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A finite element model updating method
based on global optimization

Maria Girardi®, Cristina Padovani?®, Daniele Pellegrini®*, Leonardo Robol®P

@ Institute of Information Science and Technologies “A. Faedo”, ISTI-CNR, Pisa, Italy.
b Department of Mathematics, University of Pisa, Pisa, Italy.

Abstract

Finite element model updating of a structure made of linear elastic mate-
rials is based on the solution of a minimization problem. The goal is to
find some unknown parameters of the finite element model (elastic moduli,
mass densities, constraints and boundary conditions) that minimize an ob-
jective function which evaluates the discrepancy between experimental and
numerical dynamic properties. The objective function depends nonlinearly
on the parameters and may have multiple local minimum points. This pa-
per presents a numerical method able to find a global minimum point and
assess its reliability. The numerical method has been tested on two simu-
lated examples — a masonry tower and a domed temple — and validated via
a generic genetic algorithm and a global sensitivity analysis tool. A real case
study monitored under operational conditions has also been addressed, and
the structure’s experimental modal properties have been used in the model
updating procedure to estimate the mechanical properties of its constituent

materials.
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evident in tables 1 and 2) from the data, even if subject to noise. The table
also report ¢;° L and nj’l, quantities which provide an estimate of the order
of magnitude of the minimum and maximum percentage error (at the first-
order) inherent in estimating the parameters under the hypothesis of a 1%
error in the assessment of the experimental frequencies. From the table it is
clear that, in the worst-case scenario, parameter estimation will be affected,

at most, by a 6.2% error in both cases (a) and (b).

Case | Minimum | z; G ur G !
1 E; | 1.0582 | 0.5061 | 0.945 | 1.976
(a) E5 | 0.6001 | 0.1605 | 1.667 | 6.230

Ey | 1.1257 | 0.6513 | 0.888 | 1.535
E5 | 0.5405 | 0.1946 | 1.850 | 5.138
E; | 1.2482 | 0.6255 | 0.801 | 1.598
E5 | 0.6630 | 0.1597 | 1.508 | 6.261

(b) 1

Table 3: Parameters (; and 7; for the cases (a) and (b).

3.2. A domed temple

Let us now consider the domed temple, depicted in Figure 4, consisting
of a 5 m high octagonal shaped cloister vault resting on a drum inscribed
on a 10 m x 11 m rectangle. The structure, clamped at its base, is made of
4 different materials (Figure 5): material 1 for the dome (orange), material
2 for the upper part of the drum (cyan), material 3 for the bottom part of
the drum (violet) and material 4 for the columns (green). The finite element
model, shown in Figure 5, is composed of 31052 hexahedron brick elements

and 41245 nodes for a total number of 123735 degrees of freedom.
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Figure 4: Geometry of the domed temple (length in meters).
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Figure 5: Domed temple, mesh and materials. Each color corresponds to a different
material, orange (1), cyan (2), violet (3) and green (4).

A preliminary modal analysis is performed to evaluate the structure’s
frequencies assuming the material properties reported in table 4. The vector

of the first eight natural frequencies is

f= [2.19, 2.23, 3.76, 3.83, 4.32, 4.60, 4.72, 8.26] Hz. (18)
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Material | Temple portion | plkg/m*| E[GPa] v

1 (orange) dome 1800.0 3.00 0.25
2 (violet) drum (top) 1900.0 3.50  0.25
3 (cyan) | drum (bottom) | 2000.0 4.00 0.25
4 (green) pillars 2200.0 5.00  0.25

Table 4: Values of the material properties.

The optimization code implemented in NOSA-ITACA and a generic ge-

s netic algorithm were run setting x = [Ey, p1, Ea, E3, ps3, E4, ps], with the fol-

a0 lowing bounds
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2.00 GPa < E; <10.00 GPa, j=1,...,4, (19)

1600.0 kg/m* < p; < 2400.0 kg/m*, j=1,3,4. (20)

This choice leaves seven parameters to be optimized, with the sole exception
of py, which was set to the fixed value reported in table 4. Tables 5 and
6 summarize the results obtained by NOSA-ITACA code and the genetic
algorithm in terms of optimal parameter values, frequencies, relative errors
|A;;| and |Af|, computation time and number of evaluations of the objective

function.
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Real value | NOSA-ITACA |A, |[%] | GA  |A, |[%]

E1[GPa) 3.000 2.996 0.13 | 4.1431  38.10
p1lkg/m?] 1800.0 1908.9 6.05 1988.6 10.47
E5[GPa] 3.500 4.085 16.72 | 4.0335 15.24
Es3[GPa] 4.000 4.177 4.43 3.8357 4.11
p3lkg/m?] 2000.0 2115.9 5.80 2340.1 17.00
E4|GPa] 5.000 5.132 2.63 5.6213 12.43
palkg/m?] 2200.0 2272.7 3.30 2397.8 9.00

Computation time [s] 14019 103250

Number of evaluations 671 10500

Table 5: Optimal parameter values calculated by NOSA-ITACA code and a genetic algo-
rithm.

