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Abstract. In this paper we study Pattern Discovery Query Language
and optimizations in the context of a Logic-based Pattern Discovery Sup-
port Environment. i.e., a flexible discovery system with capabilities to
obtain, maintain, represent, and utilize both induced and deduced knowl-
edge. In particular, since frequency provides support to any extracted
knowledge, we focus our investigation on frequent pattern queries: this
kind of query is at the basis of many mining tasks, and it seems ap-
propriate to be encapsulated in a pattern discovery system as a primi-
tive operation. We introduce an inductive language for frequent pattern
queries, which is simple enough to be highly optimized and expressive
enough to cover the most of interesting queries. Then we define an op-
timized constraint-pushing operational semantics for our inductive lan-
guage. This semantics is based on a frequent pattern mining operator
which is able to exploit as much as possible the given set of constraints.

1 Introduction

Recently two different kinds of structures sought in data mining have been iden-
tified: models and patterns. The first of these, models, are high level, global,
descriptive summaries of data sets. Patterns, on the other hand, are local de-
scriptive structures. Patterns may be regarded as local models, and may involve
just a few points or variables; i.e. they are descriptions of some small part of
the data, instead of overall descriptions. Accordingly, Pattern Discovery has a
distinguished role within data mining technology.

In particular, since frequency provides support to any extracted knowledge, it
is the most used and maybe the most useful, measure of interest for the extracted
patterns. Therefore during the last decade a lot of researchers have focussed their
studies on the computational problem of Frequent Pattern Discovery, i.e. mining
patterns which satisfy a user-defined minimum threshold of frequency [1,11].

The simplest form of frequent pattern is the frequent itemset: given a database
of transactions (a transaction is a set of items) we want to find those subsets of
transactions (itemsets) which appear together frequently. Recently the research
community has turn its attention to more complex kinds of frequent patterns
extracted from more structured data: sequences, trees, and graphs. All these
different kinds of pattern have different peculiarities and application fields, but
they all share the same computational aspects: a usually very large input, an



exponential search space, and a too large solution set. This situation — too many
data yielding too many patterns — is harmful for two reasons. First, performance
degrades: mining generally becomes inefficient or, often, simply unfeasible. Sec-
ond, the identification of the fragments of interesting knowledge, blurred within
a huge quantity of mostly useless patterns, is difficult.

Therefore, the paradigm of constraint-based mining was introduced. Con-
straints provide focus on the interesting knowledge, thus reducing the number
of patterns extracted to those of potential interest. Additionally, they can be
pushed deep inside the pattern discovery algorithm in order to achieve better
performance [5,3,4,12,9,10, 13, 15-18].

According to this paradigm, the data analyst must have a high-level vision
of the pattern discovery system, without worrying about the details of the com-
putational engine, in the very same way a database designer has not to worry
about query optimizations. The analyst must be provided with a set of primitives
to be used to communicate with the pattern discovery system, using a Pattern
Discovery Query Language. The analyst just needs to declaratively specify in
the pattern discovery query how the desired patterns should look like and which
conditions they should obey (a set of constraints). Indeed, the task of compos-
ing all constraints and producing the most efficient mining strategy (execution
plan) for the given pattern discovery query should be left to an underlying query
optimaizer.

Such a rigorous interaction between the analyst and the pattern discovery
system, can be achieved by means of a set of pattern discovery primitives, that
should include:

— the specification of the source data,

the kind of pattern to be mined,

— background or domain knowledge,

constraints that interesting patterns must satisfy,
— interestingness measures for patterns evaluation,
the representation of the extracted patterns.

Providing a query language capable to incorporate all these features may
result, like in the case of relational databases, in a high degree of expressiveness
in the specification of pattern discovery tasks, a clear and well-defined separation
of concerns between logical specification and physical implementation of such
tasks, and easy integration with heterogeneous information sources.

Clearly the implementation of this vision presents a great challenge. A path
to this goal is indicated in [14] where Mannila introduces an elegant formalization
for the notion of interactive mining process: the term inductive database refers
to a relational database plus the set of all sentences from a specified class of
sentences that are true of the data.

Definition 1. Given an instance r of a relation R, a class £ of sentences (pat-
terns), and a selection predicate ¢, a pattern discovery task is to find a theory

Th(L,r,q) = {s € L|q(r,s) is true}



The selection predicate q indicates whether a pattern s is considered interesting,
and it is defined as a conjunction of constraints defined by the analyst. In other
words, the inductive database is a database framework which integrates the raw
data with the knowledge extracted from the data and materialized in the form
of patterns. In this way, the knowledge discovery process consists essentially in
an iterative querying process, enabled by a query language that can deal either
with raw data or patterns.

