the presence of the

horizontal load, the stresses reach values of 17 daN/cm® at the leeward vertices of the

base, while the windward vertices are subjected to a decrease in stress, down to about 3

daN/cm?® (Figure 10).

The stress field calculated by NOSA matches the crack distribution in the bell tower quite
well; no crushing fractures are presents in any region of the structure, then, the
compressive strength is not reached anywhere. The numerical analysis indicates the
presence of fractures in the shaft, in particular Figures 1la and 11b show the crack
distribution in the leeward wall orthogonal to the seism direction. By using the procedure
described at the end of Section 2.1, vertical fractures are revealed in the same positions of
the fractures actually existing in the bell tower (Figures 2 and 3), precisely, in the middle

of the wall (Figure 11a) and at the haunches of the round arch (figure 11b).
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Figure 11a. Cracks in the shaft at Figure 11b. Particular of Fig. 11a.

load increment 101.
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The results of analysis 2 are similar to those of analysis 1. However, using shell elements
has allowed the behaviour of the vault to be studied as well. The actual bell tower vault has
no fractures. The numerical results confirm this situation: Figure 12 depicts the maximum
modulus eccentricity surface in a web, when the structure is subjected to its own weight.
Figure 13 shows the behaviour of the line of thrust in a section of the vault, obtained via
intersection the middle of two opposite webs with a vertical plane. The line of thrust is
entirely contained within the middle third of the vault. The results of the numerical
analysis conducted by applying the horizontal seismic load reveal that the maximum

modulus eccentricity surface continues to be contained within the middle third.

g 1 000000e+001
T:500000e+000

A 000000e+000;

2 500000+000-
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| 7 500000=-+000)
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Figure 12. Maximum modulus eccentricity surface in a web of the vault under the action

of its own weight.
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INTRADOSSO ED ESTRADOSSO DELLA CUPOLA

CURVA DELLE PRESSIONI

LINEA MEDIA

Figure 13. Line of thrust (red line) in a section of the vault under the action of its own

weight.

5. Conclusions

After describing the numerical techniques implemented in the finite-element code NOSA
for structural analysis of masonry constructions, we exemplify application of the code in
an analysis of Buti’s bell tower, a deteriorating medieval structure located in the Pisa
mountains. Two different analyses have been performed: firstly, with the bell tower
subjected to its own weight alone, and then with the structure subjected to both its own
weight and a horizontal load, which models a seismic action.

The numerical results obtained via NOSA are in good agreement with the actual
distribution of cracking in the bell tower.

Finite-element modelling is an useful tool for understanding the causes of crack formation
on masonry structures. In particular, this study has highlighted the importance of numerical
analysis in the process of structural recovery and reinforcement of age-old masonry

constructions. In fact, as application of the NOSA code allows modelling several possible
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strengthening strategies and consequently, determining the response of the structure to
each, it can guide the choice of the most suitable consolidation operations for a specific

structure.
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