Real value | NOSA-ITACA |Af|[%] | GA  |Af|[%]
f1[Hz] 2.19 2.18 0.46 2.18 0.46
fo[Hz] 2.23 2.22 0.45 2.22 0.45
f3[Hz] 3.76 3.75 0.27 3.77 0.27
fa[Hz] 3.83 3.83 0.00 3.83 0.00
f5[Hz] 4.32 4.31 0.23 4.31 0.23
fe[Hz] 4.60 4.60 0.00 4.61 0.22
FHZ | 472 172 0.00 | 472 0.00
fs[Hz] 8.26 8.25 0.12 8.24 0.24

Table 6: Frequencies values corresponding to the parameters’ optimal values recovered by
NOSA-ITACA code and a genetic algorithm.

The results above highlight that: (i) the numerical procedure imple-
mented in NOSA-ITACA is less time—consuming than the genetic algorithm,
the computation time of the former being ten times lower than that of the
latter; (ii) the optimal values of the Young’s moduli calculated by NOSA-
ITACA are affected by a maximum relative error of 17%, against 38% of

the genetic algorithm; (iii) the maximum relative error on mass density is
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about 6% for NOSA-ITACA and 17% for the genetic algorithm; (iv) even
though the optimal value of some mechanical characteristics is affected by
high error, the maximum relative error on the frequencies is about 0.5% for
both numerical methods.

To investigate the robustness and reliability of the solution found, the
parameters values (; and 7; defined in subsection 2.4 are reported in table 7

with their respective inverse values and the relative error |A, | calculated in

table 5.

G n; Gt n | 1A %]
E, | 5.8216-1072 2.4242-1072 | 17.177 41.250 0.13
p1 | 1.7265-1071 1.0859-107' | 5.792  9.209 6.05
E, | 7.4616-10"% 2.6615-1072 | 13.402 37.573 16.72
Es | 3.5101-1071 2.4958-10~! | 2.849  4.007 4.43
p3 | 3.3679-1071 1.6885-1071 | 2.969  5.922 5.80
B, 1.2272 9.2428 1071 | 0.815  1.082 2.63
P4 1.1730 8.6633-1071 | 0.853  1.154 3.30

Table 7: Parameters (; and n; calculated by NOSA-ITACA.

The above table shows that the Young’s moduli of materials 1 and 2 (the
dome and the upper part of the drum) seem to be irrelevant in the opti-
mization process. This fact can be explained by observing the mode shapes
related to the first eight frequencies, which mainly involve displacement of
the pillars. It is also interesting to note that the objective function is more
heavily influenced by the dome’s mass density than by its elastic modulus
(¢; = 5.8216-1072 versus ¢, = 1.7265-1071), in line with the fact that the

dynamic behavior of the structure is comparable to a cantilever beam with a
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mass concentrated at the free end. The Young’s moduli and mass density of
materials 3 and 4 seem more reliable than the others, as shown by the values
of ¢; and ;. Finally, note that the relative error |A,,| made in estimating
the optimal values of the parameters is always close to the range defined by
G !and 77;1 (at the first-order, under the hypothesis of a maximum error of
1% in the assessment of the experimental frequencies).

Further information can be achieved by calculating, at the minimum

point, the scaled Jacobian matrix described in subsection 2.4,

7.32-107% —9.34-10"% 2.61-1072 1.09-107! —1.23-107' 3.57-107!
6.93-10% —9.05-1072 2.70-10"% 1.07-107* —1.23-107! 3.60-107!
1.03-1072 —7.88-107* 2.02-107% 8.53-1072 —2.74-107% 3.84-107!
1.03-1072 —4.82-1072 2.01-1072 9.77-1072 —1.53-10"* 3.75-107!
6.15-107* —6.26-107° 1.32-1072 1.12-107! —3.15-107% 3.74-107!
1.58-107% —3.13-1072 1.39-1072 1.02-107!' —2.61-10"% 3.83-107!
1.05-107% —2.85-1072 1.03-1072 1.06-107' —2.65-10"% 3.83-107!