1.1 Logic-based Pattern Discovery Support Environment

The notion of inductive database fits naturally in rule-based languages, such as
deductive databases [7]. A deductive database can easily represent both exten-
sional and intensional data, thus allowing a higher degree of expressiveness than
traditional relational algebra. Such capability makes it viable for suitable repre-
sentation of domain knowledge and support of the various steps of the pattern
discovery process. The last consideration leads to the definition of a Logic-based
Pattern Discovery Support Environment as a deductive database programming
language equipped with inductive rules for patterns extraction. The main idea
of the previous definition is that of providing a simple way for modelling the key
aspects of a pattern discovery query language:

— the source data and the background knowledge are represented by the rela-
tional extensions;

— deductive rules provide a way of integrating background knowledge in the
discovery process, pre-processing source data, post-processing and reasoning
on the newly extracted knowledge;

— inductive rules provide a way of declaratively invoking mining procedures
with explicit representation of interestingness measures and constraints.

(Inductive rules)
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Fig. 1. The vision of Logic-based Pattern Discovery Support Environment.



The main problem of a deductive approach is how to choose a suitable repre-
sentation formalism of the inductive part, capable of expressing the correspon-
dence between the deductive part and the inductive part. More specifically, the
problem is how to formalize the specification of the set £ of patterns in a way
such that each pattern s € Th(L,r,q) is represented as an independent (logical)
entity (i.e., a predicate) and each manipulation of r results in a corresponding
change in s.

A first attempt to define inductive rules on a deductive database is in [7].
In this work the notion of inductive rules in a deductive framework is ele-
gantly defined by means of user-defined aggregates on the Datalog++ logic-
based database language and its practical implementation, namely the LDL++
deductive database system. The resulting system has been named £LDL-Mine .
For lack of space, we shall omit a presentation of LDL++, and confine our-
selves to mention that it is a rule-based language with a Datalog-like syntax,
and a semantics that extends that of relational database query languages with
recursion [8].

The main drawback of using user defined aggregates as a mean to define in-
ductive queries is the atomicity of the aggregate that makes us loose optimization
opportunities. For instance, in order to exploit constraints to reduce the search
space of the mining algorithm one should redefine the mining aggregate for any
particular constraint and query. This requires nontrivial programming effort for
the analyst and however, constraints satisfaction would be behind the query
level, thus losing the transparency which is one main requirement of inductive
database.

Trying to overcome these limitations, we define a new language of inductive
queries on top of a deductive database. In our framework an inductive rule is
simply a conjunction of sentences about the desired patterns:

— These sentences are taken form a specified class of sentences and they can
be seen as mining primitives, computed by a specialized algorithm (and not
by aggregates as in the previous approach).

— The set of all admissible sentences is just some “syntactic sugar” on top of
an algorithm. The algorithm is the inductive engine.

— Each sentence can be defined over some deductive predicates (relations)
defining the data source for the mining primitive.

Therefore, in this setting we have a clear distinction between what must
be computed by deductive engine (deductive rules) and what by the inductive
engine (inductive rules). Moreover we clearly specify the relationship between
the inductive and the deductive part of an inductive database: the deductive
engine feeds the inductive engine with data sources by means of the deductive
predicates contained in the inductive sentences; the inductive engine returns
in the deductive database predicates representing patterns that satisfy all the
sentences in the inductive rule. Having a well defined and restricted set of possible
sentences allows us to write highly optimized algorithms to compute inductive
rules.



The paper is organized as follows: in the next Section we briefly review the
frequent pattern mining problem with constraints. In Section 3 going through
a rigorous identification of all its basic components we provide a definition of
frequent pattern query, i.e. a query defining a frequent pattern mining task
over a relational database. In Section 4 we introduce our language of inductive
rules modelling frequent pattern queries, then in Section 5 we provide a naive
semantics based on a generate-and-test (generate frequent patterns, test which
ones satisfy the given set of constraints) computational approach. Finally in
Section 6 we provide a constraint-pushing optimized operational semantics for
our inductive queries. Such semantics is based on the state-of-art of constrained
frequent pattern mining algorithms, and exploits constraints in order to reduce
the computation as much as possible.

