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Abstract. A tournament graph T = (V, E) is an oriented complete
graph, which can be used to model a round-robin tournament between n
players. In this short paper, we address the problem of finding a champion
of the tournament, also known as Copeland winner, which is a player that
wins the highest number of matches. Our goal is to solve the problem
by minimizing the number of arc lookups, i.e., the number of matches
played. We prove that finding a champion requires 2(¢n) comparisons,
where ¢ is the number of matches lost by the champion, and we present
a deterministic algorithm matching this lower bound without knowing .
Solving this problem has important implications on several Information
Retrieval applications including Web search, conversational AI, machine
translation, question answering, recommender systems, etc.
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1 Introduction

A tournament graph is an oriented complete graph T = (V, E) [13]. This graph
can be used to model a round-robin tournament between n players, where each
player plays a match with any other player. The orientation of an arc in E tells
the winner of the match, i.e., we have the arc (u,v) € E iff u beats v in their
match. In this short paper, we address the problem of finding a champion of the
tournament, also known as Copeland winner [6], which is a vertex in V with the
maximum out-degree, i.e., a player that wins the highest number of matches.
Our goal is to find a champion by minimizing the number of arc lookups, i.e.,
the number of played matches. Note that a tournament graph may have more
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than one champion. In this case, we aim at finding any of them, even if all the
algorithms are able to find all of them without increasing the complexity.

If the tournament is transitive (i.e., if u wins against v and v wins against
w, then u wins against w), we can trivially identifying the (unique) champion
with ©(n) arc lookups. Indeed, the champion is the only vertex that wins all its
matches and, thus, we can perform a knock-out tournament where the loser of
any match is immediately eliminated. However, finding the champion of general
tournament graphs requires §2(n?) arc lookups [7] and, thus, there is nothing
better to do than playing all the matches. This means that the structure of the
underlying tournament graph heavily impacts the complexity of the problem.

In this paper we parametrize the problem with the number ¢ of matches
lost by the champion. We first show that {2(¢n) arc lookups are required, then
we present an optimal deterministic (and non-trivial) algorithm for finding a
champion and achieving this bound without knowing ¢. This parametrization is
motivated by applications in Information Retrieval and Machine Learning where
we expect that a champion (e.g., the best item in a set) loses only few matches.

Motivations. The identification of the best candidate of a set of items is a cru-
cial task in many Information Retrieval (IR) applications, also known as P@1,
including Web search, conversational AI, machine translation, question answer-
ing, recommender systems, etc. [ITI8]. The task can be solved in two different
ways: 1) by piggybacking state-of-the-art Machine Learning (ML) techniques for
ranking, and by selecting the candidate with the highest rank in the list; ii) by
employing a pairwise ML classifier, which is trained to identify the best among
two candidates, and then by selecting the champion of the resulting tournament.
While the former approach exploits only the information of a single candidate
for computing the ranking, the latter approach is potentially more powerful be-
cause it exploits the information of two candidates while comparing pairs of
items. However, the latter approach is more expensive than the former one due
to the lack of efficient algorithms to reduce the number of time-consuming com-
parisons. This work aims at filling this gap since the P@1 problem can be solved
by finding a champion of the tournament graph induced by the pairwise ML clas-
sifier. As it is possible to design very accurate ML classifiers for several tasks, we
expect a very low number of matches £ lost by the best item, thus a quasi-linear
number of arc lookups is required by our algorithm to find it.

2 Related Work

Tournament graphs are a well-known model that has been applied to several
different areas such as sociology, psychology, statistics, and computer science.
Examples of applications are round-robin tournaments, paired-comparison ex-
periments, majority voting, communication networks, etc. [4/T3I9UTOIT2].

For the purpose of this work, we identify two different research lines. The first
one aims at defining different notions of tournament winner, while the second
one aims at efficiently ranking the list of candidates using pairwise approaches.



Tournament winner. According to previous works [4I0[T2], there is no unique
definition of the notion of a tournament winner. Nevertheless, all of them agree
on defining the winner whenever there is a candidate, called Condorcet win-
ner, which beats all the others. Different definitions of winner requires different
complexities of the algorithms used to identify it.

The easiest cases to consider are the transitive tournament graphs, i.e., di-
rected acyclic graphs, where it is trivial to find the Condorcet winner in linear
time by performing a knock-out tournament. Instead, in the general case, the
complexity of finding a winner is usually much higher and strictly depends on the
definition of winner. The winner as defined by Slater [15], called Slater solution,
is the Condorcet winner in a modified tournament graph 7”. T is obtained by
reversing the minimum number of arcs of T' that make it a transitive tournament.
However, the computation of the Slater solution is AP-hard. The NP-hardness
derives by reduction to the Feedback Arc Set Problem [5]. A winner as defined
by Banks [3] is the Condorcet winners of a maximal transitive sub-tournament
of T. As there may be several of these sub-tournaments, the Banks solution is
the set of all these winners. The problem of finding just one winner can be com-
puted in ©(n?) arc lookups, while finding all of them is a N'P-hard problem [9].
A third definition of winner is given by Copeland [6], called Copeland solution,
where a winner is the candidate winning the majority of the matches. This is the
definition used in this paper. As we already mentioned, the Copeland solution
requires 2(n?) arc lookups and there is a trivial algorithm to match it [7].

