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Abstract—We present some of the recent results of the
LARASE experiment in terms of the improvements reached in
the orbit determination of the LAGEOS and LARES satellites,
in the development of new models for the gravitational and
non-gravitational forces that produce a deviation of their orbit
from that of the ideal keplerian two-body problem of Celestial
Mechanics, and, finally, for relativistic measurements and tests
of Einstein’s theory of General Relativity. In particular, for the
non-gravitational perturbations, we focus on the results of a
thermal model we have developed to handle the solar Yarkovsky-
Schach effect on the orbit of the older LAGEOS satellite. In
this case, we also describe the model for the evolution of the
spin of the satellite. The results for the model predictions of
the orbit evolution are compared with the residuals in the orbit
obtained by an independent analysis. Concerning the relativistic
measurements, we discuss a new measurement of the precession
of the orbit caused by the Lense-Thirring effect. The role of the
errors related to the knowledge of the gravitational field of the
Earth in this measurement is also discussed.

I. INTRODUCTION

LARASE (LAser Ranged Satellites Experiment) [1] aims to
perform new refined measurements of gravitation in the weak-
field and slow-motion (WFSM) limit of Einstein’s theory of
General Relativity (GR) [2]. The final goal of the experiment
is to test the tiny predictions of GR with respect to those
of alternative theories of gravity [3]. The “test particles” of
LARASE are laser-ranged satellites tracked precisely by the
Satellite Laser Ranging (SLR) technique of the International
Laser Ranging Service (ILRS) [4]. These are the two LAGEOS
(LAser GEOdynamic Satellite) [S] and LARES (LAser REI-
ativity Satellite) [6] satellites. In principle, after the removal

of the main non-gravitational perturbations on their orbit, the
satellites behave like “test particles” that fall along a geodesic
in the field of the Earth and in that of the bodies of the Solar
System. The improvements reached by the LARASE collab-
oration during the last year are presented and compared with
respect to previous results [7]. In particular, the improvement
reached in the orbit determination of the three satellites are
described. Concerning the non-gravitational perturbations, we
focus upon the modelling of thermal effects and on the spin.
A new measurement of the Lense-Thirring precession [8]—[11]
on the combined orbits of the satellites is described, and the
error budget of the measurement is briefly discussed. Finally,
our conclusions and recommendations on the above arguments
are provided in view of further improvements.

II. ORBIT DETERMINATION

The precise orbit determination (POD) of the two LAGEOS
and LARES satellites is obtained by means of the GEODYN II
software of NASA/GSFC [12], [13]. Currently, we are able to
fit the orbits of the two LAGEOS satellites with a root-mean-
square (RMS) better than 1 cm when empirical accelerations
are used to absorb some of the unmodelled thermal effects,
and at a level of a few cm for LARES.

In Figures 1, 2 and 3 we show the results of the POD
for the three satellites when empirical accelerations have been
estimated for each arc (), and when empirical accelerations
have not been included in the data reduction of each orbit (4).
In these figures, the mean of the RMS of the range residuals
has been plotted for each arc in which the time span of the
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Fig. 1. Post-fit RMS of the mean range residuals of the POD of LAGEOS.
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Fig. 2. Post-fit RMS of the mean range residuals of the POD of LAGEOS
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analysis has been divided. The current results are in line with
those obtained last year for the POD [7], which had been
performed over a shorter time frame. In fact, the analyses cover
a time span of about 25 years in the case of the two LAGEOS
satellites, from October 30, 1992 (MJD 48925) to February
16, 2018 (MJD 58165), and a time span of about 5 years in
the case of LARES, from April 6, 2012 (MJD 56023).
These are two standard analyses that we routinely perform.
We used: i) the EIGEN-GRACEOQO2S solution to model the
gravitational field of the Earth [14]; ii) an arc length of 7
days; iii) and all tracking stations have been weighted equally.
Neither the Lense-Thirring effect nor the thermal effects have
been modelled. The radiation coefficient Cr of the satellites
is usually estimated along with the empirical accelerations.
As we can see from these figures, when the empirical
accelerations are not estimated, the lack of a refined modelling
of the satellites orbits is quite apparent, especially in the case
of LARES. However, it is important to stress that the use
of empirical accelerations represents an alternative to manage
those phenomena — not modelled or even unexplained —
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Fig. 3. Post-fit RMS of the mean range residuals of the POD of LARES.

that affect the POD of the satellites. Of course, it is in the
best interest of science to try to understand and to properly
model these effects, rather than absorbing them in the data
reduction of the orbit. Consequently, it is of crucial importance
to improve the dynamical model of the orbit of the considered
satellites to reduce the use of the empirical accelerations for
the benefit of the measurements in the fields of gravitational
physics, space geodesy and geophysics.