2 Frequent Pattern Mining

Definition 2 (Frequent Pattern Mining). Let Z = {z1,...,2,} be a set of
distinct literals, usually called items, where an item is an object with some
predefined attributes (e.g., price, type, etc.). An itemset X is a non-empty subset
of Z.If | X| = k then X is called a k-itemset. A constraint on itemsets is a function
C: 2% — {true, false}. We say that an itemset I satisfies a constraint if and only
if C(I) = true. We define the theory of a constraint as the set of itemsets which
satisfy the constraint: Th(C) = {X € 27 | C(X)}. A transaction database D is a
bag of itemsets t € 27, usually called transactions. The cover of an itemset X in
database D, is the set of transactions in D which are superset of X: covp(X) =
{t e D |t 2> X}. The support of an itemset X in database D, denoted suppp(X),
is the cardinality of covp(X). Given a user-defined minimum support o, an
itemset X is called frequent in D if suppp(X) > o. This defines the minimum
frequency constraint: Cjreqip,01(X) < suppp(X) > 0. When the dataset and
the minimum support threshold are clear from the context, we indicate the
frequency constraint simply Cyreq. Thus with this notation, the frequent itemsets
mining problem requires to compute the set of all frequent itemsets Th(Creq).
In general given a conjunction of constraints C the constrained frequent itemsets
mining problem requires to compute Th(Cyreq) N Th(C).

Ezample 8 (Market Basket Analysis). The most natural way to think about a
transaction database is the sales database of a retail store, where the content
of each basket appearing at the cash register is recorded. In this context a
transaction (tid, X) represents a basket identifier and its content. A transac-
tion database can be represented also as a relational table as shown in Figure
2(a). In that table a transaction or basket identifier is not explicitly given, but
for instance, one could use the couple (date, cust) to indicate it. If our rela-
tional language allows set-valued fields, we can have the same relation in its
transactional representation as in Figure 2(b).

In classical frequent pattern mining, the popular Apriori algorithm [1] ex-
ploits an interesting property of frequency for pruning the exponential search
space of the problem: whenever the support of an itemset violates the frequency
constraint, then all its supersets can be pruned away from the search space,
since they will violate the frequency constraint too. This property of frequency
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Fig. 2. (a) A sample sales table and (b) one of its transactional representations; (c)
the product table.

is called anti-monotonicity (see Definition 4) and is the basis of the breadth-
first level-wise (from small itemsets to large itemsets) Apriori exploration and
pruning of the search space.

Definition 4 (Anti-monotone constraint). Given an itemset X, a constraint
Cam is anti-monotone if VY C X : Cap(X) = Cam(Y).

As already stated frequency is clearly an anti-monotone constraint. Many other
kind of constraints with the same nice property can be defined. For instance
one could be interested in mining frequent itemsets with a total sum of prices
< 508%: this constraint is anti-monotone because any itemset that already has a
sum of prices greater than 50$ will never produce a solution. Adding more items
to the itemset will simply make it more expensive, so it will never satisfy the
constraint. Such constraints can be pushed deeply down into the frequent pattern
mining computation since they behave exactly as the frequency constraint: if
they are not satisfiable at an early level (small patterns), they have no hope of
becoming satisfiable later (larger patterns). Moreover, since any conjunction of
anti-monotone constraints is anti-monotone as well, they can be exploited all
together, in the same way of frequency, to prune the search space. The more
anti-monotone constraints the user specifies, the more selective the search will
be.

The case is more subtle for constraints which exhibit the opposite property
to anti-monotonicity.



Definition 5 (Monotone constraint). Given an itemset X, a constraint Cy;
is monotone if: VY 2 X : Cpr(X) = Cy(Y).

Since the frequency computation moves from small to large patterns, we can not
push monotone constraints directly in it. At an early stage, if an itemset is too
small or too cheap to satisfy a monotone constraint, we can not yet say noth-
ing about its supersets. Perhaps, just adding a very expensive single item to the
itemsets could raise the total sum of prices over the given threshold, thus making
the resulting itemset satisfy the monotone constraint. For this reason the mono-
tone constraints have always been considered “hard to push”, until the recent
proposal of ExAnte [5]. In that work we have shown how monotone constraints
can be exploited together with the frequency constraints by means of data-
reduction. A transaction which does not satisfy a monotone constraint (recall
here that a transaction is an itemset) can be deleted by the transaction database.
This way, pushing monotone constraints does not reduce anti-monotone pruning
opportunities, on the contrary, such opportunities are boosted. Dually, push-
ing anti-monotone constraints boosts monotone pruning opportunities: the two
components strengthen each other recursively. This idea has been generalized as
Apriori-like computation in ExAMiner [4].

In [15] another class of constraints easy to exploit in order to reduce the com-
putation, is introduced. Succinctness is an interesting property that characterize
constraints for which pruning can be done once-and-for-all before any iteration
takes place, thereby avoiding the generate-and-test paradigm.

