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Abstract

Volterra systems have had significant success in modelling nonlinear systems in various real-world applications. How-

ever, it is generally assumed that the nonlinearity degree of the system is known beforehand. In this paper, we con-

tribute to the literature on Volterra system identification (VSI) with a numerical Bayesian approach which identifies

model coefficients and the nonlinearity degree concurrently. Although this numerical Bayesian method, namely re-

versible jump Markov chain Monte Carlo (RJMCMC) algorithm has been used with success in various model selection

problems, our use is in a novel context in the sense that both memory size and nonlinearity degree are estimated. The

aforementioned study ensures an anomalous approach to RJMCMC and provides a new understanding on its flexi-

ble use which enables trans-structural transitions between different classes of models in addition to transdimensional

transitions for which it is classically used. We study the performance of the method both on synthetically generated

data and on OFDM communications via QPSK and 16-QAM over a nonlinear channel.

Keywords: Reversible jump MCMC, Volterra system identification, Nonlinearity degree estimation, Nonlinear

channel estimation.

1. Introduction1

Nonlinear models can be favorable compared to linear ones in many real life phenomena which exhibit nonlinear2

characteristics. On the other hand, usage of these models is limited because they do not have easy to implement3

solutions for estimating nonlinear model parameters. Linear-in-the-parameters nonlinear models do not share these4

shortcomings as far as various mathematical methods which are developed for linear models can be applied easily [1].5

Volterra models are appealing linear-in-the parameters models for nonlinear modelling for several reasons. Firstly,6

they are flexible enough to represent various nonlinear systems since continuously differentiable transfer functions7
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mustafaaltinkaya@iyte.edu.tr (M.A. Altınkaya)

Preprint submitted to Signal Processing April 20, 2017



can be easily approximated by Volterra models with Taylor series expansion. Moreover, various nonlinear differential8

equations such as Lotka-Volterra, Schrödinger [2], can be rewritten as a Volterra system. Secondly, their inverse are9

also Volterra type which provides considerable ease in the identification of these systems [3]. This paper is interested10

in the nonlinearity degree estimation of Volterra models, within the system identification (SI) problem.11

The application areas of Volterra models cover almost all areas of signal processing, including speech, image,12

communications, audio, mechanical systems, etc. To name a few: in audio, Volterra model has been used for para-13

metric loudspeaker system identification in [4] and for acoustic echo cancellation in [5]. Nonlinear communication14

channels in satellite links have been modelled as sparse third order (cubic) Volterra systems which were estimated15

via adaptive algorithms [6]. Volterra system models were applied also in [7] to coherent optical fiber systems outper-16

forming the adaptive reference methods on equalizing the fiber link channel effects. Volterra systems with complex17

coefficients have been used in blind identification of single-input-single-output (SISO) communication channels with18

second order nonlinearity in [8] and for LTI FIR multiple-input-multiple-output (MIMO) systems in [9]. A general19

approach in the literature, which is shared by the mentioned applications, is to apply Volterra SI (VSI) methodology to20

the models with predetermined nonlinearity degree and system memory [4–9]. Preknowledge of nonlinearity degree21

is an unrealistic assumption for most of these applications and estimating the nonlinearity degree of the nonlinear22

model is of utmost importance.23

The Bayesian approach proposed in this paper utilizes reversible jump Markov chain Monte Carlo (RJMCMC)24

algorithm in the VSI problem to estimate the nonlinearity degree, the system memory and model coefficients at25

the same time. Model space includes linear and nonlinear models with different degrees of nonlinearity while the26

generally accepted procedure is to use RJMCMC in spaces which include only models of the same class that are spaces27

containing only linear system parameters or spaces containing only nonlinear system parameters of the same degree28

of nonlinearity. However, although RJMCMC has been used for transdimensional sampling only, the formulation29

in the original paper by Green [10] does exclude the potential to explore spaces which include different classes of30

models, such as linear and nonlinear spaces, or nonlinear spaces with different degrees. Restructuring RJMCMC31

sampling strategy from that defined by [10] sampling from the spaces of different classes of models, enables applying32

RJMCMC in more complicated problems such as nonlinear model identification or nonlinear SI.33

In this paper, firstly we contribute to the literature with a Bayesian VSI scheme and in contrast to previous works,34

it provides means to estimate nonlinearity degree in addition to the memory size, hence droping the requirement of35

preknowledge of nonlinearity degree. This offers greater flexibility in modelling, which can cover a wide spectrum of36

nonlinear characters observed in the measured data.37

Secondly, we have broaden the interpretation of RJMCMC transitions with trans-structural transitions beyond38

2



trans-dimensionality by performing the original formulation in [10] between different structural models. This also39

offers a Bayesian test procedure to define the nonlinear relationship between input and output data sets of real life40

experiments, such as mechanical systems, optical communication systems, biological systems, in terms of Volterra41

series expansion model structure. In our previous works, this potential was exploited in the estimation of polynomial42

autoregressive and polynomial moving average models [11, 12].43

Furthermore, in addition to the model orders the proposed method also estimates the model coefficients with su-44

perior performance both in applications on synthetically generated data sets including a nonlinear communication45

channel estimation problem. We provide also model selection results obtained by Akaike information criterion (AIC)46

and Bayesian information criterion (BIC) as benchmarks to which our method can be compared. Performance com-47

parison for estimating the model coefficients is provided for error measure normalized mean square error (NMSE)48

using nonlinear least squares (NLS) estimation.49

Rest of the paper is organized as follows: background information for Volterra system models is presented in50

Section 2. The general RJMCMC procedure and the proposed approach for trans-structural RJMCMC are expressed51

in Section 3. Construction of RJMCMC for identifying Volterra systems is examined in Section 5. Section 6 exhibits52

simulation setup, reference methods, simulation results and performance comparison study. Section 7 concludes the53

paper with a discussion of experimental results.54

2. Volterra System Models55

A discrete time Volterra model with the output y(l) is given by [13]:56

y(l) = µ +

p∑
m=1

q∑
τ1=1

. . .

q∑
τm=τm−1

h(m)
τ1,...,τm

m∏
j=1

x(l − τ j) (1)

where x(·) and y(·) refer to the input and output of the model, respectively and h(m)
τ1,...,τm denotes the mth order discrete57

