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Abstract

In this work, we will analyze the problem of source separation in
the case of superpositions of different source images, which need to be
extracted from a set of noisy observations. This problem occurs, for
example, in the field of astrophysics, where the contributions of vari-
ous Galactic and extra-Galactic components need to be separated from
a set of observed noisy mixtures. Most of the previous work on the
problem performed blind source separation, assuming noiseless models,
and in the few cases when noise is taken into account assumed Gaus-
sianity and space-invariance. We present a novel technique, namely
particle filtering, for the solution of the source separation problem: it
is an advanced Bayesian estimation method which can deal with non-
Gaussian and non-linear models, and additive space-varying noise, in
the sense that it is an extension of the Kalman filter. Our simulations
on realistic astrophysical data show that the particle filter provides sig-
nificantly better results in comparison with one of the most widespread
algorithms for source separation (FastICA), especially in the case of
low SNR.

Keywords: Particle Filtering, Sequential Markov Chain Monte Carlo, Blind
Source Separation, Bayesian Source Separation, Independent Component
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1 Introduction

Signal separation has been applied with a certain degree of success in applica-
tions ranging from speech processing to fMRI and from financial time series
analysis to telecommunications. In these applications, generally a classical
blind source separation technique, namely ICA [13], has been employed in a



simple form assuming equal number of sources and observations, stationary
mixing, and in the few cases where noise is taken into account, a Gaussian
stationary model is adopted. In most such work, the time (or space) struc-
ture in the signal (or image) is completely ignored, turning the technique
into an ensemble data analysis technique rather than a time-series analysis
one. Moreover, ICA is blind and does not consider any prior information.

However, in some applications these assumptions are highly questionable.
In most real life environments noise is present, and usually both the sources
and the noise are non-Gaussian and space-varying. The mixing matrix might
change in time or space as well as the sources which might be highly non-
stationary. There may exist a wealth of prior information regarding the
space structure of the data and its statistical distribution as well as the
mixing matrix. We will present a relatively novel technique, namely particle
filtering, which can take into account all these different features, and deal
with non-Gaussian and non-linear models, and additive space-varying noise.
The algorithm has been implemented and tested for the solution of the
independent component separation problem in astrophysical radiation maps.
This approach is extremely flexible as it is possible to exploit the available
a-priori information about the statistical properties of the sources through
the Bayesian theory.

The following section is about particle filters, from the description of the
algorithm to its implementation. The third section is a brief introduction to
the practical astrophysical scenario in which our algorithm has been tested.
The fourth part describes the numerical experiments to compare the particle
filter to the FastICA algorithm, while the conclusions are presented in the
last section of this work.

2 Particle Filtering

Filtering is the problem of estimating the hidden variables (states) of a
system, as a set of observations becomes available on-line.

In many real-world data analysis applications, prior knowledge about
the unknown quantities to be estimated is available, and this information
can be exploited to formulate Bayesian models: prior distributions for the
unknown quantities and likelihood functions that relate these quantities to
the observations. Then, all inference on the unknown quantities is based on
the posterior distribution obtained from Bayes’ theorem.

It is possible to express the model in terms of a state equation and an



observation equation:

O = gt(at—la Vt); (1)

yi = hi(og,wy). (2)

The state equation (1) evaluates the state sequence: oy is the state at current
step t, g; is a possibly nonlinear function, a1 is obviously ay at the previous
step, and v, is the so-called dynamic noise process. The observation equation
(2) is characterized by a possibly nonlinear function h;, and both the current
state a; and the observation noise realisation w; at time step t are taken
into account to generate the observation yy.

The Kalman filter (KF) is an extension of the Wiener filter, and it was
presented by R. E. Kalman in 1961 [15]: this filter derives an exact analytical
expression to compute the evolving sequence of the posterior distributions,
when the data are modelled by a linear Gaussian state-space model. The ob-
tained posterior density at every time step is Gaussian, hence parametrized
by a mean and a covariance.