There are several other notions of winner, and most of them can be computed
in polynomial time. We refer to Hudry [9] for a complete survey on this topic.

Tournament ranking. Several works deal with the problem of efficiently ranking
vertices according to the structure of the tournament graph, see e.g., [T3J9UT42]T].

The result by Shen et al. [I4] provides a ranking based on the definition
of king. A vertex u € V is a king if for each v € V either 1) (u,v) € E, or 2)
Jw € V such that (u,w) € E and (w,v) € E. Equivalently,  is a king if for every
vertex v there is a directed path from u to v of length at most 2 in T. Every
tournament has at least a king and it can be easily computed in linear time.
The ranking algorithm by Jian et al. [14] finds a sorted sequences of vertices
U1, Usg, ..., u, such that for every ¢ 1) u; beast w;y1, and 2) u; is a king in the
sub-tournament induced by the items w;11, %12, ..., u,. The authors provide a
O(n®/?) algorithm to compute this sequence.

Ailon et al. [2T] provide a bound to the error achieved by the Quicksort
algorithm when used to sort vertices of the tournament graph. The error is
defined as the number of mis-ordered pairs of vertices, i.e., u,v € V is such that
u beats v, but v is ranked higher than u. Ailon et al. show that the expected error
is at most two times the best possible error. It is apparent that the proposed
algorithm requires £2(nlogn) arc lookups with high probability.

We observe that the two results above are not suitable in our setting. Indeed,
the definition of king is weaker than the one of Copeland winner, since the latter
implies the former [I3]. Moreover, it is easy to show that the algorithm by Ailon
et al. fails in finding a winner w every time one of the Quicksort pivots beats w.



3 Algorithm

An adversarial argument is used by Gutin et al. [7] to prove that finding a
champion requires {2 (n2) arc lookups. Therefore, the trivial algorithm that finds
a champion by performing all the possible matches is optimal in general. The
problem is indeed much more interesting if we parameterize with ¢, the number
of matches lost by the champion. Note that ¢ is unknown to the algorithm.

The goal of this section is to prove the following theorem which states that
£2(¢n) arc lookups are necessary to find a champion and to present an optimal
algorithm requiring exactly that number of lookups.

Theorem 1. Given a tournament graph T with n vertices and with { matches
lost by a champion, then

— finding a champion requires 2(¢n) arc lookups;
— there is an algorithm that finds every champion by requiring ©(¢n) arc
lookups and time. The algorithm requires linear space.

Lower bound. The lower bound is proved by using a simple adversarial argu-
ment. Assume that there is an algorithm that claims that a vertex u, losing ¢
matches, is a champion by performing %é(n — 1) arc lookups. There must exist
a node v such that the algorithm has unfolded less than ¢ arcs incident to v. We
thus can make v win more matches than u by setting v’s unfolded matches, then
let the algorithm be incorrect. In other words any correct algorithm, claiming
that a vertex u is a champion with ¢ matches lost, must be able to certificate
its answer exhibiting 1) a list of n — 1 — ¢ matches won by u, and 2) a list of ¢
matches lost by v, for every vertex v € V'\ {u}.

Upper Bound. To understand the difficulty of the problem, let us think about
it in terms of the (unknown) adjacency matrix of the tournament graph. A
reasonable strategy to solve the problem is by applying a row-wise approach: we
process all the vertices, one after the other, and we try to discard each of them,
say v, by finding at least ¢ matches lost by v, i.e., we try to certificate that v
cannot be a champion. Through an adversarial argument, we can see that the
best possible way to process any vertex v in this row-wise approach is to select
random opponents until we are able to discard v (or recognize v as a champion).
We can exploit properties of the global structure of the tournament to prove
that this approach requires © (¢nlogn) arc lookups with high probability. Thus,
this algorithm is randomized and is logn times worse than the lower bound.
We design a simple, deterministic, and optimal algorithm to find the cham-
pion (Algorithm. The number ¢ of matches lost by the champion is unknown to
the algorithm. Thus, it performs an exponential search to find the suitable value
of a such that a/2 < ¢ < « (line [2) and tries to solve the problem by assuming
that the champion loses less than o matches. At each iteration, the algorithm
maintains a set A of alive vertices that is initially equal to V. Then, it performs
an elimination tournament among the vertices in A by eliminating a player each



Algorithm 1

1: procedure FINDCHAMPION(T = (V, E))
2: for (o = 1; true; @ = 2a) do

3: A=V

4: S={(u,u) |ueV}

5: Vu € V lostlu] =0 > Initialize the number of lost matches of each vertex
6: while |A| > 2o do