Volterra model coefficients (kernels). The nonlinearity degree is represented by p and q specifies the system memory58

size. This Volterra model can be represented with the notation: V(p, q).59

Observing (1), Volterra models can be represented in matrix-vector form by using the linear-in-the-parameters60

property:61

y = Xh(p,q) (2)
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where the η × 1 coefficient vector h(p,q) and n × η data matrix X are given by:62

h(p,q) =

[
h(1)

1 , h(1)
2 , . . . , h(1)

q , h(2)
1,1, h(2)

1,2, . . . , h(2)
q,q, . . . , h(p)

q,q,...,q

]T
, (3)

X =


x(0) x(−1) . . . x(1 − q) x2(0) x(0)x(−1) . . . x2(1 − q) . . . xp(1 − q)

x(1) x(0) . . . x(2 − q) x2(1) x(1)x(0) . . . x2(2 − q) . . . xp(2 − q)
...

...
. . .

...
...

...
. . .

...
. . .

...

x(n − 1) x(n − 2) . . . x(n − q) x2(n − 1) x(n − 1)x(n − 2) . . . x2(n − q) . . . xp(n − q)


. (4)

where n represents the data length. The number of Volterra coefficients has been denoted by η and can be calculated63

for a V(p, q) model by:64

η =

(
p + q

p

)
− 1 =

(p + q)!
p! q!

− 1. (5)

2.1. Identification of Volterra Systems65

Methods used in SI problems provide information about the uncertainties which describe formulations or math-66

ematical expressions about the unknown system in the case of lack of structural (physical) information about the67

system. SI methods are well established when system to be identified is linear. Most of real life applications, however,68

have somewhat nonlinear nature, and solution for a nonlinear SI problem can be difficult since the underlying systems69

may have a large number of possible nonlinearities and the number of possible model structures might be very high70

[14].71

In the literature, adaptive algorithms are very popular in recent years. These methods generally perform Volterra72

system coefficient estimations based on nonlinear least mean squares (NLMS), least mean pth power (LMP), re-73

cursive least squares (RLS) and extended Kalman filters [7, 15–21]. Furthermore, genetic algorithms [22, 23], QR74

decomposition [24], neuro-fuzzy [25] and neural network [26] architectures have also been used in VSI studies. For75

all these studies, nonlinearity degree of Volterra model is assumed to be known.76

Several studies have used Bayesian methods for system identification problems [27, 28].In addition, simulated77

annealing (SA) [29] and transitional Markov chain Monte Carlo (TMCMC) [14] are also used in SI applications of78

nonlinear dynamical systems.79
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3. RJMCMC in a New Perspective80

RJMCMC was introduced by Peter Green in [10] as a method for transdimensional sampling between spaces of81

different dimensions. However, the original formulation of Green lends itself to a much wider interpretation than82

just exploring spaces (”jumping” in RJMCMC jargon) of different dimensions. The same formulation can be used to83

explore spaces of different types such as linear and nonlinear variable spaces. This is more than just exploring spaces84

of different sizes corresponding to the dimension of the parameter vector.85

In the literature, RJMCMC has generally been used in linear model identification problems. Authors of [30]86

studied model uncertainty problem for autoregressive (AR) models by exploring the spaces for different AR orders87

via partial and full conditional proposals. RJMCMC have been used in autoregressive integrated moving average88

(ARIMA) models by [31] and in fractional ARIMA (ARFIMA) models by [32]. In [33–35], RJMCMC has been89

employed to Bayesian analysis of mixtures of distributions in Gaussian, Poisson and symmetric α-stable, respectively.90

RJMCMC has also been employed to the problems of identifying the nonlinear model, threshold MA (TMA) in91

[36]. In addition, [37] employed RJMCMC in restoring nonlinearly distorted AR signals.92

3.1. General Methodology93

In [10], Green defined RJMCMC as an extended and generalized version of the Metropolis-Hastings (M-H) algo-94

rithm [38] and stated that it should therefore have wide applicability in model determination problems.95

Assume a transition from a space x ∈ X to a state y ∈ X. The acceptance ratio for the M-H algorithm can be96

defined by:97

min
{

1,
π(y)q(x|y)
π(x)q(y|x)

}
(6)

where π(·) represents the target distribution and q(y|x) refers to proposal distribution from state x to y.98

Green’s generalization on M-H algorithm defines the densities π(x) and q(y|x) with respect to an arbitrary measure99

as π(dx) and q(dy|x). The transition kernel of the Markov chain has been constructed in two steps, firstly drawing a100

new candidate state y and then accepting this transition with a probability α(x, y).101

Assuming that π(dx)q(dy|x) has a density f with respect to a dominating symmetric measure ξ on X×X, then the102

detailed balance for a transition defined above is given by:103
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α(x, y) f (x, y) = α(y, x) f (y, x), (7)

α(x, y)π(dx)q(dy|x) = α(y, x)π(dy)q(dx|y). (8)

This equation can be solved as in the standard M-H procedure by retaining the detailed balance and making the104

acceptance probabilities as large as possible if we choose α(x, y) as:105

α(x, y) = min
{

1,
π(dy)q(dx|y)
π(dx)q(dy|x)

}
. (9)

Following [10], when the current state is x with parameter space θ, a move type m is proposed with probability106

Pr(x→ y), which changes dimension, and takes the state to y with parameter space θ∗.107

This transition is required to sample an auxiliary random vector, u from distribution q1(u). Another vector u′ will108

be generated from distribution q2(u′) to switch back to the state x from y. In order to guarantee the detailed balance,109

the dimension matching should be satisfied provided by dim(x) + dim(u) = dim(y) + dim(u′). Then, the resulting110

acceptance probability α(x, y) of RJMCMC is defined by:111

α(x, y) = min
{

1,
π(y)Pr(y→ x)q2(u′)
π(x)Pr(x→ y)q1(u)

∣∣∣∣∣∂(y,u′)
∂(x,u)

∣∣∣∣∣} , (10)

where
∣∣∣∣∣∂(y,u′)
∂(x,u)

∣∣∣∣∣ is the magnitude of the Jacobian which is needed to account for change of variables.112