Informally, a succinct constraint Cg is such that, whether an itemset X sat-
isfies it or not, can be determined based on the singleton items which are in X.
Informally, given A;, the set of singleton items satisfying a succinct constraint
Cg, then any set X satisfying Cg is based on A; , i.e. X contains a subset be-
longing to A; (for the formal definition of succinct constraints see [15]). A Cg
constraint is pre-counting pushable, i.e. it can be satisfied at candidate-generation
time: these constraints are pushed in the level-wise computation by substitut-
ing the usual generate_apriori procedure, with the proper (w.r.t. Cg) candidate
generation procedure.

In Section 6 we describe how these properties of constraints are exploited by
the optimized operational semantics of our framework.

3 Frequent Pattern Queries

In this Section going through a rigorous identification of all its basic components
we provide a definition of frequent pattern query, i.e. a query defining a frequent
pattern mining task over a relational database D.

Definition 6 (Mining View). Given a database D a relation V derived from
preds(D), explicitly indicated in the frequent pattern query as data source, is
named mining view.

Definition 7 (Transaction id). Given a database D and a relation V derived
from preds(D). Let V with attributes sch(V) be our mining view. Any subset of
attributes 7 C sch(V) can be used as transaction id.



Definition 8 (Circumstance attribute). Given a database D and a relation
V derived from preds(D). Let V with attributes sch()) be our mining view. Given
a subset of attributes 7 C sch(V) as transaction id, we define any attribute
A € sch(R) where R is a relation in preds(D) circumstance attribute provided
that A ¢ 7 and the functional dependency 7 — A holds for in D.

Definition 9 (Item attribute). Given a database D and a relation V derived
from preds(D). Let V with attributes sch(V) be our mining view. Given a subset
of attributes 7 C sch(V) as transaction id, let Y = {yly € sch(W\T AT — y
does not hold}; we define an attribute A € Y an item attribute provided the
functional dependency 7.4 — Y\ A holds in D.

Proposition 10. Given a relational database D, a triple (V,T,T) denoting the
mining view V, the transaction id T, the item attribute T, uniquely identifies a
transactional database, as defined in Definition 2.

Definition 11 (Descriptive attribute). Given a database D and a relation
V derived from preds(D). Let V with attributes sch(V) be our mining view.
Given a subset of attributes 7 C sch(V) as transaction id, and given A as item
attribute; we define descriptive attribute any attribute X € sch(R) where R is
a relation in preds(D), provided the functional dependency A — X holds in D.

Consider the mining view: sales(tID, locationID, time, product, price)
where each attribute has the intended semantics of its name and with tID acting
as the transaction id. Since the functional dependency {tID} — {locationID}
holds, locationID is a circumstance attribute. The same is true for time. We also
have {tID, product} — {price}, and {product} — {price}, thus product is
an item attribute, while price is a descriptive attribute.

Note that, from the previous definitions, transaction id and the item attribute
must be part of the mining view, while circumstance and descriptive attributes
could be also in other relations. Constraints, as introduced in the previous sec-
tion, are defined on item attributes and descriptive attributes. Constraints over
the transaction id or over circumstance attributes are not real constraints since
they can be seen as selection conditions on the transactions to be mined and
thus they can be satisfied in the definition of the mining view. Next definition
lists all kinds of constraint that we admit in our framework.

Definition 12 (Bound constraints). Given a database D, a mining view
V(t,4,...) where t indicates the transaction id and i denotes the item attribute,
a relation P(i,...,d) € preds(D) where d indicates a descriptive attribute, all
kinds of constraint admitted in a frequent pattern query are listed in Figure 3.
The following notation is adopted:

— s is an itemset;

- ai,...,a, are items;

— dy,...,d, are numeric constants of a descriptive attribute;
m is a numeric constant;



Constraint Description

s 2 {a1,...,an} itemset contains
sCHai,...,an} itemset domain
|s|@m cardinality constraint
sd 2D S descriptive attribute contains
sd C S descriptive attribute domain
aggr{d|i € s P(i,...,d)} 6 m|aggregate on descriptive attribute

Fig. 3. Bound constraints for frequent pattern query.

— S is a set-valued or discrete constant;
-0 S {S7 Za :}
— aggr € {min, max, sum, avg, count, range}

Definition 13 (Frequent pattern query). Given a database D, a frequent
pattern query is a quintuple (V,7,Z,0,C) denoting the mining view V), the
transaction id 7, the item attribute Z, the minimum support threshold o, and
a conjunction of bound constraints C.