The best known algorithm that allows a non-Gaussian and nonlinear
model is the Extended Kalman filter (EKF) [2], based upon the principle
of linearising the measurements and evolution models using Taylor series
expansions. Unfortunately, this procedure may lead to poor representations
of both the non-linear functions and the probability distributions of interest,
so the filter can diverge. Also the more recent Unscented Kalman Filter
(UKF), which provides Gaussian approximations of the probability density
functions, has however a limitation, that is it does not apply to general
non-Gaussian distributions [14].

Particle filtering is a relatively novel technique that provides a solution
to the general nonlinear, non-Gaussian filtering problem using numerical
Bayesian (sequential Monte Carlo) techniques. Although known since late
60’s [10], this technique has received interest only in the latest years, finding
successful applications especially in tracking problems (see [8] for examples).
Very recently it has also been applied to solve source separation problems
([1, 3, 9]). In particular, Everson and Roberts [9] considered a linear in-
stantaneous mixing in which the sources and the noise are stationary while
the mixing matrix is non-stationary. They assumed generalised Gaussian
models for the sources which are fixed but unknown. Andrieu and Godsill
[3] considered the problem of convolutional mixing instead and adopted a
parametric model (time-varying AR) for the sources which were assumed to
be Gaussian. The mixing was also assumed to be evolving according to a
time-varying AR Gaussian process.



In our problem, the non-stationarity is in the sources and in the noise
rather than in the mixing and we consider the source model parameters as
random to fully exploit the potentials of Bayesian modelling. Moreover, in
order to allow general, multi-modal distributions, we assume the sources
to be modelled with mixtures of Gaussians, rather than with Gaussian or
generalised Gaussian densities. Therefore, in this work we basically follow
a formulation similar to that in [1].

2.1 Theoretical Fundamentals
Our objective is to estimate the expectations
I(fe) = Epaoulyr.o{fileos)}
[ fileonplandyr)den (3)

for some function of interest f;, like the mean of the sources, or their covari-
ance.

The basis of particle filtering is the representation of continuous pdfs with
discrete points (particles): for example, the posterior distribution p(a.¢|y1:t)
can be approximated by

1>

| N
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where 0 ol denotes the delta-Dirac mass and N is the number of points
0:t

where the continuous pdf is discretised. Thus, it is possible to obtain the
estimate of I(f;) by means of N particles drawn from the posterior distri-
bution:

In(fy) = /ft(ao:t)PN(dao:t|Y1:t)

N .
= Y fi(af)) (5)
=1

Unfortunately, it is usually impossible to generate samples from the poste-
rior distribution since it is, in general, multivariate and non-standard. A
classical solution is to use the importance sampling method, in which the
true posterior distribution is replaced by an importance function m(o.|y1:)
which is easier to sample from. Provided that the support of m(co.t|y1:¢)
includes the support of p(a.t|y1:¢), from (3) we get the identity

[ filao)w(e.s) (o |y 1) doo.t
1(f) = Jw(ap)m(oe|yre)dog:: (6)
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is known as the importance weight. Consequently, it is possible to obtain

w(ag:

an estimate of I(f;) using N particles {a((ﬁ)t; i=1,---,N} sampled from
7T(o‘(]:t|y1:t):
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Iv(f) = szlz1 fjv(o‘o:t() U(;%()ao:t)

=1

(%)

where the normalised importance weights w; ’~ are given by
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When the importance function is restricted to be of the general form:

m(aoelyr:e) = m(owi—1|y1—1)m(ow|ao:t—1,¥1:1)
t

= 7(ap) H (k| ook—1,¥1:k) (10)
k=1

the importance weights and hence the posterior can be evaluated recursively.
Unfortunately, for the importance distributions of the form specified before,
a degeneracy phenomenon may occur: after a few iterations, all but one
of the normalised importance weights are very close to zero. This happens
because the variance of the importance weights can only increase (stochas-
tically) over time, as demonstrated in [1]. It is thus indispensable to include
one more step (called selection) in the particle filter algorithm. The purpose
of this procedure is to discard the particles with low importance weights,
and to multiply the particles having high in(lp))ortance weights: the idea is
(2

that of associating with each particle (say &, : ¢ =1,---, N) a number of
offsprings Nt(i), such that SV, Nt(i) = N, in order to obtain N new particles
{a(()?f :i=1,---,N}. After the selection step, all the importance weights
are divided by N (normalization); since they do not depend on any past
values of the normalised importance weights, all information regarding the
old importance weights is discarded.



