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Abstract
In this paper we address the problem of mining frequent
closed itemsets in a distributed setting. We �gure out an
environment where a transactional dataset is horizontally
partitioned and stored in di�erent sites. We assume that
due to the huge size of datasets and privacy concerns dataset
partitions cannot be moved to a centralized site where to
materialize the whole dataset and perform the mining task.
Thus it becomes mandatory to perform separate mining on
each site, and then merge the local results do derive a global
knowledge. This paper shows how frequent closed itemsets,
mined independently in each site, can be merged in order to
derive globally frequent closed itemsets. Unfortunately, such
merging might produce a superset of all the frequent closed
itemsets, while the associated supports could be smaller
than the exact ones because some globally frequent closed
itemsets might be not locally frequent in some partition. A
post-processing phase is thus needed to compute exact global
results.

1 Introduction.
The frequent itemset mining (FIM) problem has been
extensively studied in the last years. Several variations
to the original Apriori algorithm [3], as well as com-
pletely di�erent approaches, have been recently pro-
posed (see, for example, the papers presented at the last
two FIMI workshops [1, 2]). Recently it has been shown
that frequent closed itemsets [10, 11, 4, 9, 15, 14, 6]
are particularly interesting because they provide qual-
itatively the same information, by guaranteeing at the
same time better performance, non redundant results,
and concise representation.

In this paper we investigate a novel topic: dis-
tributed mining of frequent closed itemsets. While
some papers address the problem of mining all the fre-
quent itemsets in a distributed environments, at our

best known, no proposal for distributed closed itemset
mining exists. We �gure out a distributed framework in
which one (virtually single) transactional dataset D is
horizontally partitioned into N parts. Each transaction
of the dataset consists of an ordered list of items in the
set of possible items I. Each partition D1;D2; :::;DN is
made up of a subset of the transactions in D, and there
are no overlaps among the partitions.

In order to mine D we could devise a very simple
strategy based on the "moving data" approach. We
could choose a central site, which will receive every
partition and, once materialized the whole dataset, will
perform the mining task. The main drawback of this
approach is that real datasets are usually huge, and it is
not feasible to send an entire partition to a central site
because of communication costs. Moreover, a central
site could not be able to mine it as a whole, but it
should have to partition it again in some way. In
addition, if we have to deal with privacy concerns, we
cannot move sensible data from one site to another.
Hence, it is mandatory to employ a "moving results"
approach, according to which frequent closed itemsets
are independently extracted on each site, and then
are collected and merged to get the global solution.
Such algorithms are more suitable for loosely-coupled
distributed settings, since they limit the number of
communications/synchronizations between distributed
nodes.

In the last years researchers have proposed many
data mining algorithms that can e�ciently be run in
a loosely-coupled setting [8, 5], even if a few of them
regards the FIM problem1. In particular, Partition
[12], i.e. an algorithm for mining all the frequent

1On the other hand, frequent itemset mining has been exten-
sively studied in the context of tightly-coupled environments, like
parallel clusters.



itemsets, can be straightforwardly implemented in a
loosely-coupled distributed setting, i.e. with a limited
number of communications/synchronizations (see for
example [7]).

In this paper we want to explore whether a Par-
tition-like approach can also be exploited to mine fre-
quent closed itemsets in a distributed environment. In
order to demonstrate the feasibility of this approach,
we show how the various local results, extracted inde-
pendently on each site with the preferred closed itemset
mining algorithm, can be merged in order to obtain the
set of all the globally frequent closed itemsets.

Unfortunately, similarly to what happen in the dis-
tributed extraction of all the frequent itemsets, merg-
ing local results may produce a not exact set of all the
frequent closed itemsets, while the associated supports
could be unknown. A post-processing phase is thus nec-
essary to compute exact global results.

The rest of the paper is organized as follows.
Section 2 discusses some preliminary results concerning
the merging function proposed to join the local results
computed independently in the various distributed sites.
Section 3 describes the additional steps needed to
retrieve the exact supports of closed itemsets, and,
�nally, Section 4 draws some conclusions and future
work.

2 Closed Itemsets Extraction
Our goal is to �nd a distributed algorithm that mini-
mizes synchronizations and communications in mining
frequent closed itemsets.

For the sake of simplicity, we limit the following
discussion to a transactional dataset D that is parti-
tioned in only two parts. More formally, let D1 and
D2 be the two disjoint horizontal partitions of D, where
D1 [D2 = D, and D1 \D2 = ;. However, we can easily
generalize our results to n partitions, for an arbitrary
value of n.