The result of a frequent pattern query is a binary relation recording the set
of itemset which satisfy C and are frequent in the transaction database (V,7,Z)
w.r.t. ¢ and their supports:

freqy r1.00)I,8) ={(,8)|C(I) N suppy11y(I) =S NS>0}

Ezample 14. A frequent pattern query for the sales table in Figure 2 (a), and
the product table in Figure 2 (c¢), querying itemsets having a support > 3
(transactions are made grouping by customer and date), and having a total
price > 30, could be simply defined as:

fTBQ<sales,{date,cust},itemﬁ,sum{p\iEI/\product(i,p,t)} > 30) (I7 S) = {(I7 S) |
sum{p | i € I/\pTOdUCt(iap, t)} > 30 A SUPD (sales,{date,cust},item) (I) =SAS > 3}

The result of such query is a relation (I,S) with the following two entries:
({beer, wine},4) and ({beer, wine, chips},3).

4 Inductive Rules for Frequent Pattern Queries

In this Section we provide the syntactic sugar to express the frequent pattern
queries defined above. As already stated, in our language we drop the wuser-
defined aggregates approach of LDL-Mine [7]7, and we define an inductive rule
simply as a conjunction of sentences about the desired patterns (a conjunction
of constraints).

In the following we provide a brief overview of the terms of our language to
express frequent pattern queries. For the full syntax of our language, as well as
for the definition of safe rules, see [2].

Definition 15. An inductive rule is a rule H «— By,... B, such that:

— Bi,...B, is a conjunction of inductive sentences, possibly containing deduc-

tive predicates.
— H is the predicate representing the induced pattern.



Since we are modelling frequent pattern queries, a frequency inductive sentence
will always be present in the body of an inductive rule.

Definition 16 (Frequency inductive sentence). Let P be a variable for the
induced frequent pattern, and D a transaction database (a set of sets), then
freq(P, D) is the frequency inductive sentence which computes suppp(P).

Since we are dealing with frequent itemsets, sets will be first class citizens on
which inductive sentences will be defined. For the same reason, traditional set
operations (C, €, ¢) will be useful to write inductive rules. A set can be a set of
numbers, a set of strings, a set of variables or a set of sets. Moreover, since we
want to compute patterns from transaction databases which can be in relational
form, a set of sets can be built by grouping values of an attribute, as in the
following Definition.

Definition 17 (Pseudo-aggregation sentence). Given a relation R such that
X € sch(R) and Y C sch(R). The sentence (X|Y) denotes the pseudo aggrega-
tion on attribute X grouping by attributes in Y.

In other words, if the term (I|{D,C}) appears in an inductive rule containing the
predicate sales(D,C,I,Q); it corresponds to the pseudo-aggregate defined by
the Datalog++ deductive rule:

sales(D,C, (I)) « sales(D,C,I,Q).

which transforms the table in Figure 2(a) in the table in Figure 2(b).

Finally, in our inductive query language we need to express aggregates on
descriptive attributes, in order to write constraints as those ones introduced in
the previous section. The following example clarifies the relationship between
the inductive and the deductive part of an inductive database, as well as the
difference between the aggregate-based approach [7] and our framework.

Ezxample 18. Consider the frequent pattern query in Example 14: find itemsets
having a support > 3 (transactions are made grouping by customer and date),
and having a total price > 30.

In our framework we have two choices:

1. write an inductive rule to compute all frequent itemsets having a support
> 3 and a deductive to selects those frequent itemsets which satisfy the
constraint of having a total price > 30;

2. write the constraint directly in the body of the inductive rule defining the
interesting patterns.

By a semantical point of view the two approaches are equivalent: they give the
same result. By a purely computational point of view the first choice corre-
sponds to a generate-and-test approach, while the second choice corresponds to
a constraint pushing approach which is much more efficient.



In the aggregate-based approach of LDL-Mine only the first choice is pos-
sible. We need a pseudo-aggregate rule to de-normalize the data source, the
inductive rule based on the user defined patterns aggregate, a rule based on
the sum aggregate to compute total sum of prices, and finally a rule to select
the resulting patterns.

sales(D,C, (I)) — sales(D,C,I,Q).
freqPatt(patterns((3,S))) < sales(D,C,S).

sumFP(S, N, sum(P)) — freqPatt(S,N),item(L, T,P), member(L,S).
answer(S,N) — sumFP(S, N, SP), SP >= 30.

In our language, we can express that query with the following inductive rule:

freq_patt(S,N) < N = freq(S,X), X = (I|{D,C}), sales(D,C,I,Q),
N>=3, L €8, sum(P,product(L,P,T)) >= 30.

Observe how in this rule all the basic components of a frequent pattern query
are expressed. First of all we have the mining view declaratively indicated as a
predicate in the body of the rule. Then we have the transaction id expressed in
the right part of the pseudo-aggregation term, and the item attribute in the left
part. Moreover we have two variables to indicate computed patterns and their
support, which is constrained to be no less than a given min-sup threshold.

One could wish to return as result of a frequent pattern query additional
information regarding the induced pattern. Therefore we allow inductive rules
with more than two variables in the head. For sake of consistency, the additional
variables must be aggregated at the itemset level. In other words, only variables
describing aggregation of descriptive attributes are allowed.