2.2 Model Specification

In the practical case of a linear (though possibly non-stationary) mixing
system, the model expressed in Eq. (2) can be written as:

Yint = Htalzm,t + Wiin,t (11)

where y1.,¢, Q1.m,¢ and wi., ¢ are column vectors, representing the n obser-
vations, the m sources and the n additive noise samples at step t respectively.
The n x m real valued mixing matrix H; is allowed to vary in ¢, and can be
re-arranged it into a vector hy = vec{H,} so that [ht}n(j—l)-s—l = hi e It is
then possible to express the mixing model in terms of a new state equation
and observation equation, in this way:

ht = Atht—l + v (12)
Yint = Cih; + Wit (13)

where A; and C; are (nm x nm) and (n x nm) real valued matrices respec-
tively. The distributions of the dynamic noise v; and the observation noise
w; are assumed to be i.i.d. and mutually independent: v, ~ N (0,0,) and
w; ~ N(0,0,), with obvious notation. C; can be expressed in terms of
the source signal vector oy ¢, as C; = a{mt X 1,. In absence of further
prior information, we assume A; = I,,,,,. Our goal is to estimate C; (i.e. the
source signal vector a.y,¢) and h;. The introduction of the state equation
allows to deal with non-stationary mixing matrices, as the coefficients of h
can be updated at every step.

We model the probability density function p(c; ) of source i at step ¢
by a finite mixture of Gaussians:

qi
plait) = > pigN(is pie 070 (14)
j=1
qi
ZpiJ = 1, (15)
7j=1

where p; ; is the weight of the ¢ Gaussian component of the i source, g; is
the number of Gaussian components for the " source, while ; ;+ and o; ;¢
are the parameters which describe each Gaussian component. We define an
index variable z; which takes on a finite set of values Z; = {1,---,¢;} and
determines the active Gaussian component in the mixture at time ¢, so that

plaiglzie = ) = N pij, 07 ;) and p(zis = j) = pij-
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Since the m sources are statistically independent of one another, we can
factorize the probability density function of all the sources at step t as:

m

p(al:m,t) = Hp(ai,t)- (16)

i=1

At time ¢ let Zj.¢ = (214 2m4]T. Tt is possible to describe the discrete
probability distribution of zi.,,; using the i.i.d. model: in this case, the in-
dicators of the states z; ; have identical and independent distributions. If we
want to introduce temporal correlation between the samples of a particular
source, we have to consider the first-order Markov model case, where the
vector of the states evolves as a homogeneous Markov chain for ¢ > 1:

p(zlzm,t = Zl‘zl:m,t—l = Zj) =

= 11 p(zie = (@il 2101 = [25i) = ] 75 (17)

i=1 i=1
where T](il) is an element of the ¢; x ¢; real valued transition matriz for the
states of the it" source, denoted by 7(). The state transition can be thus

parametrised by a set of m transition matrices 7%, i € {1,---,m}.

Given the observations y; (assuming that the number of sources m, the
number of Gaussian components g; for the i*” source, and the number of
sensors n are known), we would like to estimate the mixing matrix H and
all the following unknown parameters of interest, grouped together:

0.t = [alzm,O:ta Z1:m,0:t5 {Mi,j,o:t}a {0227]‘70;75}7 {Téll}] (18)

where we recall that o., 0.+ are the sources, zj., 0. is the matrix of the
indicator variables which determines which Gaussian component is active at
a particular time for each source, {u; o} and {07} are the means and

the variances of the j** Gaussian component of the i** source and {T(()Z%} is
the transition matrix for the evolution of z; o..