For the constructed RJMCMC structure two types of moves can be defined. Moves of the first type, between-model113

moves, namely birth and death moves, change dimension up and down respectively. The others, within-model moves,114

which we call as life move, update the parameter space by applying a classical M-H algorithm.115

3.2. Trans-Structural RJMCMC116

The formulation of Green offers deeper interpretation of transition between spaces which is not limited to transdi-117

mensional sampling. Thus, exploring spaces with the ”same dimensions” but different structures (say trans-structural),118

or both different dimensions and structures, are possible by applying reversible jump mechanism of Green. Transi-119

tions from a linear model to a nonlinear model may be indicated as an example for this. Trans-structural RJMCMC120

reveals the great potential of RJMCMC within much wider scenarios including transitions from states with the same121
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dimensionality and different structures other than being transdimensional.122

Suppose that there is a state space X =
⋃

k{k} × Rnk denotes union of k subspaces which includes models with123

indicator k, Xk = {k}×Rnk and each can be defined as different types. We mean with different types, for example, linear124

and nonlinear models or models which are driven with different probability distributions, etc. Now suppose we have125

two subspaces X1 and X2 whose types are different where the dimensions n1 and n2 may be equal. Target density π126

is proper on both subspaces and defined with respect to n1 and n2 dimensional Lebesgue measures, respectively. The127

subspaces X1 and X2 have parameters spaces θ1 and θ2 and both have proper densities in Rn1 and Rn2 .128

Now, define a move type ”m”, which performs a transition from state x ∈ X to state y ∈ X, with probability129

pm and retains the same state with probability 1 − pm. This transition will be applied by a transition kernel in two130

steps as indicated in the previous section. Thus, detailed balance in (8) should be provided. Transitions between131

models of different structures, contrary to the previous approaches, may include both birth of new parameters and132

death of existing parameters at the same time. In addition, number of parameters may be the same for both states.133

These transitions propose to switch models with different structures, and hence will be named as switch moves in134

trans-structural RJMCMC concept.135

Nevertheless, proposing vectors of variables and change-of-variables operations are needed to define parameter136

vector for candidate state. So, for this type of problems, we define a vector u of length l1 for a transition from x to y.137

Also, we define a vector u′ of length l2 for the reverse transition from y to x. Both of the vectors u and u′ are sampled138

from proper densities q1 and q2 with respect to Lebesgue measures in Rl1 and Rl2 , respectively.139

Following the assumption in [10], the general form of the trans-structural acceptance ratio also necessitates defin-140

ing the density f (the Radon-Nikodym derivative) of a symmetric measure ξ on X × X which dominates the density141

π(dx)q(dy|x). Now, let the density f be selected for both directions of the transitions as:142

f (x, y) = π(x)q1(u)pm, (11)

f (y, x) = π(y)q2(u′)pmR

∣∣∣∣∣∂(y,u′)
∂(x,u)

∣∣∣∣∣ (12)

where pmR is the reverse move probability of m. Then, the acceptance ratio can be easily constructed by (9):143

α(x, y) = min
{

1,
π(y)pmR q2(u′)
π(x)pmq1(u)

∣∣∣∣∣∂(y,u′)
∂(x,u)

∣∣∣∣∣} , (13)

Remark. It can be clearly stated that the acceptance ratio of trans-structural RJMCMC including transitions between144
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the same dimensionality of the models with different structures in (13), has the same form with the one which is derived145

by Green [10] for the transdimensional transitions in (10). So, Green’s formulation can be directly used within much146

wider implementations. Although RJMCMC has been defined as a model determination tool in transdimensional147

cases, it will be more meaningful to define RJMCMC as a general model determination tool whether or not the148

parameter spaces are of different dimensions. As far as the subspaces are of different structures, transitions between149

them require the reversible jump mechanism. Then, in the acceptance ratio, the cost of these transitions are fulfilled150

in the Jacobian term, which is required to be calculated due to the change of variables operation.151

In order to see that the use of RJMCMC is not limited to transdimensional models, a simple example is given as152

follows. For this simple example, we consider 2 models each having the same number of parameters, however, one of153

them is a linear Volterra model say V(1,2), and the other one is nonlinear, say V(2,1). The general expressions of the154

models from (1), are given below:155

y(l) =h(1)
1 x(l − 1) + h(1)

2 x(l − 2), (14)

y(l) =h(1)
1 x(l − 1) + h(2)

1,1x2(l − 1). (15)

Suppose, we are given the data, y, observed from one of the candidate models and there are two parameter156

subspaces Xk, which are X1 = {1} × R2 and X2 = {2} × R2. Parameter subspaces will be defined for V(1,2) as157

x = (1, h(1)
1 , h(1)

2 ) ∈ X1 and for V(2,1) as x′ = (2, h(1)
1 , h(2)

1,1) ∈ X2. Also, we define a move which switches subspaces158

with probability pm and retains the same subspace with probability 1 − pm. When it remains in the same subspace,159

RJMCMC is going to update model coefficients.160

When we need to make a transition from V(1,2) to V(2,1), although the parameter dimensions are the same, just161

one of the model coefficients is common, say h(1)
1 . The remaining candidate coefficient, say h(2)

1,1, should be proposed162

and h(1)
2 will be set to 0. For the reverse move from V(2,1) to V(1,2), the mechanism will be the same; h(1)

2 will be163

proposed and h(2)
1,1 will be set to 0. Coefficient updating mechanism for the moves can be defined as:164

Move m→ ĥ(1)
1 = h(1)

1 , ĥ(2)
1,1 = u, h(1)

2 = 0, (16)

Reverse move mR → ĥ(1)
1 = h(1)

1 , ĥ(1)
2 = u′, h(2)

1,1 = 0, (17)

where coefficients with hats on them, e.g ĥ(1)
1 represent the candidate model coefficients, variables u and u′ have been165
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(a) V(1,2) (b) V(2,1)

Figure 1: Toy example model estimation histograms - (a) V(1,2) (b) V(2,1).

proposed from the densities q1 and q2, respectively which makes Jacobian of the change-of-variables operation unity.166

The acceptance ratio from (13) appears as:167

α(x, y) = min
{

1,
π(x′|y)pmR q2(u′)
π(x|y)pmq1(u)