III. THERMAL EFFECTS AND SPIN EVOLUTION

The non-uniform distribution of temperature across the
surface of a satellite is responsible for the thermal thrust.
Among the thermal effects, the two main perturbations to be
considered are the Earth-Yarkovsky effect [15]-[17] and the
solar Yarkovsky-Schach effect [15], [18]-[21].

In this paper we consider the perturbation produced by the
Yarkovsky-Schach effect on the orbit of the older LAGEOS
satellite. This effect is characterized by an anisotropic emission
of thermal radiation from the satellite that arises from the
presence of temperature gradients across its surface. These
gradients are due to the solar heating and the thermal inertia
of the various elements of the satellite, in particular its cube-
corner retro-reflectors (CCRs).

This radiation is responsible for very subtle and complex
effects, which translate into long-term perturbations on the
orbital elements of a satellite. To model properly these effects
are necessary a reliable thermal model able to account for the
temperature distribution of the satellite, and also a very good
knowledge of the spin vector of the satellite (i.e. its orientation
and rate). For this reason, we developed the LASSOS spin
model for the two LAGEOS and LARES satellites.

The LArase Satellites Spin mOdel Solutions (LASSOS) is
based on the solution of the full set of Euler equations for the
main torques acting on the considered satellites. This model
has been already introduced in previous papers [22]-[24] and
is fully described in [25]. Therefore, LASSOS is a general
model and provides a solution for the spin evolution for any
value of the satellite rotational period. In the fast-spin limit,
LASSOS correctly reproduces the results of previous models
[26]-[28].

In Figures 4 — 6, after a fit to the available observations [29],
the predictions of LASSOS for the components of the spin
orientation of LAGEOS in the J2000 reference frame and for
its rotational period are shown. The analysis covers a time span
of about 34 years, starting from May 15, 1976 (MJD 42913).
As we can see, the agreement between the LASSOS model
for the evolution of the spin of LAGEOS and the available
observations is quite good.

In order to build a reliable model for the various thermal ef-
fects, we need a deep knowledge of the physical characteristics
of the various elements that constitute the satellite’s surface
and interior. We have solved the problem in two different
ways: we first developed a simplified thermal model based
on averaged equations, as in [18], [20], [30], [31] then we
developed a general thermal model not restricted to averaged
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Fig. 4. Prediction of LASSOS for the spin of LAGEOS over a time span of
12487 days. Projection of the satellite spin direction on the equatorial plane
(Sz, Sy) compared with observations (black dots) as obtained in [29].
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Fig. 5. Prediction of LASSOS for the spin of LAGEOS over a time span of
12487 days. Component of the satellite spin direction along the vertical axis
(S2) of the J2000 reference frame compared with observations (black dots)
as obtained in [29].

equations, as in [21], [32]. The first approach is simpler and
more practical in the fast spin approximation.

In this simplified case, the thermal model is mainly based on
the application of the energy balance equation on the satellite
surface, and on a linear approximation for the distribution
of the temperature of the CCRs with respect to the satellite
equilibrium temperature. We present the results for LAGEOS
in this case.

In Figure 7, the components of the acceleration due to the
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Fig. 6. Prediction of LASSOS for the spin of LAGEOS over a time span of
12487 day. Rotational period of the satellite [s] compared with observations
(black dots) as obtained in [29].

Yarkovsky-Schach effect in the Gauss co-moving frame of the
satellite are shown. The analysis covers the same time span of
the one performed for the spin evolution of the satellite.

The green line represents the radial component of the
acceleration, along the Earth-to-satellite direction. The red
line represents the normal (or out-of-plane) component of the
acceleration, normal to the orbital plane, along the direction of
the osculating angular momentum. Finally, the blue line repre-
sents the transversal component of the acceleration, orthogonal
to the other two components.
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Fig. 7. Gauss perturbing accelerations on LAGEOS due to the Yarkovsky-
Schach effect over a time span of about 34 years. These results have
been obtained by the simplified thermal model developed by the LARASE
experiment.

In Figures 8 and 9, the perturbing effects on the satellite ec-
centricity and argument of pericenter are shown and compared
with the residuals in these elements obtained by our POD.

The comparison between the model and the residuals in
the same elements has been performed over a time span
of 9 years starting from November 4, 1992 (MJD 48930).
In this analysis, the arc length was 7 days, no empirical
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Fig. 8. Yarkovsky-Schach effect on LAGEOS eccentricity. The predictions
of the simplified thermal model (red line) are compared with the residuals in
the eccentricity (black line) obtained by means of a POD performed over the
same time span of 4080 days.
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Fig. 9. Yarkovsky-Schach effect on LAGEOS argument of pericenter. The
predictions of the simplified thermal model (red line) are compared with the
residuals in the argument of pericenter (black line) obtained by means of a
POD performed over the same time span of 4080 days.

accelerations were used and the thermal effects (Yarkovsky-
Schach and Earth-Yarkovsky) were not modelled. The EIGEN-
GRACEO2S solution has been used as model of the Earth
gravitational field [14].