The particles we should deal with will be thus {(h{,8()) i =1,---, N},
generated according to p(ho.t, @o¢|y1:¢). An empirical estimate of this dis-
tribution is given by

N

1
_h0 . = (S ,-,5 idh-,de;, 19
pn (hot, Oo:t|y1:e) N; hou” 00:15()( 0:t, A00:¢) (19)



and, as a corollary, an estimate of p(hy, 0;|y1.¢) is

| N
pN (he, O¢]y1e) = N ;5ht<i)759t(i> (dhy,d6y). (20)

It is possible to reduce the problem of estimating p(hy, @o.¢|y1.:) to a simpler
one of sampling from p(0o.|y1.+). In fact,

p(hy, Oo4y1:t) = p(he|@o.t, y1:6)p(00:t]y1:¢)- (21)

Given an approximation of p(8o.¢|y1:¢), p(h¢|@o.t, y1:t) is a Gaussian distribu-
tion whose parameters can be recursively estimated in closed form using the
Kalman filter in Eq. (12)-(13). This technique, called Rao-Blackwellisation
[6], leads to better results, as we are reducing the size of the parameter set
to be estimated by marginalising out the mixing coefficients h; using the
Kalman filter, so that the only distribution we have to estimate by particle
filtering is p(0o:¢|y1:t), and not p(hy, Bo.¢|y1:¢)-

As it was introduced before, it is not easy to sample directly from the op-
timal importance distribution: this is the reason why a sub-optimal method
will be employed throughout taking the importance distribution at step ¢
to be the prior distribution p(68:|0¢—1) of the sources to be estimated. This
choice offers an appealing solution to overcome the analytic untractability
of the optimal importance function: in fact the mixture of Gaussians model
allows for an easy factorization of the prior distribution into several easy-
to-sample distributions related to the parameters which describe the model
itself. Thus, we write the prior importance function in the following way:

p(0:]0;-1) = p(alzm,t,lem,t,m,j,t,ffzj,t,ﬁ|
O, t—15 Zlom,t—15 Mijt—1, 0'7j27j7t717 Ti—1)
= plaimt|Zrmt, { it} {Uij,t}) X
p({uijetH{pige—1}, 2ie) x
p({o-?,j,t}‘{o-zg,j,t—l}vZi,t) X
p(zlzm7t|zlzm,t—177t) X
p(TeTi-1)- (22)

This hierarchical structure allows us to obtain an approximation of the dis-
tribution of the sources exploiting the particles generated from the distri-
butions of the other parameters, sampling subsequently from p(7¢|T¢-1),



p(lem,t!ZLm,t—hTt), p({02j7t}’{az'27j7t—1}7Zi,t)a p({ﬂi,j,t}‘{ui,j,t—l}aZi,t)v and
finally obtain the particles of p(ot1:m, t|Z1:m,t, {1t 5t} {U%M}). More detailed
information can be found in [7].

2.3 The Algorithm

According to what has been said above, for every t, the classical algorithm
can be summarised as:

e Sequential Importance Sampling Step:

— For ¢ = 1,---,N |, sample dgi) from the importance function
m(elafy 1, y1e) and set &gy = (o 1. &)
— Fori=1,---,N , evaluate (and then normalize) the importance

weights.
e Selection Step:

— Discard / multiply particles with low / high normalised impor-
tance weights to obtain N particles {a((f% ti=1,---,N}.