∣∣∣∣∣∂(x′,u′)
∂(x,u)

∣∣∣∣∣} , (18)

where π(·|y) represents the target distribution of interest given the data y.168

A computer simulation has been performed for this problem, and RJMCMC has been constructed to decide the169

true model given both input and output data of the Volterra models and estimate the model coefficients at the same170

time. For both of the models, RJMCMC detects true model with %100 performance after 100 realizations. For each171

model, histograms of model estimates belonging to a single realization are shown in Figure 1.172

4. On Convergence and Complexity of (RJ)MCMC Algorithms173

The central objective of MCMC sampling is to create a Markov chain with a stationary distribution equal to the174

target distribution or the posterior for the model parameters. If we run the simulation long enough, the distribution175

of our samples converges to this stationary distribution. This makes MCMC fundamentally more outstanding than176

the other sampling algorithms such as importance sampling, etc [39]. In the absence of techniques to select the right177

run length a priori, the convergence of (RJ)MCMC requires online monitoring of the estimation statistics such as the178

mean and the autocorrelation. The estimation of optimal run length a priori is still an open problem.179

There are some advanced statistical studies [40–43] in the literature which propose methods for monitoring con-180
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vergence. In particular, Gelman and Rubin in [40, 41] have proposed a way to replicate multiple chains to decide181

whether or not the algorithm achieves stationarity. Brooks and Guidici in [42] generalize the method of Gelman and182

Rubin in a two-way analysis of variance (ANOVA) based method. In [44], Castelloe and Zimmerman presents a two-183

way ANOVA based approach as in [42] but they extended the approach from univariate to multivariate cases. A more184

recent approach which is a specific distance-based diagnostics have been proposed by Sisson and Fan in [45]. This185

diagnostic is designed for trans-dimensional chains and covers the modelling scenarios like finite-mixture problems186

and change point analyses.187

In addition to the convergence of RJMCMC, another key issue is the computational complexity which is high as in188

the other sampling algorithms. The computational complexity is directly related with their convergence and is also an189

open problem. However, there some studies which investigates the computational complexity of these methods. For190

example, [46] stated that computational complexity of MCMC methods are lower than generic maximum likelihood191

and extremum estimation methods when log-likelihood or quasi-likelihood are nonconcave or nonsmooth. Moreover,192

it is also stated that computational time of MCMC algorithms is the polynomial in the dimension of parameter space.193

Considering all these, we will deal with the computational gain of RJMCMC in this study. RJMCMC calculates194

posterior probabilities for models automatically using a hierarchial MCMC sampling scheme hence avoids visiting195

all candidate models. It uses likelihood and prior and learns from the data in order to visit only plausible model196

classes. Other sampling methods in the literature such as Nested sampling, transitional MCMC (TMCMC), etc.197

need to enumerate and obtain posteriors for each model class. This superiority of RJMCMC becomes very clear in198

the presence of a large number of candidate model classes and RJMCMC provides computational gains above the199

sampling methods which perform exhaustive search on model class space.200

5. Implementation of RJMCMC for Volterra systems identification201

For the purposes of this study, firstly we define what refers to a linear space and a nonlinear space within the scope202

of VSI (Please see [47] for axioms of a linear space).203

Proposition. 5.1. It can be easily stated that if a Volterra model, V(p, q) with p = 1 and q ∈ Q, namely V(1, q), is a204

linear space S q, then S q satisfies all the axioms of a linear space.205

Proof. Using (1), a V(1, q) model can be expressed as:206

y(l) = µ +

q∑
i

h(1)
i x(l − i). (19)
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It is seen that model output n-vector y = [y(1), y(2), . . . , y(n)] is a linear combination of the input n-vector x =207

[x(1), x(2), . . . , x(n)]. Thus, it can be easily shown that a V(1,q) model satisfies all the linear space axioms and is208

closed under both addition and scalar multiplication. �209

Proposition. 5.2. Assume that a Volterra model, V(p, q) with p > 1 is a nonlinear space, S p,q for p > 1 and q ∈ Q,210

then S p,q does not satisfy at least one of the axioms of linear space definition.211

Proof. Assume we define two nonzero processes, y(l) and z(l) from a V(2, 1) model, with model inputs x(l) and w(l),212

respectively as:213

y(l) = h(1)
1 x(l − 1) + h(2)

1,1x2(l − 1), (20)

z(l) = h(1)
1 w(l − 1) + h(2)

1,1w2(l − 1). (21)

Let us define new processes, r(l) and t(l), by using the processes above:214

r(l) = y(l) + z(l), (22)

t(l) = x(l) + w(l). (23)

Thus, for a linear model, process r(l) should be:215

r(l) = h(1)
1 t(l − 1) + h(2)

1,1t2(l − 1). (24)

To show this, start from the definition of r(l):216

(25a)r(l) = y(l) + z(l)217

(25b)r(l) = h(1)
1 x(l − 1) + h(2)

1,1x2(l − 1) + h(1)
1 w(l − 1) + h(2)

1,1w2(l − 1),218

(25c)r(l) = h(1)
1 (x(l − 1) + w(l − 1)) + h(2)

1,1

(
x2(l − 1) + w2(l − 1)

)
,219

(25d)r(l) = h(1)
1 t(l − 1) + 2h(2)

1,1x(l − 1)w(l − 1) − 2h(2)
1,1x(l − 1)w(l − 1) + h(2)

1,1

(
x2(l − 1) + w2(l − 1)

)
,220

(25e)r(l) = h(1)
1 t(l − 1) + h(2)

1,1 [x(l − 1) + w(l − 1)]2 − 2h(2)
1,1x(l − 1)w(l − 1),221

(25f)r(l) = h(1)
1 t(l − 1) + h(2)

1,1t2(l − 1) − 2h(2)
1,1x(l − 1)w(l − 1).222

The term −2h(2)
1,1x(l − 1)w(l − 1) in (25f) is nonzero if h(2)