As we can see from these two figures, the agreement
between the prediction of the model and the residuals is
good, but not perfect. However, the agreement could not be
perfect since, besides the signature of the Yarkovsky-Schach
effect, these residuals also contain the signature of the Earth-
Yarkovsky effect as well as that of the asymmetric reflectivity
of the satellite’s hemispheres [33], [34].

Thermal perturbations share with tides some frequencies
that perturb the main observables used by LARASE for the
measurement of the relativistic effects, as the right ascension
of the ascending node ) and the argument of pericenter w.
Therefore, it is of the utmost importance to model them in
a very reliable manner, otherwise their long-term effects may
corrupt the measurement of the relativistic precessions.

IV. A NEW MEASUREMENT OF THE LENSE-THIRRING
EFFECT

In the following, we present a new precise measurement
of the relativistic precession of the orbit of a satellite due to
the Lense-Thirring effect of Einstein’s GR. This precession is
produced by the Earth’s angular momentum and it is effective
on the right ascension of the ascending node and on the
argument of pericenter, i.e. on two of the three angles that
define the orientation of the orbit in space.

To be more precise, the measurement is based on the
combined analysis of the orbits of the two LAGEOS and
LARES satellites, and for the relativistic observable, the right

ascension of the ascending node has been used, since it is
less perturbed than the argument of pericenter by the thermal
effects.

We performed a POD of the orbit of the satellites over
a time span of about 4.7 years, starting from April 6, 2012
(MIJD 56023). For the arc length we used 7 days, no empirical
accelerations have been used and the thermal effects have not
been modelled. For the background gravitational field of the
Earth, the GGMO05S model [14], [35], [36] has been used.

This new measurement represents an improvement of the
preliminary measurement that we worked out in 2017 and
presented in [7]. In particular, the main improvement arises
from a new study related with the impact on the relativistic
precession of the errors due to the first even zonal harmonics
of the Earth gravitational field.

In fact, from a series of dedicated analyses aimed at
determining the influence of the knowledge of the low-degree
coefficients on the measurement, we found that the nomi-
nal (constant) value of the third even zonal harmonic Cig
of GGMOS5S is far from its independent monthly solutions
provided by the Center for Space Research (CSR) of the Uni-
versity of Texas at Austin. These solutions show an important
(and complex) time dependency [36], [37] for this coefficient,
and our independent estimates of this coefficient are in good
agreement with those obtained by the CSR. Consequently, if
we do not take into account this behaviour for Cyg, its nominal
value will be responsible of a large systematic effect on the
measurement of the Lense-Thirring secular precession, at least
on the time span of our analysis of the orbits of the satellites.

We remind that the reference epoch of GGMOSS is January
1, 2008 (MJD 54466), and that the field was estimated on
a time interval of about ten years from March 2003 through
May 2013, but with several gaps and not all months being
characterized by an equal number of measurements from the
two GRACE satellites (John Ries, private communication).

Therefore, in our new analysis we assumed as unknowns,
in addition to the general relativistic precession, the first and
third even zonal harmonics, i.e. their variations §Cs, and
8Cgo with respect to their nominal values which were used
in the POD of each satellite. Conversely, in our previous
preliminary measurement described in [7], as well as in all
previous measurements of the Lense-Thirring effect reported
in the literature, the third unkown was the second even zonal
harmonic, i.e. §Cyy.

In the case of the Cgy even zonal harmonic, the nominal
value included in the POD was that given by the GGMO05S
solution, that is —1.499751867421 x 10~ 7. On the other hand,
in the case of the first even zonal harmonic Csyg, the coefficient
was modelled by means of a linear dependency in time,
obtained by a linear fit we performed to the monthly solutions
for this coefficient that have been estimated by the CSR [37].

Following the above arguments, the combined relativistic
precession for the three satellites is:

QL b = O + &0 + &OLE, (1)

comb
where the coefficients £; and &, are obtained from the solution



of a linear system of three equations in three unknowns in such
a way to remove the errors from the first and third even zonal
harmonics, 6C5y and §Cgo, while solving for the relativistic
precession.

The overall relativistic precession ngb is equal to 49.658
mas/yr, and can be computed, once determined the above
coefficients, from the values of the relativistic precession on
the right ascension of the ascending node of each satellite, as

shown in Table 1.

TABLE I
RATE [MAS/YR] FOR THE LENSE-THIRRING PRECESSION ON THE RIGHT
ASCENSION OF THE ASCENDING NODE OF LAGEOS, LAGEOS II AND

LARES.
Orbital element LAGEOS LAGEOSII LARES
QLT 30.67 31.50 118.48

The result for the relativistic precession on the combined
orbits of LAGEOS, LAGEOS II and LARES is shown in
Figure 10.