For instance, we can ask to return together with itemsets and their supports,
also the total sum of prices of an itemset:

freq_patt(S,N,TP) « N = freq(S,X), X = (I|{D,C}), sales(D,C,I,Q), N >= 3,
L €8, TP = sum(P, product(L,P,T)), TP >= 30.

As suggested by Example 18, each inductive rule is equivalent to one or more
Datalog++ deductive rules. This observation is used to provide a declarative
formal semantics for our language. In [2] formal semantics of the new inductive
rules is provided by showing that exists a unique mapping from each safe in-
ductive rule of the language to a Datalog++ program with aggregates (we shall
omit details for lack of space). Thanks to this mapping we can define the formal
declarative semantics of an inductive rule as the iterated stable model of the
corresponding Datalog++ program [8].

The next example shows how to define an association rules mining tasks in
our framework. More complex examples of frequent pattern queries can be found
in [2].

Ezample 19 (Association Rules). It is well known that the task of computing
association rules is performed by dividing it in two subproblems. In the first one,



which is the real mining task, itemsets which are frequent for the given minimum
support threshold are computed. In the second subproblem, which can be seen
as a post-processing filtering task, the available association rules, for the given
confidence threshold, are extracted from the frequent itemsets computed during
the mining phase. In our framework we compute frequent itemsets by means
of an inductive rule, and association rules by means of a deductive Datalog++
rule.

Suppose we want to compute simple association rules from the table in Fig-
ure 2(a), grouping transactions by day and customer, and having support more
than 4 and confidence more than 0.6. The first rule is an inductive rule which
defines the computation of patterns with an absolute support greater than 4.

freqPatt(Set, Supp) «— Supp = freq(Set,X), sales(D,C,I,Q),
X = (I{D,C}), Supp >= 4.

rules(Left,Right, Supp, Conf) < freqPatt(A, Supp), freqPatt(R,S;),
subset(R,A),difference(A,R,L),
Conf = Supp/S1,Conf >= 0.6.

The second rule is a Datalog++ deductive rule which computes the available
association rules from the frequent itemsets (the result of the evaluation of the
first rule is in Figure 4(a), while the result of the evaluation of the second rule
is in Figure 4(b)).

St

{beer] 6 |[Left |Right [Supp|Conf]
glllrlfe)? E {peer}[{chips}[ 4 [0.66
{pasta} 5 {beer}|{wine} 4 |0.66
{beer,chips}| 4 {wine}|{beer} 4 0.82
{beer,wine} 4

(b)
(a)

Fig. 4. (a) The freqPatt table and (b) the rules table which are the result of the
evaluation of rules in Example 19.

5 Naive Operational Semantics

As a first step towards the definition of an optimized operational semantics,
in this section we introduce some basic operators, and we provide a first naive
operational semantics. Such semantics, exploits the minimum support threshold
to prune the search space of all patterns, using a mining algorithm such as
Apriori. All the other constraints are just checked, but not pushed deep inside
the computation.

Definition 20 (Naive Operational Semantics). Given an inductive rule r,
we define:

— the safety checking operator SC(r) as a boolean operator which check the
safety of r;



— the rule parser operator RP(r) as an operator which produces the fre-
quent pattern query definition corresponding to a safe rule r: RP(r) —
frequrzoc)(te,. - tn)

— the database querying operator Q(X) as the operator which allows the in-
ductive engine to query X to the deductive database;

— the frequent pattern miner operator M(MV,7,Z,0) — S, as the mining
algorithm, which computes the frequent itemsets for the given mining view
and support threshold;

— the constraints checking operator, CC(S,C, (t1...t,)) — S’ as the operator
which deletes from the set of patterns S, those ones that do not satisfy the
conjunction of constraint C, and prepares the remaining ones for the answer,
with the information (¢1...t,).

Naive operational semantics of an inductive rule r

1. if SC(r)

2. then

3. RP(r) — frequw,r.z,0,c)(t1,-- . tn);
4. oV) — MV,

5. MMV, T,I,0) — S,

6. CC(S,C,(t1...tn)) — S

7. return S’

8. else return unsafe rule

Fig. 5. Naive operational semantics of an inductive rule r.

Therefore a naive operational semantics for our inductive rules can be defined as
in Figure 5. In the next section we will improve such a naive semantics, trying
to push constraints deep inside the computation.

6 Constraint Pushing Optimization

In Section 2 we have briefly reviewed constraints in frequent pattern mining and
their properties. Such properties can be exploited for pruning the search space,
and hence obtaining an optimized evaluation of frequent pattern queries. Follow-
ing this approach, we systematically analyze each kind of constraint admitted
in our language, and based on its properties, we define the constraint manager
operator CM for the constraint pushing in the computation.