Moreover, in this section we do not consider the is-
sues concerning the (relative) minimum support thresh-
old used to locally mine the various partitions. Remem-
ber that some globally frequent (closed) itemsets might
not be extracted at all from some partitions, while some
globally infrequent ones might be mined from others. In
other words, the method discussed below surely works
when we mine all the partitions with an (absolute) sup-
port supp = 1, i.e. when we consider as frequent any
itemset which occur at least once in D. We will take
in account the issues concerning the minimum support
constraint in the last part of the paper.

2.1 Preliminaries. Given a transactional dataset D,
let T and I, T � D and I � I, be subsets of all the

transactions and items appearing in D, respectively.
The concept of closed itemset is based on the two

following functions f and g:
f(T ) = fi 2 I j 8t 2 T; i 2 tg
g(I) = ft 2 D j 8i 2 I; i 2 tg:

Function f returns the set of itemsets included in all the
transactions belonging to T , while function g returns the
set of transactions supporting a given itemset I. We can
also consider g(i) and g(X) to be tid-lists, i.e. lists of
identi�ers associated with all the transactions in D set-
including item i and itemset X, respectively.
Definition 2.1. An itemset I is said to be closed if
and only if

c(I) = f(g(I)) = f � g(I) = I
where the composite function c = f � g is called Galois
operator or closure operator.

Given a dataset partition Dj , let Tj and Ij , Tj � Dj
and Ij � Ij , be subsets of all the transactions and items
appearing in Dj , respectively. We can thus rede�ne the
two following functions:

fj(Tj) = fi 2 Ij j 8t 2 Tj ; i 2 tg
gj(Ij) = ft 2 Dj j 8i 2 Ij ; i 2 tg:

Therefore we can consider gj(i) and gj(X) be tid-
lists only referring to transactions in Dj which set-
include item i and itemset X, respectively. Similarly,
we can de�ne cj(Ij) = fj(gj(Ij)), 8Ij � Ij .

Let C be the collection of all the closed itemsets
in D, and C1 and C2 be the two sets of closed itemsets
mined from D1 and D2, respectively. Before introducing
the theorems stating the properties concerning C1 and
C2, and their relationship with C, let us introduce
a couple of important lemmas concerning the closure
operator c() with respect to the dataset D. The same
lemmas also hold for operators c1() and c2() relative to
D1 and D2, respectively.
Lemma 2.1. Given an itemset X and an item i 2 I,
g(X) � g(i), i 2 c(X).
Proof. Proof.
(g(X) � g(i)) i 2 c(X)):

Since g(X [ i)2 = g(X) \ g(i), g(X) � g(i))
g(X[i) = g(X). Therefore, if g(X[i) = g(X)
then f(g(X [ i)) = f(g(X)) ) c(X [ i) =
c(X)) i 2 c(X).

2For the sake of readability, we will drop parentheses around
singleton itemsets, i.e. we will write X [ i instead of X [ fig,
where single items are represented by lowercase characters.



(i 2 c(X)) g(X) � g(i)):
If i 2 c(X), then g(X) = g(X [ i). Since
g(X[i) = g(X)\g(i), g(X)\g(i) = g(X) holds
too. Thus, we can deduce that g(X) � g(i).

Lemma 2.2. If Y 2 C, and X � Y , then c(X) � Y .
Proof. Note that g(Y ) � g(X) because X � Y .
Moreover, Lemma 2.1 states that if j 2 c(X), then
g(X) � g(j). Thus, since g(Y ) � g(X), then g(Y ) �
g(j) holds too, and from Lemma 2.1 it also follows that
j 2 c(Y ). So, if j 62 Y held, Y would not be a closed
itemset because j 2 c(Y ), and this is in contradiction
with the hypothesis.

2.2 Local vs. global closed itemsets Our goal
is to show that it is possible to perform independent
computations on each partition of the dataset, and then
join the local result by using an appropriate merging
function � in order to obtain the global results. In this
section we describe such merging function, and show
that C � C, where C = C1 � C2.
Theorem 2.1. Given the two sets of closed itemsets C1
and C2, mined respectively from the two datasets D1 and
D2, we have that:

C = C1 � C2 =
(C1 [ C2) [ fX1 \X2 j (X1; X2) 2 (C1 � C2)g � C:

Therefore we can obtain C by collecting the closed
itemsets contained in C1 and C2, and intersecting them
to obtain further ones. We prove the above theorem by
showing that the double inclusion holds.
Theorem 2.2.