1,1 is nonzero. Thus, the sequence r(l) does not correspond to223

a V(2,1) model output and is not closed under addition. It is straightforward that this result can be generalized to all224
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Volterra models with nonlinearity degree, p > 1. Then, a Volterra model, V(p, q) with p > 1 is not a linear space, or225

equivalently is a nonlinear space, S p,q. �226

Corollary. 5.3. Linear and nonlinear Volterra systems can be defined as linear and nonlinear spaces, respectively227

under the assumption of the propositions 5.1 and 5.2.228

5.1. Defining The Likelihood229

The Gaussianity of the output distribution of a Volterra system when the input is normally distributed, is not230

guaranteed due to the polynomial operations on the input. However, in a previous study [48], it was shown that output231

distribution of a narrowband Volterra system with white inputs is Gaussian. Following this, a Volterra system whose232

memory tends to infinity, generates Gaussian outputs due to the summation of a large number of terms following the233

central limit theorem.234

On the other hand, the likelihood is expressed as a measure of how well the estimated model represents the235

observed data in Bayesian SI studies. For the purposes of this study, we are assuming that the model prediction,236

ŷ = [ŷ(1), ŷ(2), . . . , ŷ(n)], and observed system output, y = [y(1), y(2), . . . , y(n)] satisfy the prediction error equation237

[49]:238

y = ŷ + e. (26)

In previous studies [29, 49–51], error-prediction model is assumed to be zero mean Gaussian. In Figure 2, pre-239

diction error distributions of three Volterra models which are used for the simulations in this study are depicted.240

Kullback-Leibler (KL) divergence values are calculated with the fitted Gaussian distributions and it has been clearly241

seen that prediction error distributions for all three Volterra models are Gaussian with a 0.05 significance value of KL242

divergence.243

Thus, the likelihood function can be written simply, using a Gaussian error-prediction model as:244

f (y|θ) = (2πσ2
e)−n/2 exp

 1
2σ2

e

n∑
t=1

(yt − ŷt)2

 (27)

≈ N(e|0, σ2
eIn). (28)

where θ is a vector including all the parameters of {p, q,h(p,q), σ2
e , σ

2
h}, n is the length of observed data vector y. Also245

e = [e(1), e(2), . . . e(n)] corresponds to the prediction error and σ2
e is the error variance.246
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Figure 2: Prediction error histograms and fitted Gaussians for models - (a) V(1,10) (b) V(2,5) (c) V(3,3).

5.2. Hierarchical Bayes Model247

Target distribution of RJMCMC, namely the joint posterior distribution, f (θ|x) can be decomposed via Bayes248

theorem for the parameter vector θ = {p, q,h(p,q), σ2
e , σ

2
h}:249

f (p, q,h(p,q), σ2
e , σ

2
h|y) ∝ f (y|p, q,h(p,q), σ2

e) f (h(p,q)|p, q, σ2
h) f (σ2

h) f (σ2
e) f (q) f (p). (29)

5.3. Prior Selection250

In the absence of real prior information, use of noninformative priors is common practice [52]. In the previous251

studies for time series model determination problems using uniform prior for model order has been a common choice252

[11, 30, 31]. In addition, as stated in [33], results obtained by uniform priors, can be easily converted to those253

corresponding to other priors, using the identity:254

f ∗(k, θ(k)|y) ∝ f (k, θ(k)|y)
f ∗(k)
f (k)

(30)

where f ∗(·|y) represents the posterior for the prior f ∗.255

So in this study, we define upper bounds pmax and qmax for model order values p and q, respectively and assume256

that the model orders are independent and each model is equally likely. Therefore, uniform priors for the model257

memory q, and the nonlinearity degree p are used:258

f (q) = U(1, qmax) and f (p) = U(1, pmax). (31)
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Volterra model coefficients are assumed to be normally distributed a priori and for the variances, σ2
e and σ2

h, we259

use conjugate priors which are inverse Gamma [31]:260

f (h(p,q)|p, q, σ2
h) = N(h(p,q)|0, σ2

hIη), (32)

f (σ2
h) = IG(σ2

h|αh, βh), (33)

f (σ2
e) = IG(σ2

e |αe, βe). (34)

5.4. Acceptance Ratio and Moves261

RJMCMC has three different moves to perform the VSI study . These are, between-model (switch), within-model262

(life) and update moves.263

5.4.1. Between-Model Move (Switch)264

Between-model move corresponds to a move which explores the spaces of different Volterra models at each time265

it is proposed. Models which are proposed to be switched have different structures and their space dimension can be266

different or the same.267

The acceptance ratio for a switch move from (p, q) to (p′, q′), is defined as αswitch = min{1, rswitch}. Then, rswitch268

is:269

rswitch =
f (y|p′, q′,h(p′,q′), σ2

e)
f (y|p, q,h(p,q), σ2

e)
×

f (h(p′,q′)|p′, q′, σ2
h)

f (h(p,q)|p, q, σ2
h)
×
χ(u′)
χ(u)

×

∣∣∣∣∣∣∂(h(p′,q′)),u′)
∂(h(p,q),u)

∣∣∣∣∣∣ . (35)

where χ(·) will be defined in (45). Model changes are proposed by switch moves and in order to turn back to the270

previous state after a switch move another switch move should be proposed. Consequently, the reverse move of the271

switch move is itself. Thus, the ratio pmR/pm in (13) is equal to 1 and invisible in (35).272

The target joint posterior distribution is proportional to the product of likelihood and priors via Bayes theorem,273

and hence first two terms in (35) correspond to likelihood and prior ratios, respectively. Proposal ratio is given as the274

third term and the magnitude of the Jacobian is shown as the fourth term.275

5.4.2. Within-Model Move (Life)276

RJMCMC not only estimates model orders of a system, but also estimates the coefficients of the model. Hence,277

the proposed and accepted coefficients in between-model moves, are updated in within-model move, namely the life278
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move. A life move will be applied in a case when RJMCMC intends to remain at the same model. Acceptance ratio279

of the life move is defined as αlife = min {1, rlife}. Hence, rlife is:280

rlife =
f (y|p, q, ĥ(p,q), σ2

e)
f (y|p, q,h(p,q), σ2

e)
×

f (̂h(p,q)|p, q, σ2
h)

f (h(p,q)|p, q, σ2
h)
×
ψ(h(p,q)|p, q, ĥ(p,q))

