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Abstract—This paper focuses on Power-Flow Equations so-
lutions, based on the Newton-Raphson method. Two major
contributions are offered. First, the definition of novel solution
variants, resorting to Wirtinger calculus, is attempted. The
obtained developments, although original in their formulation,
led to already known variants. Despite the impaired originality
of the obtained solution, there are significant lessons learned
from such an effort. The second major contribution consists in
a deep comparison analysis of existing solution strategies, based
on complex and real variables, and the Wirtinger based ones,
all properly reformulated to allow direct comparison with each
other. The goal is to investigate strengths and weaknesses of
the addressed techniques in terms of computational effort and
convergence rate, which are the most relevant aspects to consider
when making the choice of the approach to employ to solve
power-flow equations for a specific power system under study.

Index Terms—Newton-Raphson method, Jacobian matrices,
load-flow analysis, sparse matrices, non-linear equation.

I. INTRODUCTION

OLVING the Power-Flow Equations (PFEs) is probably

the most fundamental challenge posed by power systems
analysis. In the literature, several solving methods have been
adopted to tackle their solutions (e.g. [1], [2]). In particular,
since the PFEs determine a large system of non-linear equa-
tions, iterative solving methods are preferred and this paper
focuses on the Newton-Raphson method (NR) [3], that is one
of the most used thanks to its robustness and its quadratic
convergence. However, in order to use NR, the equations must
be differentiable and, since the PFEs are non-holomorphic,
different formulations are required. The process including
formulation and solving method here is called strategy.

PFEs can be formulated using real or complex variables.
After introducing the context in Section II, an overview of
existing NR-based strategies and a brief discussion on their
strengths and weaknesses are presented in Section III.

Since Wirtinger calculus can be directly applied to the
complex formulation of the PFEs, Section IV investigates
the adoption of the Wirtinger Jacobian in NR steps. After
obtaining a complex-based strategy (NRW©), the structure of
the Wirtinger Jacobian is exploited to get two real-based strate-
gies (NRWVE and NRWE). Although their original formulation,
NRWC and NRWE led to already known NR-based strategies.

Despite the originality is impaired, there is value in the
performed exploration. The conducted study shed light on a
direction that has an apparent promising starting point. In
addition, the original formulations have an impact on the
performance of the obtained strategies different from the
existing counterparts.

Another major contribution of the paper is a deep com-
parison analysis among existing solution strategies, based on
complex and real variables, and Wirtinger based ones, all
properly reformulated to allow direct comparison with each
other. Strengths and weaknesses of the addressed techniques
are analyzed in Section V, in terms of computational effort and
convergence rate. The results of this study can be usefully
exploited by practitioners in making the best choice of the
approach to employ to solve the PFEs for their specific system.

II. CONTEXT

The PFEs derive formally from the Ohm’s law, the
Kirchhoff’s current law and the formula for the complex power
(S) [1]. The common complex formulation of the resulting
equation associated to a node i is given by:

AS; =E;I™ —S;=E;, Y Y™E, —-S;=0 (D)
ki

where E is the complex voltage, [ bus i the bus current, YPus
is the bus admittance and ~ means connected or equal to. A
variable is overlined when its complex conjugate is considered.

Equation (1) can be seen as a row of the matrix equation:

AS =[E]Y™E-S=0 (2)

where E and S are vectors, Y is a sparse matrix and [E]
is the square matrix with the entries of the vector E on its
diagonal and all zeros elsewhere.

In order to classify the buses nature, the complex power S
and the complex voltage E' are written using the cartesian and
the polar coordinates respectively:

S =R(S)+13(5) =P+ 0 3

E = |E|e?™ = Ve’ = V(cos(d) + gsin(d)) ®
where P and () are real quantities called active and reactive
power, while magnitude and phase of E are indicated with
V and § respectively. Given these coordinates, each bus of
an electrical grid can be classified depending on which of the
four real quantities just introduced are constant:

o there is always a single V d-bus, that has V' and ¢ constant,

called slack bus;

e PQ-buses have P and () constant;

e PV-buses have P and V' constant.

Then, the number of buses in a grid is 1 + Npo+ Npy =N.

In the following matrix equations, the subscripts PQ, PV
and V¢ indicate the selection of rows corresponding to PQ-
buses, PV -buses and V §-bus respectively.



The unknown values in the PFEs depend on the bus type
associated to the index i: if i refers to the V' §-bus, its complex
power S has to be determined; if ¢ is the index of a PQ-bus,
then its voltage £ is a complex unknown; if ¢ is a PV -bus,
the unknowns are @) and §. Hence, the system (2) contains
N complex equations in 1 + N, complex and 2N, real
unknowns. Since C!T¥re x R2¥pv and CV have the same
dimension as vector spaces over R, the number of equations
in (2) is equal to its degree of freedom and, since the equations
are linearly independent, the system is consistent (i.e., admits
at least one solution). It is important to observe that the
unknowns related to PV -buses can only be described with
their real form, so that complex formulations of the equations
are disadvantaged.

Solutions of a non-linear system of complex or real equa-
tions with lots of unknowns are not easy to be found with a
direct method. Hence, the most straightforward way to solve
systems like (2) is using an iterative method. One of the most
used is the Newton-Raphson method (NR) [3]: starting from
an initial approximation of the solution X° of a system of
equations F(X) = 0, the corrections AX* = X +1 — X* are
obtained by solving the linear equation system

J(XF)AXF = —F(X") 4)

where J = (0F;/0X;) is the Jacobian matrix of F. The
iterative process is stopped when |F(X*)|,, < tol.

Note that, when formulating the PFEs with complex vari-
ables, NR is not directly usable because of the complex con-
jugate I° in (1) that makes the equations non-holomorphic
with respect to the complex variables E;.

III. STATE OF THE ART

In order to make NR exploitable in the PFEs context,
most of the strategies formulate the complex system (2) with
real variables and then construct J using the real derivatives
(Section III-A). Other strategies, instead, maintain a complex
formulation but calculate J with different derivatives (Sec-
tions III-B and IV).

In both cases, NR is particularly powerful in solving the
PFEs because J maintains the sparsity of YU,

A. Real-based strategies

Depending on the real coordinates used for the voltages,
there are two main real-based strategies.