Similarly to the work done in [15], we divide all other kind of constraints in
classes according to their properties. The main difference here is that, for us,
monotone constraints are no longer hard constraints, since we have developed
efficient techniques to push them in the computation, as those ones described in
[3-6]. Therefore, we distinguish between 5 classes of constraints:

Caym constraints that are anti-monotone but not succinct: anti-monotone
constraints are exploited as usual to prune the search space in the level-
wise, Apriori-like computation. They are checked together with frequency



as a unique anti-monotone constraint. Moreover, they are used in a data
reduction fashion too, exploiting the real amalgam of anti-monotonicity and
monotonicity as described in [4, 5].

Cys constraints that are monotone but not succinct: Monotone constraints,
are exploited to reduce the input data and to prune the search space as de-
scribed in [4, 5].

Cams constraints that are both anti-monotone and succinct: constraints
which are both anti-monotone and succinct, can be satisfied before any min-
ing takes place, by reducing the set of candidates 1-itemsets, to those items
which satisfy such constraints as described in [15]. However, we can exploit
them also in a data reduction fashion [4, 5].

Cpyrs constraints that are both monotone and succinct: are exploited as
monotone constraints, by using them to reduce the data and the search
space, and as succinct constraint in the candidate generation procedure, in
the style of [15].

Cyx hard constraints: Hard constraints, i.e. constraints which are neither anti-
monotone, nor monotone, nor succinct, are used inducing weaker constraints
which exhibits some nice properties that allows pushing in the computation,
and then they are checked at the end of the computation. In particular in our
small language, as hard constraints, we have only the family of constraints
based on the avg aggregate. The constraint avg{d | i € SAP(i,...,d)} <m
induces the weaker constraint min{d | ¢ € SAP(i,...,d)} < m, which is both
monotone and succinct and therefore it will be pushed in the computation to
reduce the data and the search space. Analogously the constraint avg{d | i €
SAP(i,...,d)} > m induces the weaker, succinct and monotone, constraint
mazx{d|i€ SAP(,...,d)} >m. However at the end of the computation,
frequent itemsets which satisfy all constraints will be checked against the
avg based constraint.

A particular kind of constraint is the cardinality constraint: when it is in the
form |s| > m, it is a monotone constraint, and as that is treated. When it is in
the form |s| < m, is an anti-monotone constraint, but it differs from the other
anti-monotone constraints since it does not need to be checked for all itemsets,
since the computation itself is level-wise (at iteration k we count frequency of
k-itemsets). Thus this constraint just imposes a stopping condition (level m) to
the level-wise computation. We create a special class for this constraint: Cgstop.

Following the above consideration we define a new operator, that puts each
constraint in the query in the proper class. All these classes, once populated,
will feed the mining algorithm as parameters.

Definition 21 (Constraints manager). Given a conjunction of constraints
C, we define the constraints manager operator, CM(C) as the operator which
takes all constraints in C, and put them in one or more class of constraints, as
described in Figure 6.

Once the rule parser operator and the constraint manager have prepared the
computation, an optimized mining operator

MMV, T,Z,0,Can,Cor,Cans,Crrs; Cr, Csitop)



|Cip| Constraint C | cM(C) |
1 s2{ai,...,an} Cams
2 sCH{ai,...,an} Cus
3 ls| >m Cum
4 |s| <m Cstop
5 s| =m Cum,; Cstop
6 s.dD S Cums
7 s.dC S Cams
8 | min{d|ie SAP®,...,d)} <m Cus
9 min{d|ie$’/\P(i,...,d)}2m Cams
10 | min{d |i€ SAP(i,...,d)} =m |Cams, Cus
11 | maz{d|i € SAP(i,...,d)} <m Cams
12 | max{d|i € SAP(,...,d)} >m Cus
13 | max{d|i€ SAP(i,...,d)} =m |Cams, Cms
14 | sum{d|i€ SAP(i,...,d)} <m Canm
15 | sum{d|i€ SAP(i,...,d)} >m Cu
16 sum{d|i€S/\P(i,...,d)}=m Can, Cyr
17 |count{d |i € SAP(i,...,d)} <m Cam
18 |count{d|i € SAP(i,...,d)} >m Cum
19 |count{d |i € SAP(i,...,d)} =m| Can, Cm
20 | avg{d|i€ SAP(i,...,d)} <m | Cu,— 8
21 | avg{d|i€ SAP@,...,d)} >m | Cy, — 12
22 | avg{d|ie SAP@,...,d)} =m |Cy, — 8,12
23 |range{d |i € SAP(i,...,d)} <m| Cam
24 |range{d |i € SAP(i,...,d)} >m Cu
25 |range{d|i € SAP(i,...,d)} =m| Cam, Cu

Fig. 6. Constraints Manager Table.

will start the level-wise Apriori-like computation using all the constraints avail-
able in order to reduce as much as possible the input data and the search space.
The optimized operational semantics for our inductive rules is defined as in Fig-
ure 7.