(C1 [ C2) � C
Proof. By de�nition, X is a closed itemsets in D if and
only if X occurs in D, and

8i 62 X : g(X) 6� g(i):
Therefore,

X 2 C1 ) 8i 62 X : g1(X) 6� g1(i);
Since

g1(X) 6� g1(i) ) g(X) 6� g(i);
we have that

X 2 C1 ) 8i 62 X : g(X) 6� g(i);
and therefore X is closed in D, i.e. X 2 C.

The same clearly holds also if X 2 C2.

Theorem 2.3. Given X1 2 C1 and X2 2 C2, we have
that

Z = (X1 \X2) 2 C
Proof. If Z 2 C1 or Z 2 C2, then Z 2 C because
(C1 [ C2) � C (see Theorem 2.2).

So in the following we will consider the non-trivial
case, i.e. Z 62 C1 and Z 62 C2. In other terms, we are
interested to the case in which Z � X1 and Z � X2.

By absurd, assume that Z is not closed, so that
9i 62 Z j g(Z) � g(i). So, we have that:

g(Z) � g(i) ) g1(Z) � g1(i)
g(Z) � g(i) ) g2(Z) � g2(i).

or, equivalently, i 2 c1(Z) and i 2 c2(Z).
By Lemma 2.2, it follows that c1(Z) � X1 and

c2(Z) � X2, since X1 and X2 are closed in D1 and
D2, respectively. So, the only way to choose an i that
belongs to both c1(Z) and c2(Z), where c1(Z) � X1 and
c2(Z) � X2, is that i 2 Z = (X1 \X2). But this is in
contradiction with the hypothesis by absurd, i.e. i 62 Z.

The following corollary is a simple consequence of
the above Theorem.
Corollary 2.1.

fX1 \X2 j (X1; X2) 2 (C1 � C2)g � C

Theorem 2.2 and Corollary 2.1 show that C � C.
Our merge function is thus correct, in the sense that
any itemset X 2 C is also a closed itemset in the global
dataset D.

In the following we prove the opposite implication,
i.e. C � C, which allow us to show that our merge
function is also complete, and therefore C � C.
Theorem 2.4.

C � C
Proof. Let X 2 C be an itemset belonging to some
transactions of D. Therefore X is included in some
transactions of either D1 or D2, or it is included in both
D1 and D2.

If X only occurs in transactions of one partition,
either D1 or D2, we can trivially show that X 2 C.
Suppose that this partition is D1. Therefore g1(X) =
g(X), and g2(X) = ;.

Since c(X) = X by hypothesis, then 8i 62
X j g(X) 6� g(i). Then it also holds that 8i 62
X j g1(X) 6� g(i), because g1(X) = g(X). Since g1(i) �
g(i), then it also holds that 8i 62 X j g1(X) 6� g1(i), or,
equivalently, X = c1(X). Therefore, in this case X 2 C
surely holds, because X 2 C1.



If X appears in transactions of D1 and D2, then
we can compute its closure in both of them, i.e. X1 =
c1(X) and X2 = c2(X). So either X = (X1 \ X2) or
X � (X1 \X2) can hold.

If X = (X1 \X2), then X 2 C by de�nition of C.
The second condition X � (X1 \X2) can not hold.

If X � (X1 \ X2), then 9i 62 X such that i 2 c1(X)
and i 2 c2(X). Hence g1(X) � g1(i) and g2(X) � g2(i).
Since g(X) = g1(X) [ g2(X) and g(i) = g1(i) [ g2(i),
then g(X) � g(i) also holds, i.e. i 2 c(X) = X. But
this is in contradiction with the hypothesis that i 62 X.

Note that from a theoretical point of view, itemsets
in C form a lattice, i.e. for every X;Y 2 C their join
element X [ Y and their met element X \ Y belong
to C [15, 14]. We have just shown that if X 2 C1 or
X 2 C2, then X 2 C. Moreover, in order to complete
the lattice C, it is also needed to set-intersect each pair
(X1; X2) 2 (C1�C2), and add X1\X2 to C. The proofs
of both the implications show that this is enough to
complete the lattice C, i.e. C � C.

Till now we have de�ned a merging function �, used
to obtain C as C1 � C2. This result can be generalized
to the case of N partitions of D.
Theorem 2.5. Given the sets of closed itemsets
C1; : : : ; CN mined respectively from N disjoint horizontal
partitions D1; : : : ;DN of D, we have that:

C = (: : : ((C1 � C2)� : : :� CN ) : : :):
Proof. It is easy to give a proof by induction. We have
already proved with Theorem 2.1 that the equality holds
in the case N = 2.