Combined nodes of the satellites (mas)
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Fig. 10. Combined residuals (black dots) of the right ascension of the
ascending node of LAGEOS, LAGEOS II and LARES. The continuous red
line represents a linear fit to the combined residuals. The continuous black line
represents the prediction of GR for the Lense-Thirring secular precession. The
slope of the red line corresponds to the relativistic precession being measured,
and it is practically indistinguishable from the slope of the black line.

The combined (and integrated) residuals [38] for the right
ascension of the ascending node of the three satellites are
shown over the time span of the analysis (black dots). The
continuous black line represents the GR prediction for the
combined precession of the nodes. Conversely, the red line
represents the result of a linear fit to the residuals.

For the measured precession Qg}ﬁ;;) — which corresponds
to the slope of the red line — we obtained a value of 49.966
mas/yr, very close to the relativistic prediction of GR. Indeed,
the fractional discrepancy with respect to the GR value is very

small: . .
lcrcl)erzi) — Q(%(Tmb -3
o ~ 6.2 x 107°. 2)

comb

This result represents, to our knowledge, the most precise
measurement obtained so far for the secular Lense-Thirring

precession by means of a linear fit to the combined residuals
of the orbits of the two LAGEOS and LARES satellites.

As Figure 10 clearly shows, the combined residuals of the
satellites nodes are characterized by the presence of unmod-
elled periodic effects. As shown in [7], see their Table VI,
the spectral analysis of the residuals in the right ascension of
the ascending node of the three satellites relates these periodic
effects to those of the unmodelled thermal forces and to some
tides. In this context, the success of a simple linear fit, as
the one we have done here, is related to the number of full
cycles, of the unmodelled periodic effects, contained in the
time interval covered by the measurement.

The analysis of the systematic effects is ongoing. Our final
goal is to provide a reliable and robust error budget for the
measurement of the Lense-Thirring effect. On the basis of
our preliminary estimates of the various sources of error, both
gravitational and non-gravitational, we can fix the error budget
for the measurement of the Lense-Thirring effect at a few
% level for the combination of the satellites orbits that we
currently considered.

V. CONCLUSIONS

We have briefly introduced and described some of the
activities performed by LARASE during the last year. The
ultimate goal of LARASE [1] is to provide measurements of
the gravitational interaction in the WFSM limit of Einstein’s
GR and to compare them with the predictions of alternative
theories of gravitation [3]. This allows to place strong con-
straints on some of these theories, both metric and non-metric,
and to further validate, or falsify, GR [39]-[41].

We discussed the improvements obtained in the POD of the
two LAGEOS and LARES satellites, the results concerning
the modelling of the Yarkovsky-Schach effect and a new
measurement of the secular precession of the satellites orbit
due to mass-currents [42], the so-called Lense-Thirring effect.

Improvements in the modelling of the various perturbations
to the orbit of a LAGEOS-like satellite are an essential pre-
requisite to finally provide precise and accurate measurements
of the relativistic effects in the field of the Earth.

For these reasons, the activities of LARASE are strongly
devoted to develop new models for the non-conservative forces
and to analyse carefully the models developed for the static
and dynamic parts of the Earth’s gravitational field, as well as
of the tides [22].

Unmodelled periodic effects with a long periodicity are
dangerous in this kind of measurements because they may
resemble a secular-like effect over a shorter time span. These
are the thermal effects and tides, especially the ocean tides.
In particular, the most critical are the unmodelled long-
term effects that have the period of the right ascension of
the ascending node of the considered satellites, since this
element represents our main observable for the relativistic
measurement.

Concerning the Earth’s gravitational field, we have briefly
discussed the errors related with the low-degree coefficients,
in particular those connected with the even zonal harmonics.



We have shown that the third even zonal harmonic of the
gravitational field of the Earth is characterized by a more
complex temporal pattern with respect to its nominal value
in GGMOS5S. Therefore, since we use three observables (the
nodes of the three satellites) for the measurement, we decided
to estimates this coefficient together with the relativistic Lense-
Thirring precession and the first even zonal harmonic.

Finally, we have described a precise measurement of the
Lense-Thirring precession, obtained through a simple linear
fit to the satellites residuals estimated from three PODs.
The discrepancy between our new measurement and the GR
prediction is just 0.6%. We plan to repeat this measurement
over a longer time span and by means of a non-linear fit
to absorb the unmodelled thermal thrust effects. This will
provide, in the centenary of the publications by Lense and
Thirring [8]-[10], a very precise and accurate measure for
the relativistic precession that they, before anyone else, have
highlighted.
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