In Figure 8 the pseudo-code for the mining operator M is reported. Knowl-
edge of the algorithms Apriori [1], ExAnte [5], ExAMiner [4] and CAP [15] is
required in order to understand the pseudo-code. The mining operator performs
an ExAnte [5] preprocessing at level 1 (lines from 1 to 18), where:

— both Cp; and Cpss are exploited in order to p-reduce the input database
(lines 3 and 11);

— Can and Capgs are exploited in order to a-reduce but only at the first round
(line 6): after this reduction they will not be checked again at level 1, since
they can not shrink.

Then it starts an Apriori generate and test computation where:

— Cstop is used as additional stopping condition (line 22);

— the generate_apriori [1] (lines 20 and 24) procedure exploits succinct mono-
tone constraints, as defined in [15];

— the count procedure is substituted by an ExAMiner count&reduce (line
23) procedure as defined in [4]: it uses Cps, Capr and Cprs to reduce the

dataset;
— the final test (line 27), check L; for satisfaction of Cps and Cy.



Optimized operational semantics of an inductive rule r

if SC(r)

then
RP(r) = frequ,r.z,0,c)(t1,- - tn);
oY) =MV;

CM(C) +— Cam,Cun,Canms,Curis,Cr,Cstop
MMV, T,Z,0,Cani,Cri,Canis,Cais,Cr,Cstop) = S;
for all s € S return(s,t1,...,tn);

else return unsafe rule

S I e ol o

Fig. 7. Optimized operational semantics of an inductive rule r.

Note that in the final test of constraints, we do not need to check Cpsg, since
their satisfaction is assured by the candidate generation procedure. The min-
ing operator M defined above, corresponds to an ExAMiner; computation,
since it loops only at the first level, and then goes on strictly level-wise using
the count&reduce procedure typical of ExAMiner. However, it is enriched by
pushing all possible constraints in the proper step of the computation.

Mining operator: M(MV,7,7,0,Canm,Cn,Canms,Cas,Cr,Cstop)

Items := ();
. forall transactions (7,{Z}) in MV do
if {I} € Th(CM ﬂCMs)
then forall items ¢ in {Z} do
i.count—++;
if i.count == o and {’L} S Th(CAM N CAMS)
then Items := Items U i;
old_number_interesting_items := |Items]|;
while |Items| < old_number_interesting_items do
10. MV = a[MV]c,, ..
11. MV = u[MV]ecynewss
12. old_number iinteresting_items := |Items];
13. Items := (J;
14. forall transactions (7,{Z}) in MV do

R

©

15. forall items ¢ in {Z} do
16. i.count + +;
17. if i.count == o then Items := Items U i;

18. end while
19. L := Items; Ca := generate_apriori(L1,Cus); k= 2;
20. while Ci # 0 and not Csiop do

21. Ly, := count&reduce(Cyreq N Cant, Cr, MV, Crr N Cirs);
22. Cr+1 := generate_apriori(Li,Cms);
23, kit

24. end while
25. return U~ L; N Th(Car) N Th(Cr)

Fig. 8. Pseudo-code of the mining operator M.



7 Conclusions

This paper has provided a formalization of frequent pattern queries over rela-
tional databases. This formalization has allowed to define an inductive language
for frequent pattern queries, which is simple enough to be highly optimized and
expressive enough to cover the most of interesting queries. Following the recent
results in constrained frequent pattern mining algorithms, we have defined an
optimized constraint-pushing operative semantics for the queries of the proposed
language.

At the KDD Lab in Pisa, we are actually developing a concrete and well
engineered implementation of the mining operator M described in the previous
Section. At the same time we are investigating some related open problems:

— how to push tougher kinds of constraints (such as the one based on the
variance aggregate);
— how to combine constraints with condensed representations of patterns.

The results of these investigations will be integrated in the proposed framework.

There are some other issues left uncovered by this research, for which further
investigations are needed. An important issue is how to tightly integrate the
inductive engine (optimized algorithms for inductive query) with the deductive
DBMS. This issue is strictly connected with many other open problems ranging
from how to store and index frequent pattern query results to how to reuse them
for incremental query refinement. We believe that all this class of problems must
be attacked together with an unifying approach.

This research is supported by the P3D project’.
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