This classical one-dimensional particle filtering formulation in ¢ now needs to
be adapted to the two-dimensional signal case in (k,l). Our technique uses
a combination of two classical 1-D particle filtering schemes as a pre-block,
and then manipulates the information stored in the parameters of each pixel
to reflect the 1-D scheme to a 2-D one.

e In the 1-D pre-block, each observed image is converted into two vec-
tors: the first one keeps the vertical correlation among adjacent pixels
(by reading the images column by column, one column from the top
to the bottom, and the following one from the bottom to the top, and
so on), while the second vector keeps the horizontal correlation. Then
the classical 1-D algorithm is run twice, once using the vector which
keeps the vertical correlation, and then using the other one, so that
two sets of estimates of the parameters related to each pixel (i.e. the
active Gaussian component of each source with the respective mean
and variance) and the MMSE estimate of each unknown source vectors
become available. At this point a new variable 0, structured as shown
in Eq. (18), and significant in describing the vertical and horizontal
evolution of the image, is obtained by averaging the two previously
calculated parameter sets (Fig. 1).



e In the 2-D processing block the parameter set is resized to re-convert
the images stored in the previously created vectors into matrices. At
this point, for every position of coordinates (k,l), all the source pa-
rameters ot:m, Zi:m, {fij}, {01-2’]»}, {T(i)} are available. The accuracy
of this set of estimates will be now improved by means of the following
technique, which emphasizes the two-dimensional correlation between
pixels in the source images. A new value z7, ., for the parameter
Z1.mk, is created for every position (k,1) by C(;Iﬁbining Z1.m k) With
the respective parameters of a set of IV adjacent pixels:

N
1—p
ZT:m,k,l =P*Zimpk,l T N * Z Zgthpeighbour (23)
q=1

where Zgthneighbour is the value of z1., of each ¢! neighbour, and
where p € (0,1) is an arbitrary weight, in the sense that a small value
of p emphasizes the correlation among pixels. Subsequently, for every
(k,1), we similarly combine the parameters which describe the mean
value and the variance of the active Gaussian component (indicated by
Z]m, k’l) with the respective parameters of the adjacent pixels, to obtain
a new set of particles O‘T:m,kl according to the procedure described at
the end of section 2.2. At last, this new set of particles 7., is used
to generate the final estimates of the m source images.

3 The Astrophysical Context

Our algorithm has been tested on astrophysical images: this new application
has been motivated by the need of analysing vast amounts of astrophysical
radiation maps that will be available after the launch of the Planck satel-
lite in 2007 by the European Space Agency (ESA) [12]. This mission will
provide measurements in nine different frequency channels ranging from 30
GHz to 857 GHz, with a spectral and spatial resolution much higher than
the previous NASA missions COBE and WMAP. These data are the su-
perposition of various independent astrophysical sources, among which the
most important one is the Cosmic Microwave Background (CMB): in fact it
is the relic radiation remaining from the first light radiation in the universe
released at the Big Bang. Therefore, the CMB provides a picture of the uni-
verse shortly after it has started. Moreover, it houses vital information to
determine the values of certain cosmological parameters, the high-sensitivity
calculation of which would help us decide between competing theories for
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Figure 1: Scheme of the 1-D pre-block.

the evolution of the Universe. The signal measured in CMB experiments is
however contaminated not only by the intrinsic noises due to the satellite
microwave detectors but also by astrophysical contaminants (the so-called
foregrounds). The most relevant foregrounds are the dust emission, syn-
chrotron (caused by the interaction of the electrons with the magnetic field
of the galaxy) and the free-free radiation (due to the the interaction of hot
electrons with the interstellar gas), while other contaminations come from
extragalactic microwave sources and from the so-called Sunyaev-Ze’ldovich
effect [12]. Before achieving cosmological information from the statistical
analysis of the CMB anisotropies, all these components must be separated
from the intrinsic CMB signal. The problem, therefore, is conveniently for-
mulated as the source separation from linear instantaneous mixtures, as in
Eq. (11). The problem has been dealt with using other methods by several
researchers in the literature including Baccigalupi et al. [4] and Maino et al.
[18] who implemented the FastICA algorithm and its noisy version which
had limited success in the presence of significant noise. A source model was
introduced by Kuruoglu et al. in [16] implementing the Independent Factor
Analysis (IFA) technique which also included the noise in the mixing model.
Despite this added flexibility, IFA uses a fixed source model which lacks
freedom in modelling source model parameters and moreover could not deal
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Figure 2: From top to bottom: original CMB and Synchrotron signals and
realistic mixtures at 100 GHz and 30 GHz.

with non-stationary noise which is the case in our problem.