Suppose that Theorem 2.5 holds for N , we want
to show that it holds for N + 1 as well. Given the
N+1 partitions, by hypothesis we know that the closed
itemsets in D0 = fD1 [ : : : [ DNg are C0 = ((C1 � C2)�
: : :�CN ). At this point, we can think at the dataset D as
it was made of two partitions only, i.e. D = D0 [DN+1.
Therefore, we can apply Theorem 2.1 and get C =
C0 � CN+1 = (: : : ((C1 � C2)� : : :� CN ) : : :) : : : CN+1.

While computing the union of the various Ci is
straightforward, the same is not true for the intersec-
tions. In order to quantify the impact of intersections
in the overall computation, we experimentally counted
the number of closed itemsets which have to be cal-
culate by intersections as a function of the number of
partitions. Figure 1 plots this number in a real world
case: the mushroom dataset mined with absolute min-
imum support 1. From the �gure we can see that the
number of intersection itemsets increases as the number
of partition grows, even if this growth is less than linear.
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Figure 1: Intersection Itemsets in a real world case:
the mushroom dataset mined with absolute minimum
support 1.

When the dataset is split into 20 partitions, about 2/5
of all frequent closed itemsets have to be computed with
intersections.

3 Computing the supports of frequent closed
itemsets

Theorem 2.1 shows a way to devise the identities of all
the closed itemsets in D given the closed itemsets found
in its partitions D1;D2; :::;DN . In this section we show
how to calculate the supports of such itemsets given the
supports of all the itemsets in Ci; 8i.

Given X 2 C, we denote with kXki the support of
X in partition Di. The global support of X is clearlyP

i=1;:::;N kXki. Note that by construction of C, it
may happen that X =2 Ci for some partition Di, and
therefore, even if the support of every itemset in Cj for
every partition j is known, the support kXki may not
be known. In fact, for each X 2 C, we can distinguish
between two cases:

9i j X 2 Ci,
i.e. X was obtained by union of
the various Cj . In this case kXki is
given, but we cannot say anything
about kXkj 6=i.

:9i j X 2 Ci,
i.e. X was obtained from the inter-
section between two closed itemsets.
In this case we don't know kXkj ; 8j.

In both cases we need to derive kXkj , i.e. the
support of itemset X on partition Dj , where X 62 Cj .



The support of kXkj is equal to kcj(X)k. Since every
Y 2 Cj is closed, we have that cj(X) is exactly equal to
kcj(Y )k where Y 2 Cj is the smallest itemset such that
X � Y . Therefore, in order to calculate the support
of all the itemsets in C it is su�cient a post-processing
phase where subset searches are performed to calculate
the contributes of each partition to the global support
of some itemset.

In the above we have always discarded the mini-
mum support constraint, i.e. we have used a minimum
absolute support of 1. Unfortunately when we intro-
duce a minimum support threshold � > 1, we cannot
guarantee the correctness of the algorithm. In fact it
may happen that some global frequent itemset is not
frequent in some partition, and since its local support
in such partition is not retrieved, its global support can-
not be derived. Similarly, some locally frequent itemsets
may result to be globally infrequent.

Analogously to Partition [12], we can however de-
vise the following strategy. Since each globally frequent
itemset has to be frequent in at least one partition, we
have that C will contain all the global frequent closed
itemsets, but some globally infrequent one as well. In
order to retrieve the exact support of itemsets which
are not frequent in all partitions, we have to compute
their supports in all the sites where they were found to
be not frequent. After recollecting these counts, we can
calculate the exact support of every itemset in C and
get the correct solution C.

4 Conclusion
We have addressed the problem of mining frequent
closed itemsets in a distributed environment. In the
distributed mining of frequent itemsets, a three steps
algorithm is su�cient in order to get exact results.
First, independent mining tasks are performed on each
partition, then the results are merged to form a big
candidate set, and, �nally, an additional check is needed
for each candidate to retrieve its actual support in the
partitions where it was found to be infrequent. In this
paper we investigate the merging step in the case of
closed itemset mining. We have shown that in this case
the merging step is completely di�erent and surely more
complex.

However, our preliminary results demonstrate the
feasibility of the approach. Future works regards the
actual implementation of the algorithm and its perfor-
mance evaluation. Moreover, similarly to [13], we are
also interested in studying an approximated version of
the algorithm, which should not require an additional
step for exactly counting itemsets supports.
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