1) Polar Coordinates [4]: when writing voltages with their
polar coordinates, equation (1) becomes:

AS; = B Y YR Vie s — 5, =0 (5)
k~i

and a real equation system can be obtained by considering
R(AS) = AP and 3(AS) = AQ. In this case, the subsystem
APpo, =R [EPQ]Y?D“C;E —Pyp=0
APpy = R([Epy [YME) — P,y =0 (6)

AQPQ = %([EPQ]Y'}’%E —Qre =0

contains 2Np, + Npy real equations in 2Ny, 4+ Npy real
unknowns and determines F(d 5, pv, Vo) = 0 to be solved
with NR. Its solutions, once found, can be replaced in the
other subsystem containing the equations APy, = 0 and
AQpyyvs = 0 to easily calculate all the remaining real
unknowns (P, Qpy. vs). Since the derivatives of (6) can be
calculated as the real and imaginary parts of:

0AS — _
N = [EI([Y™E] + Y™ [E])[V "]
9AS bus R Ybus[E
S5 = B ([Y""E] - Y"[E])
the real Jacobian of F for (4) is given by:
J = c R?NptNpv.2Npo+Npv (8)
where:
0AS 0AS
J — §R PQ,PV) J — §R< PQ,PV)
M < 98 pa pv 2 OV o ©)
0AS 0AS
_ & =R — PQ
m=9(gmt)  Im=s(F2)

The strategy, consisting in solving the formulation (6) with
NR through the Jacobian (8), is here indicated with NRFC.
2) Rectangular Coordinates [3]: if the voltages are written
with their rectangular coordinates, then equation (1) becomes:
AS; = (ET +3EY) Y YEILC‘S(Ej — ng) -S5;=0 (10)

~9

As in the previous formulation, the subsystem containing the
equations AP, =0 and AQpy s = 0 can be easily solved
after obtaining the voltages of PQ-buses and PV -buses.
However, the system (6) contains only 2Ny,+Np, equations
while the real unknowns (EZ E%, pv) are 2(Npo+Npy ).

PQPV)
Consequently, F(E%, ..., E% rv) = 0 has to be:

APy, =R [EPQ]YE’;‘%E —Prp=0
AP, = R([Ep ]YWE) - P, =0
AQrq = S([Erg]YESE) — Qg =0
AVIQDV = |EPV|2 - V12>v =0

so that there are 2(Npq + Npy ) = 2N — 2 equations and the

PV -buses voltages respect the magnitude constraint.
Derivatives of (11) are given by:

(1)

%%E =[G E*-B™E] + [E*]G™ + [EV]B™
88%5 _ [GbusEy+BbusEx] + [Ey]Gbus _ [Ew]Bbus
%AT? — _[GbusEy+BbusEx]+[Ey]Gbus_[Em]Bbus (12)
88%(3 _ [GbusEx_BbusEy] _ [Ex]Gbus _ [Ey]Bbus
DAV? OAV?
— xr = Y
o = [2E7] oEv = 2]

where GPs = %(Yb“s) is the bus conductance matrix and
BYs = S(Ybus) is the bus susceptance matrix.



Then, in (4) the Jacobian of F' is:

Ju Ji2
J: ER2N—2,2N—2 (13)
Jo1 Joo
J31 J32
where:
OAP r6 by OAP 1 by
Ju=—7—— Jig = ————
OEL, .y OB, 1y
OA OA
basgmt dme gt A
PQPV PQ,PV
3 OAVZ, 3 OAVZ,
31 = Fo 32 = Ty
aEJPC’Q,PV aE?J;IDQ,PV

Solving (11) with NR and (13) as Jacobian determines a
strategy here called NRRC.

B. Complex-based strategies

Despite the fact that the complex conjugate makes equations
(1) non-holomorphic with respect to the voltages, and hence
impossible to differentiate using the classic complex deriva-
tives, there are particular processes that make complex PFEs
solvable with NR without converting them to their real version.
An example, concerning an approximation of the complex
Jacobian with respect to FE, can be seen in [5].

Another possibility consists in considering £ and E as
independent variables and use complex derivatives [6]. Since
E are independent of the E, they generally differ from the
complex conjugates of E and, in order to emphasize this
difference, E will be indicated with W.

In this case, equation (1) becomes:

AS;=E; Y YW, -5, =0

ki

5)

and it is holomorphic with respect to 2 and W.

As in Section III-A, Py ; and Qpy, s can be determined
from voltages, so that the unknowns of the system are Ex, 5y
and Wy, py. Since 2(Npg + Npy ) complex unknowns are
involved, in order to have 2( Ny, + Ny ) linearly independent
equations, [6] considers the complex formulation:

ASp = [Epg [YRSW — S, =0

A2P,, =[E. [ YRS W+ [W,., [ YOS E—2P.,=0

_ — 16
AS;, = [WPQ]YE,”;E —Spo=0 (16)
AV%V = [EPV]WPV - Viv =0

In this case, complex derivatives are calculated as:
0AS — 0AS —

— bus — bus

OE [Yrw] oW [E]Y
OA2P bus | [ybus
B [W]Y™ + [YPsW]
0A2P —
——— = [E]Y" + [Y™E
o = [EIY™ + [Y™E] (7
OAS B bus 0AS _i~obus
om WY aw ~ [Y7E]
OAV? OAV?

Thus, in [6], (4) has J structured as follows:

Ji1 Ji2
J= ﬁ J22 € Q2N-22N-2 (18)
Ja1 J32
Ju Ja2
where:
0AS;q OAS .,
Jiu=—-—— Jig = 77—
8EPQ,PV 8WPQ.PV
ON2P L., OA2P .,
J21 = — 29 = ————
8EPQ,PV aVVPQ,PV (19)
Jay = % Jao = 9ASr,
e 8]'EPQvPv 2 8VVPQ.PV
AV AV
J41 = A= J42 = =
aEPQ,PV 8VVPQ,PV

The strategy introduced in [6], that aims to solve (16) by
using (18) in a complex version of NR, here is called NRNV.

C. Discussion

In NRPC, trigonometric functions are required and their
evaluations imply numerical approximations [7] that can affect
the results when very high precision is required (although this
is not the normal circumstance). For NREC the equations
in (11) are polynomials so that trigonometric functions are
avoided. A comparison between NRFC and NREC with and
without optimal multipliers is presented in [8]. Another study
on different load-flow methods based on polar or rectangular
coordinates is conducted in [9].

Concerning NRNV, it allows to model particular devices,
as reported in [6], but all computational costs are increased
because of the complex calculus. In addition, since E and
W are treated as independent variables, £ and W can differ
during NRV steps, resulting in less accurate outcomes.

Moving from the above considerations and aiming at im-
proving on the reported weaknesses, new formulations are
investigated, resorting to the Wirtinger calculus because it is
directly applicable to the complex formulation of the PFEs.