ψ(̂h(p,q)|p, q,h(p,q)
). (36)

Updating model coefficients includes proposing from the distribution ψ(·):281

ĥ(p,q) ∼ ψ(̂h(p,q)|p, q,h(p,q)) (37)

= N (̂h(p,q)|µn,Σ
−1
n ), (38)

where µn = σ−2
e Σ

−1
n XT y, and Σn = σ−2

e XT X + σ−2
h Iη.282

5.4.3. Update Move - Updating Variances283

RJMCMC setup for VSI problem includes an error term within most of the definitions. The variance of this error284

term, σ2
e is updated at each iteration via Gibbs Sampling. The full conditional distribution for σ2

e is constructed as285

derived in [30]:286

f (σ2
e |y, p, q,h(p,q)) ∝ f (y|p, q,h(p,q), σ2

e) f (σ2
e) (39)

≈ N(e|0, σ2
eIn)IG(σ2

e |αe, βe) (40)

= IG(σ2
e |αen, βen), (41)

where αen = αe +
1
2

n and βen = βe +
1
2

eTe.287

Similarly, the full conditional distribution for σ2
h is obtained as [30]:288

f (σ2
h|y, p, q,h(p,q)) ∝ f (h(p,q)|σ2

h) f (σ2
h) (42)

≈ N(σ2
h|0, σ

2
hIη)IG(σ2

h|αh, βh) (43)

= IG(σ2
h|αhn, βhn), (44)
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where αhn = αh +
1
2
η and βhn = βh +

1
2

(h(p,q))Th(p,q) and η has been defined in (5).289

5.5. Proposing Candidates290

Each RJMCMC iteration requires to select one of the switch or life move firstly with probabilities Pswitch and Plife.291

Uniform prior is selected for all candidate switchable models (with probability Pswitch/ρ for ρ possible models).292

All candidate coefficients should be proposed from the proposal distribution. For instance, in case of a switch293

move corresponding to a model change from p = 1 to p′ = 2 when q = 2, λ = 5 − 2 = 3 candidate coefficients294

are needed to be proposed. The λ-vector u has been proposed from a multivariate Gaussian distribution and χ(u) is295

assumed to be:296

χ(u) = N

0,  σ2
h

E[|y|]

 Iλ

 , (45)

where E[|y|] is the expected value of the absolute value of the data vector y. The variance of the joint distribution is297

chosen to depend on the data. Different data sets, the magnitudes of which vary in different ranges, constitute distinct298

limits for proposal distribution χ(.). This data-dependent adhoc choice adds variety for candidate proposals according299

to the given data.300

Moreover, the proposal distribution for candidate coefficients is selected in a way that the candidates will be301

independent from recent coefficients. Consequently, the change of variables operation is accomplished through an302

identity function and thus the Jacobian equals to unity.303

6. Experimental Analysis304

In this section, we study the performance of the proposed VSI algorithm experimentally. The block diagram of305

the proposed Bayesian VSI procedure has been shown in Figure 3 for a system whose input and output are defined306

with the vectors x and y, respectively. Moreover, additive noise sequences for these input and output vectors are u and307

w, respectively.308

Estimated model order parameter pair ( p̂, q̂) and resulting model coefficient vector ĥ(p̂,̂q) will be used to generate309

one-step ahead prediction of the output data, ŷ, by using the Volterra model expression in (1).310

6.1. Simulation 1: Synthetically Generated Data311

The proposed method has been employed in synthetically generated data sets for this simulation scenario. 3312

Volterra models which are V(1, 10), V(2, 5) and V(3, 3) have been implemented. Each model has been given an313
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Table 1: RJMCMC Algorithm for VSI

input : I/O data set for VSI

Initialize parameters.
for i← 1 to Niter do

Choose Life or Switch move with probabilities Plife, Pswitch.
if Switch is selected then

Sample candidate model orders, p′ and q′.
Perform Switch move in Section 5.4.1 to calculate acceptance ratio, A = αswitch.

else if Life is selected then
Candidate model orders→ p′ = p(i−1), q′ = q(i−1).
Perform Life move in Section 5.4.2 to calculate acceptance ratio, A = αlife.

end
Sample a random variable u ∼ U(0, 1).
if u ≤ A then

p(i) = p′ and q(i) = q′.
Update other parameters with proposed ones.

else
p(i) = p(i−1) and q(i) = q(i−1).
Do not change the values of other parameters.

end
Perform Update move in Section 5.4.3 to update variances, σ2

e and σ2
h.

end

Figure 3: The proposed method VSI block diagram.
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input sequence which is a Gaussian process of mean 0 and variance 1 and outputs for each model have been collected.314

Each data set has a length of 1, 000 samples and mean value, µ, is chosen as 0 for simplicity. Four cases have been315

employed in order to show the performance of the proposed methods under different conditions (See Table 2).316

Table 2: Cases for Simulation 1

Details

Case 1 Both I/O are noise free

Case 2 Output is corrupted by a white Gaussian
noise process of mean 0 and variance 0.1

Case 3
Output is corrupted by a colored Gaussian noise process.

The white noise in Case 2 is filtered by an FIR filter,
and the output of the filter is used to corrupt the output.

Case 4 Both I/O are corrupted by white Gaussian
noise processes of mean 0 and variance 0.1

Table 3: Volterra model coefficients for simulation 1

V(p, q) h(p,q) = [h(1), h(2), . . . , h(p)]T Calculated SNR(dB) values(∗)

V(1,10) h(1) = [0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5] 14.13/22.62/10.42/14.19

V(2,5)
h(1) = [0.7, 0, 0.2, 0,−0.7]

13.52/22.24/10.42/13.58h(2) = [0, 0.1, 0, 0,−0.25, 0.15, 0, 0.42, 0.02, 0, 0.7, 0,−0.31, 0, 0.28]

V(3,3)
h(1) = [−0.06, 0.2331,−1.3619]

17.69/26.33/10.44/17.77h(2) = [0, 0.7, 0, 0.3,−0.25, 0.15]
h(3) = [0.5, 0, 0,−0.44, 0.15,−0.25, 0,−0.37, 0, 0.58]

(∗) Calculated SNR values for each model refer to the values in decibels for Case 2/Case 3/Case 4-Input/Case 4-Output, respectively.