4.63-107% —9.64-10% 3.54-1072 1.15-107' —1.57-10' 3.04-107
(21)

The numbers reported in the first three columns of the matrix confirms
that the temple’s frequencies are weakly dependent on materials 1 and 2.
Restricting the attention to the last two columns in matrix (21) (containing
the partial derivatives of the frequencies with respect to £, and p,) furnishes

more information about the minimum point. The SVD of the restricted
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matrix yields the results summarized in table 8, with the singular values
o1 > 09 reported in the first columns, and the corresponding right singular
vectors in the second and third columns. The objective function is expected
to have a direction with a weaker influence on the frequencies parallel to z®
(with constant ratio £y /p,), which corresponds to the smallest singular value

oy = 2.5063 1071,

- 2D 22

1.4087 -7.2408-107" -6.8971-107!
2.5063-10~1 | 6.8971-107! -7.2408-107!

Table 8: Singular values and right singular vectors of the scaled restricted Jacobian matrix.

To investigate how variation in the input (Young’s moduli and the mass
densities of the domed temple’s four constituent materials) influence the out-
put of the numerical model (the natural frequencies), and thereby test the
sensitivity analysis implemented in the NOSA-ITACA code, a Global Sen-
sitivity Analysis (GSA) has been performed through the SAFE Toolbox [8],
[56] and [57].

The SAFE Toolbox, an open—source code implemented in MATLAB, can
be easily linked to simulation models running outside the MATLAB environ-
ment, such as the NOSA-ITACA code in the example at hand. The Elemen-
tary Effects Test (EET method [58]) is used to evaluate the sensitivity indices
assuming that the eight input parameters (Young’s moduli and the mass den-
sities of the four materials) have a uniform probability distribution function,

and adopting the Latin Hypercube method [35] as sampling strategy. From
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ss0 Figure 6, where the sensitivity indices calculated via the EET method are
s plotted, it is possible to deduce that the Young’s moduli of materials 3 and 4
sz affect the numerical frequencies much more than the remaining parameters.
ss3 These results confirm the information recovered by the quantities ¢; and 7;

sas - calculated by NOSA-ITACA and reported in table 7.

Sensitivity index (EET)

1.0

0.5

0.0

Figure 6: EET sensitivity indices for the first nine frequencies and eight parameters.

545 Sensitivity analysis, similar to the one reported in Figure 6, is generally
sa6  performed to choose the number of updating parameters and to exclude some
se7  uncertain parameters from the model updating process. It is interesting to

sis Observe that the results confirm the information obtained on the quality of
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ss0  the optimal parameters. It is also worth noting that the computational cost
ss0 of such a global sensitivity analysis is very high (Figures 6 is the results of
ss1 1260 FE modal analysis runs) with respect to the cost of the minimization
ss2 procedure implemented in NOSA-ITACA, which provides both the global

553 minimum point and an assessment of its reliability.

ss 4. Application to a real example: the Matilde donjon in Livorno

sss 4.1. Fxperimental tests and dynamic identification

556 Tha Matilda daninn ie a fartifiad loon halanaine ta the Fartoazza Vacchia

557

Figure 7: The “Old Fortress” (photo taken from www.livornoportcenter.it).

558 The 26 m-high cylindrical tower shown in Figures 8 and 9 has a cross-

ss9  section with a mean outer radius of 6 m and walls of 2.5 m constant thick-
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ness along height [59]. Although no precise information is available on its
mechanical properties of the constituent materials, by visual inspection the
tower appears to be made of mixed brick-stone masonry with an internal
layer made of clay bricks and mortar joints, and the outer, more irregular
layer of stone blocks and bricks. The tower’s interior hosts four vaulted rooms
(Figure 10). At its base there is a large cistern, about 6 m high, for collecting
rainwater. A helicoidal staircase is found within the tower’s wall, starting
from the so-called “Captains” room at level 0 (see section Figure 10) and
allows reaching the upper floor and the roof terrace, crowned by cantilevered
merlons. The tower is tightly connected to the Old Fortress’ external walls
for a height of about 9 m from the level of the lower galleries (see Figures 8

and 9).
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Figure 8: The Matilde donjon (view 1, 2).
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Figure 9: The Matilde donjon (view 3).