IV. EXPLORING WIRTINGER CALCULUS

The Wirtinger derivatives [10] exploit the fact that
each complex function F C™ — C™ can be seen
as F:R2™ 5 C™ by writing its complex variables as
Zi = Xi+ Y.

Hence, if F is differentiable in the real variables X; and
Y, the Wirtinger derivatives of F' are defined as the following

partial differential operators:
O"F 1( 0F O"F 1(0F OF
— i 2
< 7, = 3w o) @

OF
0z, _ 2\ 09X, Jan)
It is important to observe that Wirtinger derivatives can be
calculated without introducing F. In this case, 0"F/9Z;
works as the classic complex derivative 9F/0Z; in which Z;
is considered as a constant, and the behaviour of 9WF /0Z; is

the same of OF /0Z; with Z; constant.



This property makes Wirtinger derivatives defined also for
complex functions that are non-holomorphic because of the
complex conjugate.

As for the classic complex derivatives, also for Wirtinger
derivatives a Jacobian can be considered. However, since the
matrix containing all Wirtinger derivatives of F' is not square,
the Wirtinger Jacobian is defined as:

AWF OWF OWF OWF
Z 0Z 9Z
= (21)
OWF OWF OWF OWF
OZ 0Z 0Z 0Z

If the complex system F(Z) = 0 has to be solved, the
Wirtinger Jacobian of F can be used in NR. Thus, analogously
to (4), the correction AZ is obtained by solving:

" ( AZ ) B ( F(Z) )
J [t I el )
AZ F(Z)

Since the PFEs contain complex conjugates that make
them non-holomorphic with respect to the complex voltages,
Wirtinger calculus is very appropriate to differentiate them.

An approach similar to the proposed one was introduced
in [11] to differentiate the PFEs with respect to the electric
currents, but for the different purpose of finding a necessary
condition for power-flow insolvability in systems with dis-
tributed generators. Another interesting similar approach was
introduced in [12] where, after considering Wirtinger deriva-
tives, a solving method using complex tableaux is presented.

In order to use Wirtinger calculus, the PFEs have to be
formulated with an appropriate system of complex equations.
The number of these equations must be N, + Ny, which is
the number of the unknown complex voltages E., , (as in
Section III, Py s and Qpy s can be easily determined later).

The PFEs and the constraints given by the bus types must
be respected. Thus the first Ny, equations can be simply (1)
while, for PV -buses, the following N, complex equations,
introduced in [13], are considered:

(22)

AF; = 2R (El ZY‘;};SEk) —2P+)(|EB;* -V =0 (23)
ki
The complex system F(E ., »i-) =0 is consequently given by:

{ASPQ = [Epo]YWE —S,, =0

AFE,, =2R ([EPV

- (24)
WE) — 2Bt (| Enf?~ V2) =0

Equations (23) imply that the active power and the voltage
magnitude of each PV-bus respect the constraints and, in
addition, F has a non-singular Wirtinger Jacobian. Other
equations for PV-buses can be found, paying attention to
obtain a non-singular Wirtinger Jacobian matrix.

The Wirtinger derivatives of F are:

OVAS —_— OWAS —_
aE — [YbusE] aE — [E]Ybus
agf — [E]Y™ + [Y™E + JE| (25)

OWAF

ol [E]Y"s + [Y™™E + JE]

It is noteworthy that, although the system of equations in
(24) and the derivatives in (25) have the same structure of those
related to NRNV in (16) and (17), the number of independent
variables, and consequently of derivatives, is halved. In fact,
while with NRYY W is independent of E and hence W
slightly differs from E, with Wirtinger derivatives E is exactly
the complex conjugate of E.

The Wirtinger Jacobian of F' can be structured with only
four blocks, as observed in (21):

JM J7
11 12 A B
w w
Jv— 21 22 _ (26)
I ETN I R
Jy | Ja
where:
wo_ O"AS;q, wo_ O"VAS:q,
1" OB pory 2 OB rory o
w  OVAF., w  OVAF.,
o = o —— Jop = =
aEPQ,PV 8EPQ PV

Despite starting from a different formulation, the Wirtinger
derivatives exploited to obtain the matrix (26) actually returns
the same Jacobian obtained in [13] through differential forms.

The strategy that uses the Wirtinger Jacobian (26) in NR to
solve (24), here is called NRWC.

An improvement of NRWC can be obtained through a real
conversion of J", exploiting its particular structure as follows.

The new-found conversion starts with inverting the order of
the last n = Npg + Npy rows and columns of J%, in order
to obtain a centrohermitian matrix [14], defined as:

M e Cm’m|Mij = Mqu,i}qu,]y for 1 < 1,7 <m (28)

The permutation of indices that allows the conversion of J%
into a centrohermitian matrix is = : ¢ — 3n + 1 — ¢ for
n < 1 < 2n. The matrix form P, of 7w contains the matrices:

10 0 1
L={ "~ |, J.={ .7 JeR"™ (29
0 1 1 0

known as identity and exchange matrix respectively, so that:

P — I,]0,
0,7,

The action of 7 on JV, using P, determines:
BJn

p, (242 )p, = (At G31)
B|A J.B|J.AJT,

that satisfies (28) and thus is a centrohermitian matrix.

In particular, using 7 as in (31), every Wirtinger Jacobian
is similar to a centrohermitian matrix.

As demonstrated in [14], every centrohermitian matrix is
similar to a real matrix. In fact, given the unitary (i.e.,
U~! = U* = U?) matrix:

) E C2n, 2n

Uz o (L]
v\ J. | =

(30)

(32)



the centrohermitian matrix determined in (31) is similar to the
real matrix:

u (AL Bl gy
J.B|J AJx

_(RA+B)[SB-A) ) _ ..
-\ S(A+B)|R(A-B) )

(33)

The matrix transformations described in (31) and (33)
influence the system (22) as follows. Starting from:

(2)- (3 () (5)

where AE = AE;qpy and F = F(Epqpy) is the left-
hand side of the system in (24), the result of the permutation
introduced in (31) is:

P, (i’i> P,P, < — ) - P, ( F )
B|A AE F
A BJ. AE B F

JvATy
and, considering the similitude in (33), (35) becomes:
Bl

A AE F
U* ——— |UU*| "~ |=-U"| "=
(et ) (%) v ()
gweo ( AE+AE ) _ ., [ F+F
v2\ AE-AE 2\ F-F

e ( R(AE) ) - ( R(E) >
so that the resulting system has size 2(Npo, + Npy) and
contains only real values. The obtained real implementation
of NRWC is called NRWE,

The determined linear equation system of NRWE, although
obtained through novel developments, is the same as the one
of NRRC. However, despite the same outcome from both
strategies, the comparison studies described in Section V show
that the differences in the construction of the Jacobian have
an impact on the overall performance of the strategies, with
NRWE performing better than the classical NRRC .