T choose a pair of vertices u,v in A%\ S

8: S =SU{(u,v), (v,u)} > Avoid selecting the same pair twice
9: loser = if (u,v) € E then v else u

10: ++lost[loser]

11: if lost[loser] > « then

12: A=A\ {loser}

13: ¢, lostc. = FINDCHAMPIONBRUTEFORCE(A, E)

14: if lost. < a then return ¢

time it loses o matches (line until only 2« vertices remain alive (line @
The matches are selected arbitrarily avoiding to play the same match multiple
times (line . When the elimination tournament ends, a candidate champion
is found via FINDCHAMPIONBRUTEFORCE procedure, which exhaustively finds
the vertex ¢ of A with the maximum out-degree in T'. Whenever the candidate
c loses at least o matches (line[L4), the value of « is not the correct one and the
champion may have been erroneously eliminated before. Thus, ¢ could be not a
champion and the algorithm continues with the next value of « (line .

Correctness. Let us first assume that the value of « is such that a/2 < ¢ < a.
We prove now that, under this assumption, the algorithm correctly identifies
a champion. First, we observe that the algorithm cannot eliminate the cham-
pions as any of them loses less than a matches. Thus, if we prove that the
algorithm terminates, the set A contains all the champions and the FINDCHAM-
PIONBRUTEFORCE procedure will identify any (potentially, all) of them. Note
that a champion of T' may not be a champion of the sub-tournament restricted
to only the vertices in A. That is why FINDCHAMPIONBRUTEFORCE procedure
computes the out-degrees of all vertices in A by looking at the original tour-
nament 7. We use the following lemma to prove that eventually the condition
|A| = 2« is met and the algorithm terminates.

Lemma 1. In any tournament T of n vertices there is at least one vertex having
in-degree (n —1)/2.

n(n—1)
A1
5 -

Proof. The sum of the in-degrees of all vertices of T' is exactly (g) =
Since there are n vertices, there must be at least one vertex with in-degree

Thus, each tournament of 2« + 1 vertices, or more, has at least one vertex
losing at least a matches. This means that the algorithm has always the oppor-
tunity to eliminate a vertex from A until there are 2« vertices left. Notice that



the above discussion is valid for any value of « smaller than the target one. Thus,
any iterations of the exponential search will terminate and it eventually finds a
suitable value of a, i.e., a/2 < ¢ < a, where a champion will be identified.

Complezity. Let us now analyze the complexity of the algorithm. Let us first
consider the cost of an iteration of the exponential search. Observe that each arc
lookup increases one entry of lost by one and that none of these entries is ever
greater than «. Thus, the elimination tournament takes no more than na arc
lookups. Moreover, the FINDCHAMPIONBRUTEFORCE procedure takes less than
2na arc lookups since it just unfolds every arc of the remaining 2« alive nodes.
Thus, an iteration of the exponential search takes less than 3na arc lookups.

We get the complexity of the overall algorithm by summing up over all the
possible values of «, which are all the powers of 2 from 1 up to 2¢. Thus, we
have at most 3n Ziffg;z(%ﬂ 2! = O(¢n) arc lookups.

Technical details. We are left with the proof that the Algorithm [I] can be imple-
mented in ©(¢n) time and linear space. We do this by exploiting the fact that
Algorithm [T]allows us to choose any arc as soon as its vertices are alive and it has
never looked up before. An efficient implementation is achieved by maintaining
two arrays of n elements each: an array A storing alive vertices, and an array
lost storing the number of matches lost by each vertex. A counter numAlive
stores the number of alive vertices. Our implementation maintains the invariant
that the prefix A[l, numAlive] contains only alive vertices. We use two cursors
p1 and po to iterate over the elements in A. At the beginning p; = 1, py = 2
and numAlive = n. Our implementation performs a series of matches involving
vertex A[pi1] and all other vertices in A[p; + 1, numAlive]. Then, it moves p; to
the next position. After every match between A[p;] and A[ps], we increment lost
of the loser, say vertex v. Whenever lost[v] equals « we eliminate v according to
the following two cases. The first case occurs when v is A[p1]. We swap A[p;] and
Al[numAlive], we end the current series of matches, and we start a new one. The
second case occurs when v is A[ps]. Here, we swap A[ps] and A[numAlive], and
we continue the current series of matches. In both cases, we decrease numAlive
by 1 so that we preserve the invariant.

4 Conclusions and Future Work

We addressed the problem of finding champions in tournament graphs by min-
imizing the number of arc lookups. We showed that, given the number ¢ of
matches lost by the champion, {2(¢n) arc lookups are required to find a cham-
pion. Then, we presented an optimal deterministic algorithm that solves the
problem and matches the lower bound without knowing ¢. As future work, we
plan to experimentally evaluate the proposed algorithm to solve the Information
Retrieval tasks outlined in the Introduction. We also plan to study the impact
of randomization on this problem to design a Monte Carlo algorithm that lowers
the complexity in charge of providing an incorrect output with small probability.
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