Initial values for hyperparameters of prior distribution of σ2
e , are selected as αe = 1 and βe = 1 and those for σ2

h,317

are selected as αh = 35 and βh = 2. The initial nonlinearity degree p0 and system memory q0 are set to 1 and upper318

bounds pmax and qmax are set to 5 and 12, respectively. h(p0,q0) is sampled from the prior distribution in (32). Move319

probabilities, Pswitch and Plife are both selected as 0.5.320

Model order estimation performance of RJMCMC is compared to two commonly used model order selection321

methods AIC and BIC. The equations for these are given below:322

AIC = 2N + n log(RSS/n), (46)

BIC = log(n)N + n log(RSS/n), (47)

where N is number of parameters for the model, n refers to the data length and RSS corresponds to the residual sum323

of squares which is calculated as:324
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RSS = yTy − yTX(XTX)−1XTy. (48)

AIC rewards goodness of fit but penalizes the number of estimated parameters of the model. BIC is more informed325

then AIC and the penalty term of BIC is more stringent than the penalty term of AIC. Consequently, BIC tends to326

favor smaller models than AIC.327

A similar penalization is also present in RJMCMC whenever model tries to add redundant variables. For example,328

increasing order by one and setting the additional coefficient to zero does not change the likelihood, but the prior takes329

a lower value than before, yielding a posterior probability lower than the previous one [53].330

Table 4 shows the model selection performance of RJMCMC and reference methods AIC and BIC after 100331

simulations for 100 different data sets from 3 different Volterra models. In each RJMCMC realization the most332

visited model after burn-in period is taken as the detected model. Examining the correctly detected model order333

percentages in the Table 4, AIC always falls short of selecting true model order pair as compared to that of RJMCMC334

and BIC. RJMCMC and BIC achieve generally the same percentages, however, when the model is nonlinear (V(2,5)335

and V(3,3)), RJMCMC performs better. For case 4, performance of RJMCMC is superior for nonlinear models and336

its percentage of detection is at least %89, however BIC achieves at most %13 for the same models.337

Figure 4 shows the joint posterior density of the model orders, p and q for the simulated models and randomly338

selected cases in a single example realization. It has been stated that RJMCMC estimates true model order higher339

than %50 for each example realizations.340

Table 4: Percentage of detecting correct model orders
Case 1 Case 2 Case 3 Case 4

RJMCMC 100% 100% 100% 100%
V(1,10) AIC 99% 84% 89% 76%

BIC 100% 100% 100% 100%
RJMCMC 100% 99% 100% 93%

V(2,5) AIC 93% 68% 85% 0%
BIC 99% 100% 100% 11%

RJMCMC 100% 100% 100% 89%
V(3,3) AIC 98% 83% 93% 0%

BIC 99% 100% 100% 13%

Next we compare the success of RJMCMC in estimating model coefficients with NLS estimate which is obtained341

via the augmented data matrix X. NLS has been given the correct model orders p, and q and performs estimation for342

model coefficients as:343

19



(a) V(1,10) - Case 2 (b) V(2,5) - Case 3 (c) V(3,3) - Case 4

Figure 4: The joint posterior density of the model orders of (a) - V(1,10), (b) - V(2,5), (c) - V(3,3).

ĥNLS = (XTX)−1XTy, (49)

where vector y is output data and X is the data matrix which has the form defined in (4).344

The performance comparison study has been made on the model coefficient estimation of RJMCMC and NLS345

methods in terms of error measure, NMSE, which can be defined by:346

NMSE =
1
η

η∑
i=1

(hi − ĥi)2

‖h‖22
, (50)

where h is the η−vector of model coefficients, ĥ is its estimate and ‖h‖2 is the l2-norm of h.347

Model coefficient estimation performance for all three models and all four cases are shown in Table 5. Examining348

NMSE values in Table 5 shows that NLS estimation achieves lower error values than RJMCMC for all the cases.349

Notwithstanding, RJMCMC shows very close performance to the NLS method. Note that the NMSE figures of NLS350

are hypothetical since they are based on unavailable perfect model order estimates. Consequently, model coefficient351

estimation performance of RJMCMC appears remarkable because it estimates model orders and coefficients at the352

same time.353

Table 5: Performance comparison of model coefficient estimation in terms of NMSE
Case 1 Case 2 Case 3 Case 4

V(1,10) RJMCMC 5.89E-07 2.36E-06 2.47E-06 1.43E-03
Informed NLS 2.42E-09 8.46E-07 7.86E-07 1.26E-03

V(2,5) RJMCMC 6.76E-08 2.06E-05 1.12E-07 1.42E-03
Informed NLS 8.42E-09 1.93E-05 7.73E-08 1.32E-03

V(3,3) RJMCMC 1.69E-04 1.84E-04 1.74E-04 6.07E-03
Informed NLS 6.76E-08 2.28E-07 3.90E-08 3.46E-03
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Figure 5: Estimated output histograms for all cases and all models in simulation 1 via RJMCMC. Real data mean values are plotted with a red
vertical line. Each row shows the results for simulated models and each column shows the results for simulation cases.

Figure 5 shows estimated output data histogram for each of the twelve synthetically generated Volterra model354

data. Observing the subplots in Figure 5 depicts that real data means stand in the high probability ranges of estimated355

data distributions and this reveals the good model estimation performance of the proposed method.356

Table 6: RJMCMC Computational Gain.
Case 1 Case 2 Case 3 Case 4

Total∗ Avg.∗∗ Total∗ Avg.∗∗ Total∗ Avg.∗∗ Total∗ Avg.∗∗

V(1,10) 16 12.37 18 12.65 16 12.31 17 12.51
V(2,5) 20 10.22 15 9.08 20 10.98 20 13.3
V(3,3) 18 8.11 20 8.06 19 8.5 26 9.79

Each RJMCMC run has performed 30000 iterations, and number of visited Volterra models has been recorded for each run.
∗ Numbers at Total cells represent the total number of distinct Volterra models visited after 100 RJMCMC runs.
∗∗ Numbers at Avg. cells refer to the average number of Volterra models visited at a single run after 100 RJMCMC runs.
Model space includes 60 Volterra models.