The structure of J™F* is exploitable to further reduce the
number of equations in (36).

In particular, in (33) the last N, rows of J"* are:

(36)

- | e a7
( S(J31+J%) | R(JZ1—J5) >
where, from (25):
OVAF = O"AF =vbts | [T
5t = 23%([E]Y Y E])
+ 2R([E]) G8)
QAR VAR o

OE OE

+ ﬂ%([E]Ybus + [WE])

so that, from (27):

(T +3%) = (0| [2R(Ery) ]) € R¥Paoy Nev

(39
R(I—J22) = (0 ’ [2S(Epy) ]> c RVP+tNpv.Npy
Hence, the system (36) can be written as:
AE,

RAEq) R(F)
RAE:,)

=— (40)
S(AE.) 3(Fro)
SAEry) S(Fpy)

where Dy = [2R(E;y ) | and Dy = [23(Ep, ) ] are diagonal
matrices. Calling F the vector containing f(F ) and S(F ),
the submatrices equations related to (40) are:

JIR(AE,,) + JoR(AE,.,)
+ J33(AE )+ J4S(AE,, ) =—F
D R(AE,,) + DyS(AE,, ) = —3(Fpy)

In the second equation of (41), the real diagonal matrix D1 is
always invertible, so that )*(AEz,,) can be isolated:

(41)

R(AE;,) = —D7 ' (DoS(AE.) + S(Fpy))  (42)
and then substituted in the first equation of (41):
JIR(AE;q) — JoDTH(D2S(AERy) + S(Fry) ) “3)

+J3%(AEPQ) + J4§R(AEPV) =-F

In conclusion, only the following submatrices equation has to
be solved with an iterative method:

JIR(AE,,) + JsS(AE,,)
+ (J4—J:D7'D3)S(AE,y ) =—F+J,D; 'S(Fpy)

that is a linear system of equations of size 2N, + Npy. The
square matrix associated to (44) is given by:

A

|
Jw=1 Ji| I3 QN
=

|
=

(44)

(45)

and determines a real and reduced version of NRWC that here
is called NRWE.

V. COMPARISON RESULTS

This section is devoted to compare the six strategies NRP,
NREC, NRNVV, NRWE, NRWE and NRWE in terms of two ma-
jor indicators representative of the quality of a PFEs solution
strategy: computational effort and convergence to a solution.
Therefore, theoretical analysis and experimental results about
the computational costs are presented in Section V-A, while
convergence rates are discussed in Section V-B.

All the experimental results are obtained through MATLAB
[15] implementations of the strategies. NRFC was already
part of MATPOWER [4], a MATLAB package for solving
power-flow and optimal power-flow problems, while the other



strategies have been implemented by the authors. The choice
of MATLAB presents two major advantages: first, it is based
on matrices manipulations so that the implementations directly
reflect the mathematical descriptions presented in this article;
second, MATPOWER functionalities can be fully exploited.
Eleven case studies, included in the MATPOWER package
[16] and inspired by real electrical networks, are considered.
In particular, some of the larger cases are selected, precisely

casel354pegase, casel888rte, case2000tex, case2383wp,
case2746wp, case2868rte, case2869pegase, case3375wp,
case6470rte, case9241pegase and casel3659pegase (the

number in the name is the number of buses involved).

A. Computational analysis

The focus is on a single step of NR in each strategy. The
analysis distinguishes between the two major parts composing
a step: the matrices construction and the linear system solution.

In order to cover in more general terms the comparison
study and provide a comprehensive analysis, the strategies are
compared with: 1) a theoretical analysis of the computational
burden for the matrices construction; 2) a count of the oper-
ations required in the linear system solver; 3) an assessment
of the elapsed times in MATLAB.

1) Matrices Construction: the first theoretical comparison
consists in counting the number of loads, stores, real additions
and real multiplications required to calculate F and J for
(4) in each strategy step. This is a technology independent
analysis, since it does not make any assumption on the specific
computer architecture adopted to execute the strategy.

The methodology selected is inspired by the work in [17].
Following the definitions of complex operators, complex sums
count as to two real additions, complex multiplications as two
real sums and four real products, while reading and writing
a complex number consist respectively in loading and storing
two real quantities.

The aforementioned quantities are determined in terms of:

o the number of buses V;

« the number of PQ-buses Np;

o the number of lines L;

« the number of lines connecting PQ-buses Lpq po;

o the number of lines from PQ-buses to PV -buses Lyq pv;
o the number of lines connecting PV -buses Lpy py .

The presence of Lpgpo, Lpopyv and Lpy py is due to the
sparsity of the involved matrices that is conditioned by the
sparsity of Y°Us,
F in NRYC steps (6):

load 15N —1+ Ny + 16L

store 9N — 14+ Npy + 8L

add. 6N + 8L
mult. 10N + 8L

This evaluation involves also 2N trigonometric functions.
J in NRFC steps (8):
load 20N —143Npq+30L+8Lrgro+4Lrgrv+2Ley pyv
store 11N —=14+3Npo+16L4+8Lpo po+4Lpopv+2Lpy pv
add. 8N +12L
mult. 10N + 20L

F in NREC steps (11):
load 19N —7 — 5Ny, + 16L
store 11N —5 —3Npo + 8L
add. 8N —2 —2Np, + 8L
mult. 10N —2 —2Np, + 8L
J in NRRC steps (13):
load 30N —64+2Npo+40L+8Lpo po+8Lpopv+4Lpy pv
store 16N —4420L +8Lpgpo +8Lpgrv +4Lpy pv
add. 6N —2+ 2N, + 12L
mult. 8N + 8L
F in NRNV steps (16):
load 35N — 11 — 7Npg + 32L
store 18N —6 — 2Ny, + 16L
add. 1TN —5 — 5Npq, + 16L
mult. 20N —4 — 4Ny, + 16L
J in NRNV steps (18):
load 28N —12—4Npo+48L+8L g po+8Lpgrv+8Lpy pyv
store 16N — 8 4+24L +8Lpgpo +8Lpgrv +8Lpy pyv
add. 12N —4 —4ANp, + 24L
mult. 16N 4+ 32L