Snoussi et al. [19] utilise an EM algorithm in the spectral domain, mak-
ing use of some generic priors for the sources. Cardoso et al. [5] perform
blind source separation via spectral matching. Both of these works assume
stationary noise and signals, which is not the case for the astrophysical im-
age separation problem, and they both suffer from common drawbacks of
the EM algorithm, i.e. local optimality and computational complexity. All
of these approaches are blind or semi-blind techniques which do not exploit a
wealth of information about the sources the astrophysics theory provides us
with. To be able to incorporate these prior information, a full Bayesian for-
mulation was derived in [17], which utilises MCMC techniques but does not
address non-stationarity and does not consider the auto-correlation struc-
ture in images.

Our algorithm based on particle filtering avoids all of these problems.
In fact it deals with the non stationarity of the noise, allows very flexible
modelling of non-Gaussian sources and conveniently enables the utilisation
of available prior information including dependence structure in the images.
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Figure 3: From top to bottom: FastICA estimates and particle filter esti-
mates.

4 Numerical Experiments

We tested our algorithm on two 64 x 64 mixtures of CMB and synchrotron
radiation, at 100 GHz and 30 GHz. Synthetic but realistic maps of the
sources have been provided by the Planck Technical Working Group 2.1 on
Diffuse Component Separation [12]: in particular, the CMB map is gener-
ated synthetically to follow a Gaussian distribution as it is implied by the
cold dark matter model widely accepted for CMB. The synchrotron template
was obtained by extrapolating the 408 MHz radio map of Haslam et al. [11]
to Planck frequency channels and resolution. The expected antenna noise
RMS maps are used to generate the additive space-varying noise samples.
The average SNR is 10 dB. We use a mixture of three Gaussian components
to approximate the synchrotron posterior distribution, whose starting values
can be initialized randomly, and 300 particles are generated at each step, for
each parameter of interest. It is obvious that better approximations could
be obtained by increasing the number of particles and Gaussian components
for each source, albeit an increase in computational cost. A Dirichlet prior
is adopted for the index distribution of the Gaussian components in the
mixture, while means and variances are drawn from Gaussian distributions

13



SIR FastICA Particle Filtering
CMB 1.14 dB 16.81 dB
Synchrotron 1.62 dB 20.41 dB

Table 1: Signal to Interference Ratio (SIR) values for FastICA and Particle
Filtering

centered at the value of the previous particles and with variance determined
by drift parameters. Noise is assumed to be Gaussian and space-varying,
in accordance to the fact that the value given to each pixel of the maps is
obtained from multiple measurements by the Planck antenna in the same di-
rection, and the number of multiple measurements is not the same for pixels
with different location. RMS noise maps are available, because the satellite
scanning scheme of the sky is known, and the noise variance of each pixel
is given as an input, for all the observed images. Since we are not aware of
any other work which considers separation of non-stationary sources under
non-stationary noise environment, we will compare our results with those
obtained by the FastICA algorithm [13], which is one of the most widespread
methods in source separation. As seen in Fig. 3, FastICA provides estimates
with high level of interference, while the particle filter succeeds in recover-
ing the original maps. Signal-to-interference results in Table 1 quantify this
performance.

5 Conclusions

We have presented a relatively novel technique, namely particle filtering,
for the separation of the independent components in image processing. In
contrast with the other work in literaure, this method provides a very flexible
framework which can successfully account for the non-stationarity in the
noise and in the sources, as well as the prior knowledge about the sources and
the mixing matrix. This technique, in addition to providing point estimates,
gives us the posteriors for the sources and the mixing matrix out of which
inference can be made on various statistical measures. We demonstrated on
realistic astrophysical data that our algorithm provides significantly better
results in comparison with one of the most widespread algorithms for source
separation (FastICA), especially in the case of low SNR.
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