As stated in the previous sections, RJMCMC is a learning algorithm which avoids performing exhaustive searches,357

instead performs a model search by using the likelihood, the priors and the data to visit only plausible models. In Table358

6, calculations on computational gain of RJMCMC for simulation 1 has been depicted. Examining ”Total” columns359

shows that higher than 50% of the candidate models (in all the cases these are wrong models) have not been visited360

and RJMCMC decides ”true model” only visiting a small subset of the model space. Analysing the ”Avg.” columns361

shows that the search subset is smaller than the total amount and we can state that RJMCMC decides ”true model”362

by examining at most only one fifth of the model space (at most 12-13 models over 60 possible models). Thus, this363

exhibits the computational gains of RJMCMC compared with the other model selection methods AIC, BIC or than364

the sampling algorithms Nested sampling, TMCMC, etc. where all perform exhaustive searchs on model space.365
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6.2. Simulation 2: Nonlinear Channel Estimation366

In communication systems, due to high-power amplifiers at the transmitter side and filtering operations at the367

receiver side, nonlinear input-output characteristics are frequently observed. Most of these nonlinearities can be368

approximated via Volterra series. A nonlinear communication channel is expressed in terms of discrete time baseband369

Volterra model with symmetric coefficients as [16, 54]:370

y(l) =

p+1
2∑

ν=1

q∑
m1=1

. . .

q∑
m2ν−1=m2ν−2

h(2ν−1)
m1,...,m2ν−1

ν∏
i=1

x(l − mi)
2ν−1∏
j=ν+1

x∗(l − m j). (51)

where x(l) and y(l) represent the complex input and output envelopes of the system, p is the nonlinearity degree and371

q is the memory of the channel. The (2ν − 1)st-order Volterra coefficient is referred to as h(2ν−1)
m1,...,m2ν−1 . Moreover, it has372

been stated in [55] that powers of even-ordered terms do not contribute to the output. Thus, only odd-ordered terms373

(p = 1, 3, . . .) are taken into account for baseband Volterra representation in (51).374

Many modern communication systems such as asymmetric digital subscriber line (ADSL) modems, digital video375

broadcasting and recent mobile communication systems in 4G, utilize OFDM technique. However, due to its high376

peak-to-average power ratio, OFDM is very vulnerable to nonlinearities [54]. For these reasons, an OFDM commu-377

nication system which transmits through a nonlinear communication channel has been implemented. The proposed378

Bayesian VSI model has been employed to estimate this nonlinear channel in terms of Volterra series.379

We assume that a baseband Volterra model in (51) represents the unknown nonlinear communication channel with380

nonlinearity degree of 3 and memory of 2. Uniformly distributed message bits have been modulated via either QPSK381

or 16-QAM. Modulated symbols have been sent through an OFDM system with 512 sub-carriers. Resulting symbols382

have been parallel-to-serial converted and transmitted through the nonlinear channel. After adding white Gaussian383

noise, the transmitted corrupted signal has been received at receiver.384

Pilot messages have been employed in order to apply a VSI procedure. Hence, both pilot OFDM output and the385

corrupted received signal are known at the receiver as input and output of the unknown system, respectively. RJMCMC386

uses these I/O signals to identify the unknown nonlinear channel. Consequently, proposed method estimates the387

nonlinearity degree, the system memory and the corresponding channel coefficients. Initial values have been selected388

as αe = 1, βe = 1, αh = 50 and βh = 2. The initial system orders are q0 = 1 and p0 = 1. The upper bounds are389

qmax = 12 and pmax = 5. RJMCMC takes all the model orders into account between p = 1 and p = 5 whether it is390

odd or even and decides the true Volterra model for the nonlinear channel. For additive noise processes, signal-to-391

noise ratio (SNR) values between -5 and 25 have been used in order to measure performance of the proposed method392
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Figure 6: Percentage of correctly estimated model order via RJMCMC for varying SNR. (Nonlinear channel, V(3,2))

under different noisy conditions. Simulations have been repeated for 60 Monte Carlo runs and results are presented as393

average of these repetitions in order to remove random realization effects. Simulated channel coefficients have been394

selected as h1 = [0.5, 0.3] and h3 = [−0.7, −0.2, 0.34, −0.27] for linear and cubic terms of the baseband395

Volterra model in (51), respectively.396

Percentage of correctly estimated model orders for varying SNR values are shown in Figure 6. Examining Figure397

6 it can be clearly stated that, RJMCMC correctly estimates the true nonlinear channel, V(3,2), with full performance398

by obtaining %100 after 60 RJMCMC runs for both modulations at SNR values higher than 0 dB. Below 5 dB, true399

channel is correctly estimated at least %80 times of the repetitions.400

Figure 7 depicts the NMSE values in logarithmic scale between estimated channel coefficients and true coeffi-401

cients. Examining Figure 7 shows that at an SNR value of 25 dB RJMCMC estimates the channel with NMSE values402

of 10−4 and 10−3 for QPSK and 16-QAM, respectively. For lower SNR values, estimation performances are lower as403

expected and NMSE values are around 10−2 for SNR of 0 dB.404

7. Conclusion405

In this study, we propose a new perspective on RJMCMC which defines trans-structural transitions between dif-406

ferent classes of models such as linear and nonlinear, etc. This provides using RJMCMC in model identification407

problems the model space of which includes models with dimensions which may differ or not.408

Furthermore, this methodology has been employed as a part of a compact VSI method by estimating the nonlin-409

earity degree as well as the system memory and model coefficients. Using the proposed method in VSI problems is410

advantageous especially when the systems to be identified have varying degrees of nonlinearities and when estimating411

the nonlinearity degree is crucial. RJMCMC shows remarkable performance on nonlinear channel estimation in an412
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Figure 7: NMSE values for channel coefficients estimation of RJMCMC for QPSK and 16-QAM modulation schemes.

OFDM communication system. Performance results for both QPSK and 16-QAM, are satisfactory for both channel413

model selection and coefficients estimation studies.414

These results demonstrate the potentials of RJMCMC in identifying nonlinear systems and nonlinear communi-415

cation channels in terms of Volterra models.416
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