The coefficients in the estimations for N are large because
complex voltages (&) and their conjugates (W) are indepen-
dent variables in (16) and (17). The estimation in [6] does not
consider this characteristic.
(F,F) in NRWC steps (24):
load 21N —9 — 5Ny, + 16L
store 13N —7—3Np, + 8L
add. 8N —2 —2Np, + 8L
mult. 10N —2 —2Np, + 8L
IV in NRWC steps (26):
load 28 N—20—12Npo+24I8L pg pot12L po pv+16Lpy v
store 16N—12—4ANpo+12I48L g po+12L pg pv+16Lpy pv
add. 12N —8 — 8Ny, + 12L
mult. 8N + 16L
(R(F),S(F)) in NRWVE steps (36):
load 19N —7 — 5Ny, + 16L
store 11N —5 — 3Npo + 8L
add. 8N —2 —2Np, + 8L
mult. 10N —2 —2Np, + 8L
IV in NRWC steps (33):
load 36 N—28-12Np 4241420 L p pt24Lpo pv+28Lpy pv
store 20N—16—4Npo+12I420L pg po+20L po pv+20L 5y pyv
add. 16N —12 —8Npo + 12L +4Lpgpv + 8Lpy.pv
mult. 8N + 16L

(R(F),S(Frp)) — JoD'S(Fpy) in NRWE steps (44):
load 24N —12 — 12N 4 16L + 6L oy + 6Lpy oy

store 13N —7 —TNpo +8L +4Lpgpy +4Lpv py
add. 9N —3 — 3N, +8L + 2L g0y + 2Ly py

mult. 12N —4 —4Npq +8L +2Lpgpv +2Lpy by
J"% in NRWVE steps (45):

red
load 42N—-34-18NpA24I420L p p 28 L p pvA32L by pv
store 23N—19—TNpo+H12I420L pg po+22L pg pvt22L py py
add. 1TN —13—9Npo+12L+6Lpg pv+10Lpy py

mult. 10N —2—2N,q+16L+2L g py +2L 0y oy

RNV



Table I
THEORETICAL ESTIMATIONS OF THE LOADS REQUIRED FOR F AND J AT
EACH STEP OF EACH STRATEGY

Table II
MEANS OF THE FLOPS REQUIRED BY THE LINEAR SOLVER AT EACH STEP
OF EACH STRATEGY.

case  load NR'C NRFC NRVY NRWC NRWF NRWE case  NRPC NRFC NRYV NRWC NRWF NRWE
1354pe F 533k 52.1k 103k 54.8k 52.1k 54.6k 1354peg. 387k 516k 245M 290M 487k 603k
pes. J 101k 136k 143k 88.9k 120k 124k 1888rte 783k 702k  3.74M  432M 711k 1.08M
18881t F 70.4k  68.3k 136k 72.1k 683k  68.1k 2000tex  1.59M 1.68M 28.1M 282M 1.67M 2.82M
e J 136k 180k 186k 114k 157k 159k 2383wp 835k 1.36M 12.6M 14.1M 136M 1.65M
2000 F 80.5k  78.2k 156k 82.2k 782k  77.8k 2746wp 976k 141M 173M 122M 141M 1.88M
tex J 156k 206k 216k 130k 178k 181k 2868rte 1.22M 1.25M 571IM  6.23M  1.20M  1.89M
F 84.1k  81.3k 162k 86.1k 81.3k 84.1k 2869peg. 1.05M 1.39M 64IM 7.19M 1.42M 1.81M
2383wp 3 g0k 214k 221k 138k 192k 198k 3375wp  139M 1.98M 165M 209M 1.92M 2.75M
F  96.0k 927k 184k 982k 927k 953k 6470rte  3.0IM 4.02M 25.6M 30.3M 4.04M 6.33M
2746wp 3 183k 244k 251k 157k 218k 224k 9241peg. 590M 6.89M 399M S54.1M 6.87M 10.2M
o) 106k 103k 205K 109k 103k 103k 13659peg. 8.04M 8.82M 50.8M 52.1M 8.82M 13.0M
28O8rte 3 y0sk 271k 281k 172k 236k 241k
2869peg F 119k 116k 231k 122k 116k 121k
g ?;gllz ?(l)gllz ;iglﬁ }gglﬁ ﬁgt ﬁ;lﬁ As for the strategies with real Jacobians, NRFC has the
3375Wp J 230k 306k 315k 195k 271k 277k IOWeSt required ﬂopS, fOHOWed by NRRC and NRVV]R (these
caoe | F 247k 237k 472k 250k 237k 231k last solve the same linear system). Despite the Jacobians of
J 480k 631k 654k 392k S4lk 546k NRPC and NRWE have the same size and sparsity, NRWE is
F 403k 393k 782k 412k 393k 408k . .
924lpeg. 37 g6k 1.05SM  L1IM 682k 927k 951k the worst among the real-based strategies. This because the
13659 F 542k 539k 1.0/M 566k 539k 565k linear system of NRXZ(;R is solved through the unsymmetric
P83 105M 140M 148M 925k 126M 1.30M

Since loads are the most numerous and onerous operations
[17], their actual amounts have been evaluated for the consid-
ered case studies and collected in Table I.

It is important to observe that, in every case, the construction
of F requires about the same amount of loads in all strategies
except for NRNV, where it is almost double with respect to
the others. For J, NRWC requires reduced quantities of loads
with respect to all the other strategies, followed by NRFC.
NRWE obtains the same matrices of NRRC with less loads,
while NR}]ZE} lies between them. Finally, NRNV is the most
load requiring strategy.

2) Linear System Solution: the second comparison study
consists in counting the amount of flops (floating point oper-
ations) required by the linear solver of MATLAB to solve (4)
in each step of each strategy.

To this purpose, each case study is solved through all the
considered strategies, starting from the initial guess given in
the MATPOWER file. The stop criteria has been set as the
reaching of 100 iterations and, at each step, the flops needed to
solve the linear system are collected. The mean of the required
flops has been calculated and collected in Table II.

Since all the introduced Jacobians are sparse matrices,
MATLAB solves the associated linear systems with the direct
solver of UMFPACK [18]. An estimate of the number of
symbolic, numeric and solve flops is obtained by setting
the debugging information of UMFPACK with the command
spparms (’ spumoni’, 2).

In all the cases, strategies with complex Jacobians (NRNY,
NRWC) require more flops for solving the linear system than
the real-based ones (NRFC, NREC NRWR, NR},’Z}}). This
difference is due to heavier complex operators compared to
real operators.

Among complex-based strategies, N requires generally
an increased number of flops with respect to NRNV, since the
sparsity of J% in (26) is higher than that of J in (18).

RWC

technique of UMFPACK, while in all the other strategies the
symmetric technique is used.

3) Time Quantification: to quantify the elapsed times for
the adopted case studies, the implementations in MATLAB of
the strategies are executed in an environment characterized by
an AMD(R) Opteron 6176 SE processor with fixed 2.3 GHz
CPU, 12MB cache and 32GB RAM, equipped with an up to
date GNU/Linux Operating System.

Since MATLAB is an interpreted language, the times can
be worse than those of a compiled language. Nevertheless,
linear algebra is multi-threaded by default in MATLAB and
this feature is fully exploited in the adopted environment, so
that the obtained times are anyhow competitive.

Distinct time values for the equations and Jacobian con-
struction and for the linear system solution are calculated with
the MATLAB functions tic and toc in the respective code
sections. As for the flops count, each case study is solved with
the reaching of 100 iterations as stop criterion, resulting in data
sets of 100 measures for each time value. Table III shows the
minimum of each set, since it is the value less influenced by
non-related processes.

In each case, the results related to the construction of F
confirm the theoretical estimations discussed in Section V-Al:
all strategies require comparable times, except for NRNV that
doubles the time.

The times for the evaluation of J, instead, show some
differences with respect to the estimations in Section V-Al. In
particular, there are two main variations: first, NRNV is faster
than expected, so that instead of being the worst strategy, it
is the second best after NRWC; second, NRWE is the slowest
strategy, while theoretically it should have been better than
NRREC and NRNV. These differences are caused by the well-
optimized matrix operations in MATLAB: NR™V requires
more calculations, but they can be collected in only four matrix
products; on the contrary, the process described in Section IV
leading to NRWE requires an increased number of matrix
products with respect to all the other strategies.

It is noteworthy that, despite they share the same results,



Table III
ELAPSED TIME IN ms FOR EVALUATING F', J AND SOLVING THE LINEAR
SYSTEM (sol) AT EACH STEP (MINIMUM VALUE OUT OF 100 ITERATIONS)

case ms NRFC NRRC NRNV NRWC NRWR NRWE

F 025 020 044 023 024 055

1354peg. J 1.33 1.90 1.35 1.00 1.76 242
sol 13.82 1597 19.58  20.68 16.25 15.48

F 0.30 0.29 0.52 0.33 0.30 0.32

1888rte J 1.75 2.20 1.68 1.20 2.15 3.20
sol 1761 1873 2705 2945 1873 2311

F 0.33 0.32 0.54 0.38 0.30 0.34

2000tex J 1.84 2.53 1.80 1.32 2.35 3.34
sol 2447 2692 57.02 6196 2749 3274

F 0.42 0.36 0.68 0.40 0.38 0.38

2383wp J 2.18 2.94 2.15 1.56 2.75 4.29
sol 2660 33.01 48.66 51.41 32.83 33.56

F 0.50 0.44 0.72 0.43 0.43 0.49

2746wp J 2.55 3.42 2.40 1.73 3.21 4.63
sol 2693 3489 6103 5134 3280 36.36

F 0.44 0.44 0.74 0.48 0.45 0.50

2868rte J 2.67 3.26 2.52 1.81 3.17 4.78
sol 3164 2913 4154 4526 2823  34.53

F 0.59 0.47 0.81 0.49 0.41 0.57

2869peg. J 297 4.05 2.81 2.07 3.70 5.38
sol 3377 36.78 4835 50.38 37.74  40.38

F 0.60 0.50 0.85 0.51 0.49 0.57

3375wp J 3.25 4.12 291 2.11 3.78 5.60
sol 4099 4483 69.84 7448 44.69 4450

F 1.13 0.93 1.59 0.91 0.99 1.09

6470rte J 6.69 8.07 6.01 4.11 7.31 11.02
sol 86.51 9486 11752 122.87 8790 94.44

F 154 139 262 143 141 174

9241peg. J 10.88 1598 10.50 7.33 12.63 18.86
sol 13665 15640 19170 21077 157.60 165.84

F 203 186 360 208 195 223

13659peg. J 1548 2257 1527 10.33 18.05 27.00
sol 185.66 213.61 261.80 273.05 22592 213.63

the construction of the Jacobian (13) in NREC is slower than

that of the Jacobian (33) in NRWE,

For the solving time, as seen in V-A2, the real-based strate-
gies are the better ones and, in particular, NRPC s the fastest,
followed by NRRC and NRWE (these last require almost the
same time) and finally by NRWE (that is disadvantaged by the
UMFPACK unsymmetric solution technique). The strategies
that involve complex systems (NRNV and NRWC) respect
exactly the estimations given by the number of required flops.

A major outcome from the above conducted experimental
analysis is that the solving time accounts for most of the
elapsed time, being one order of magnitude bigger than the
other times. Then, NRFC is the fastest strategy, followed by
NRWE, NREC, NRWE and finally by the complex ones.

However, it is pointed out that experimental results are
strongly dependent on both the specific software implemen-
tation adopted (e.g., programming language, linked libraries,
code optimization) and on its execution environment (com-
puter architecture, such as threads and array processors [17] on
multi-core or SIMD on many-core). Therefore, these aspects
need to be taken into account when making the choice of the
most appropriate strategy to employ.

In this respect, the value of conducting an analysis both on
a theoretical basis and on a specific implementation setting
is expected to be helpful from several perspectives. Among
these, it could stimulate the development or more efficient
implementations of theoretically promising strategies, target-

ing appropriate supporting technologies.

For example, investigating the adoption of many-core ar-
chitectures, e.g., GPUs, looks a promising direction towards
significantly reducing the linear system solution time so that
strategies winning on reduced memory accesses (such as
NRWC) could raise their competitiveness.

There exists a vast literature regarding the implementation
of direct methods for sparse linear system solution that exploit
both the host CPU and GPUs, such as the recent QR factoriza-
tion presented in [19], and iterative methods, where the sparse
matrix times vector subroutine is accelerated on GPUs [20].

At the moment, the MATLAB Parallel Computing Toolbox
does not allow to accelerate on GPUs direct methods for sparse
matrices and the fine tuning needed for the available iterative
methods (i.e., gmres and bcg) is left for future work.

B. Convergence rate

The ability of each strategy to achieve convergence is
analyzed examining their behavior in solving the adopted
cases, with randomly changed initial parameters according to
three different scenarios: 1) random initial voltages, 2) random
level of loads and 3) random R/X ratio.

In particular, each strategy is tested with 20 maximum
iterations and tolerance 10~1° on 10 sets of 100 random initial
states, generated through normal distributions with changing
standard deviation o and mean depending on the scenario.

Since Jacobians of NREC, NRWC and NRWR are similar
matrices, the convergence rates of these strategies are always
equal. Similarly, the linear system in NRWE is equivalent to
that of NRWE. Thus, only data concerning NRRC are shown.

For each value of ¢ in the considered ranges, the number
of converged runs and of required steps to convergence, and
information about the singular values of the Jacobian are
collected to gain insights about convergence behaviors [21].

The singular values s of J correspond to the square root
of the eigenvalues of J¢J and can be computed in a nu-
merically stable way within MATLAB (through svds). As
min(s) approaches 0 while max(s) increases, the conditioning
number of J grows, producing an unreliable solution AX of
Equation (4) in NR. In addition, if many singular values of J
are close to zero, then the correction AX lies in a vector space
with many almost parallel basis vectors. This implies that a
small error in the computations can change considerably AX,
so that the convergence of NR can go along an erratic path.
Thus, the number of singular values that are smaller than a
fixed threshold, i.e., #s < 0.01 in the considered scenarios,
represents a qualitative measure of the convergence behavior.

1) Initial Voltages: in the first convergence study, the initial
voltages are randomly generated through a normal distribution
with mean the voltages of the standard initial guess given in
the MATPOWER file and variable o.

In Fig. 1, on the left side, the convergence behavior for
case6470rte is depicted and NRFC is clearly worse than the
other strategies. On the right side, in non-converged runs, the
Jacobian of NRFC has on average a greater number of small
singular values and a bigger maximum singular value with
respect to the other strategies. This behavior, characterizing
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Fig. 1. Convergence behavior for case6470rte [16] with random initial

voltages: the effect of changing o on the number of converged runs (on the
left) and the mean of data concerning singular values of the Jacobian when
the strategies do not converge (on the right).

Table IV
TOTAL NUMBER OF CONVERGED RUNS AND MEAN OF REQUIRED STEPS TO
CONVERGENCE WITH DIFFERENT INITIAL VOLTAGES

min(s) #s<0.01 max(s)

100 45y
PC
2 g0 | A\‘\ NR™ 241¢—03 6.27 1.20e+12
- \
B 60 : NRRC
o R 1.01e—02  0.67 1.56e+07
Z 40 i
o NV
S 90 | A\‘\ NR™ 410e—03 1.04 1.66e+05
0 T T T \A\'
0.15 0.16 0.17 0.18 0.19

g

Fig. 2. Convergence behavior for case2869pegase [16] with random level of
loads: the effect of changing o on the number of converged runs (on the left)
and the mean of data concerning singular values of the Jacobian when the
strategies do not converge (on the right).

Table V
TOTAL NUMBER OF CONVERGED RUNS AND MEAN OF REQUIRED STEPS TO
CONVERGENCE WITH DIFFERENT LEVELS OF LOADS

case o NRPC  NRVV  NRREC case o NRPC  NRNVV NRREC
N L S R S
1888rtc  0.0048-0.0066 z;;‘;‘; R 1888rtc  0.0070-0.0088 zst‘:;‘; XX
2000ex 00460064 L0 197 i1s1 iist o00ex 01500177 FE DL G T
iy owons B ooy omaw fm 0w o
T T
e oot fon 10 B g comens g 707
woms _ooson Gk g mew owews e L oL o
337owp 00050014 igt(;la: 757 lo1 lowr 3375wp - 0.180-0.225 §§;‘;§ o e
s omows B 8 o oo fr 0
T v L S e YT . R
13659peg.  0.0030-0.0057 zgt‘;‘; T e 13659peg.  0.001-0.004 zg;‘;‘; X0 200 20

most of the NRFC non-converged runs, implies that NRFC
is more prone to follow erratic paths. The non-convergence
of the other strategies can instead be linked to an oscillating
behavior since the average #s < 0.01 is small and the mean of
max(s) remains close to 10 (an expected order of magnitude
for max(s) of Jacobians related to transmission grids).

In Table IV, the total number of converged runs over the
1000 considered and the mean of the number of required steps
to converge are shown. Except for casel3659pegase, NRPC
is in general the strategy that converges in a lower number
of cases, while the other strategies have similar behaviors.
Notice that, when NRFC converges, it requires less steps than
the other strategies.

2) Level of Loads : instead of studying the strategies
behavior with generic level of loads, the more unstable sce-
nario of overloaded network is considered. Thus, active and
reactive powers (P and Q) are increased multiplying them
by a random factor generated through the absolute value of a
normal distribution with mean 1 and variable o.

The common behavior of convergence is well represented
in Fig. 2, where the collected data for case2869pegase are

represented: on the left side it is shown that all the strategies
converge in the same number of runs; the right side indicates
that, as for the previous scenario, the singular values of the
Jacobians in non-converged situations lead NRP to an erratic
path and the other strategies to an oscillating behavior.

In Table V is clear that, in each case study, the total number
of converged runs is the same for all strategies and the average
number of steps required to convergence is reduced for NRFC
with respect to the other strategies.

3) R/X Ratio : finally, random R and X for each line
are obtained, so that different values of the R/X ratio are
tested. The random initial situations are generated with mean
the values R and X of the MATPOWER file and variable o.

As seen on the left of Fig. 3, related to case2383wp,
generally NRFC converges less than the other strategies. As
in the previous scenarios, from the right side of Fig. 3, the
behavior of non-converged runs is generally erratic for NRF¢
and oscillatory for the other strategies.

In Table VI is shown that NRPC converges in a slightly
minor number of runs and, again, requires generally less steps
to reach convergence with respect to the other strategies.
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Fig. 3. Convergence behavior for case2383wp [16] with random R/X ratio:
the effect of changing o on the number of converged runs (on the left) and the
mean of data concerning singular values of the Jacobian when the strategies
do not converge (on the right).

Table VI
TOTAL NUMBER OF CONVERGED RUNS AND MEAN OF REQUIRED STEPS TO
CONVERGENCE WITH DIFFERENT R/X RATIOS

case o NRPC NRNV  NREC
1354peg.  0.0001-0.0019 j:g;)‘; 2272 55.%69 ;ﬁ%
1888rte  0.0020-0.0065 z;‘;‘; ;%%) 2.9897 2.%97
2000tex  0.001-0.010 z:t‘:;‘; 1195 i?;é :.%Z;
2383wp  0.0055-0.0100 jg;f;)vs 6434; 8534; 5%53
2746wp  0.0005-0.0095 zgt‘:;vs 56.233 gg 56.4;27
2868rte  0.0015-0.0060 z:;‘;‘; ;‘_1636 ;1.125 ;%
2869peg.  0.0001-0.0019 zgt‘:; g?;; 6513 97 651% 99
3375wp  0.0005-0.0050 zgg;vs f%‘; 56'})95 56'}) 98
6470rte  0.0010-0.0055 j:g;‘; 5{2% gg% 2)1.8339
9241peg.  0.0001-0.0010 :;Z‘;Vs ST
13659peg.  0.0005-0.0050 zg;‘;‘; gffl g51 19 ;151 19

VI. CONCLUSIONS AND FUTURE WORK

When solving the PFEs by using NR, strategies based on
real or complex variables have been studied, so to address the
different performances to satisfy varying requirements dictated
by diverse usage contexts.

First, this paper explored the application of Wirtinger cal-
culus to the complex formulation of the PFEs. The resulting
strategy (NRWC) is already present in the literature. However,
the novel development highlights the centrohermitian struc-
ture of the Wirtinger Jacobian, then exploited to obtain an
equivalent strategy (NRWR), which turns out to be a more
efficient variant of the classical formulation with rectangular
coordinates (NRRC). A reduced real-based strategy is also
proposed, trying to further improve the obtained ones.

Second, a detailed comparison among existing and new
proposed strategies has been conducted, in terms of computa-
tional efforts and convergence rates. Some important aspects
are emphasized. Regarding computational costs of the linear
system construction, NRWC is the best and NRWR is faster
than the equivalent NREC. For the linear system solution, the
classical formulation with polar coordinates (NRFC) is the

fastest. Moreover, NRFC converges in less runs than the others;

however, when it does, it requires less steps than the others.
In conclusion, besides exploring the application of Wirtinger
calculus with some interesting results, strengths and weak-
nesses of the addressed strategies have been investigated, in
order to help the choice of the approach to employ to solve
power-flow equations for a specific power system under study.
Extensions are foreseen in several directions, including:
o to further analyze the matrices properties in the consid-
ered strategies in order to improve their performance;
to explore the behavior of parallel implementations;
to investigate applications of Wirtinger calculus in other
electric contexts, such as the Optimal Power Flow.

REFERENCES

[1] J.J. Grainger and W. D. J. Stevenson, Power system analysis. McGraw-
Hill, Inc., 1994.

[2] W.F Tinney and C. E. Hart, “Power flow solution by Newton’s method,”
IEEE Trans. on Power App. and Syst., no. 11, pp. 1449-1460, 1967.

[31 A. Gomez-Exposito, A. Conejo, and C. Canizares, Electric Energy
Systems: Analysis and Operation, ser. Electric Power Engineering Series.
CRC Press, 2017.

[4] R. D. Zimmerman, C. E. Murillo-Sanchez, and R. J. Thomas, “MAT-
POWER: Steady-state operations, planning, and analysis tools for power
systems research and education,” IEEE Trans. on Power Syst., vol. 26,
no. 1, pp. 12-19, 2011.

[5] H.Le Nguyen, “Newton-raphson method in complex form,” IEEE Trans.
on Power Syst., vol. 12, no. 3, pp. 591 — 595, 1997.

[6] T. T. Nguyen and C. T. Vu, “Complex-variable Newton-Raphson load-
flow analysis with FACTS devices,” in 2005/2006 IEEE/PES Transmis-
sion and Distribution Conference and Exhibition, 2006, pp. 183-190.

[7] J.-M. Muller, Elementary Functions. Algorithms and Implementation.
Springer, 2006.

[8] J. E. Tate and T. J. Overbye, “A comparison of the optimal multiplier in
polar and rectangular coordinates,” IEEE Trans. on Power Syst., vol. 20,
no. 4, pp. 1667-1674, 2005.

[91 V. Quintana and N. Miiller, “Studies of load flow methods in polar

and rectangular coordinates,” Electric Power Systems Research, vol. 20,

no. 3, pp. 225 — 235, 1991.

W. Wirtinger, “Zur formalen theorie der funktionen von mehr komplexen

verdnderlichen,” Mathematische Annalen, vol. 97, no. 1, pp. 357-375,

1927.

Z. Wang, B. Cui, and J. Wang, “A necessary condition for power flow

insolvability in power distribution systems with distributed generators,”

IEEE Trans. on Power Syst., vol. 32, no. 2, pp. 1440-1450, 2017.

J. Bandler, M. El-Kady, and H. Gupta, “Practical complex solution of

power flow equations,” IEEE Trans. on Circuits and Syst., vol. 29, no. 11,

pp. 772-775, 1982.

F. J. Gonzalez-Vazquez, “The differentiation of functions of conjugate

complex variables: application to power network analysis,” IEEE Trans.

on Educ., vol. 31, no. 4, pp. 286-291, 1988.

A. Lee, “Centrohermitian and skew-centrohermitian matrices,” Linear

Algebra Appl., vol. 29, Suppl. C, pp. 205-210, 1980.

MathWorks, MATLAB R2018a, The Mathworks, Inc., Natick, Mas-

sachusetts, 2018.

R. D. Zimmerman, C. E. Murillo-Sanchez et al., MATPOWER: A

MATLAB Power System Simulation Package, version 6.0.

J. P. Hulskamp, S. Chan, and J. F. Fazio, “Power flow outage studies

using an array processor,” IEEE Trans. on Power and App. Syst., no. 1,

pp. 254-261, 1982.

T. A. Davis, “Algorithm 832: UMFPACK V4.3 - an unsymmetric-pattern

multifrontal method,” ACM Trans. on Math. Softw., vol. 30, no. 2, pp.

196-199, 2004.

S. N. Yeralan, T. A. Davis, W. M. Sid-Lakhdar, and S. Ranka, “Algo-

rithm 980: Sparse QR factorization on the GPU,” ACM Trans. on Math.

Softw., vol. 44, no. 2, pp. 17:1-17:29, 2017.

N. Bell and M. Garland, “Efficient sparse matrix-vector multiplication

on CUDA,” NVIDIA, Tech. Rep., 2008.

Y.-Q. Shen and T. J. Ypma, “Newton’s method for singular nonlinear

equations using approximate left and right nullspaces of the jacobian,”

Applied Numerical Mathematics, vol. 54, no. 2, pp. 256 — 265, 2005,

6th IMACS.

[10]

(11]

[12]

[13]

[14]
[15]
[16]

[17]

(18]

[19]

[20]

[21]