In October 2017, an ambient vibration monitoring experiment was carried
out on the tower (see Figure 10, 11, 12). The ambient vibrations were moni-
tored for a few hours via SARA SS20 seismometric stations (https://www.sara.pg.it/)
arranged in different layouts. During the five tests (T1 to T5), each lasting
about thirty minutes, two sensors were kept in a fixed position— one at the
base (level -2) and the other on the roof terrace (level 2)- while the re-
maining sensors were moved to different positions along the tower’s height
and surrounding area in order to obtain information on the mode shapes
and degree of connection between the Old Fortress’ structures and the tower

itself. The sampling rate was set at 100 Hz. All data recorded have been di-
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vided into short sequences, each lasting 1000 seconds (a time window greater
than the structure’s fundamental period estimated by preliminary FE modal
analysis), and processed by two different operational modal analysis (OMA)
techniques, through which the tower’ modal parameters were estimated: the
Stochastic Subspace Identification covariance driven method (SSI-cov) [60]
implemented in MACEC code [61] and the Enhanced Frequency Domain De-
composition method (EFDD) [62] implemented by ISTI-CNR in Trudi code

SECTION A-A SECTION B-B
+16.444 m +16.44m Lev. 2
+10.76 m +10.76 m Lev. 1a
+ 707m 1 o Lev.1
s RN
B

+ 114m B ﬂ N Lev. 0

£ 000m || —

L69m _Lev.d

‘ Q
023 Lev. -2

—: l s&‘
Internal-external layer

Figure 10: Transverse sections of the tower.
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Figure 11: Sensor layout October 2017 — test T1, T2, T3.
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Figure 12: Sensor layout October 2017 — test T4, T5.

In total, six vibration modes were identified in the frequency range of
2-13 Hz. Table 9 summarizes the results in terms of natural frequencies
f, damping ratios &, and MAC (Modal Assurance Criterion)® values [64]
calculated between the corresponding mode shapes estimated via the two
OMA techniques.

For the sake of brevity, the values shown in the tables correspond to the

average values of the estimated parameters during each test, all of which are

3MAC is the scalar quantity which expresses the correlation between two mode shapes,
varying from from 0 to 1.
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ss7 characterized by a MPC (Modal Phase Collinearity)* value [65] greater than
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0.9.
fsstcov[Hz] | Esstcov[7) | frrpp[Hz] | Eerpp (%] | MACssiretmrpD

Mode 1 2.68 3.47 2.69 2.97 0.99
Mode 2 3.37 3.90 3.35 4.11 0.99
Mode 3 6.21 1.44 - -

Mode 4 8.10 4.63 8.15 1.14 0.97
Mode 5 10.04 5.69 10.06 - 0.97
Mode 6 11.95 1.15 12.24 — 0.99

Table 9: Modal parameters of the tower, October 2017.

The two first mode shapes are bending mode along the west-east direction
and north—south direction, respectively, while the third mode corresponds to
torsional movement of the tower and a deflection of the two lateral walls
connected to its south—west portion. The other experimental mode shapes
are more uncertain: the fourth one is likely a torsion mode shape mixed with
bending along north-east/south-west direction, and the fifth and sixth are

higher-order bending mode shapes.

4.2. FE model updating

In this subsection, the procedure described in Section 2 is applied to the
Matilde donjon. The FE mesh of the tower, shown in Figure 13, consists of
52560 isoparametric eight-node brick elements and 64380 nodes, for a total

of 193140 degrees of freedom. The model, as shown in the Figure, includes

4MPC is a parameter ranging from 0 to 1 that quantifies the complexity of an eigen-
vector; MPC is 1 for real vectors.
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s a portion of the surrounding walls. The bases of the tower and lateral walls
12 are fixed, and the ends of the walls are prevented from moving along the X

¢13 and Y directions.

7 ESSSESSHIiEE:
| ¥
Figure 13: FE model of the Matilde donjon.
614 The numerical procedure has been used to estimate the values of the

s Young’s modulus of the inner and outer layers (E;; = E,. = E;) of the
eis  tower’s walls, and Young’s moduli (E,,;) of the masonry constituting the
a7 Fortress’ walls (Figure 14), with x = [E}, E 1, B, Eis]. These parame-
e1s  ters have been allowed to vary within the intervals [66], [67]

619
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1.00 GPa < E, < 5.00 GPa, (22)

1.00 GPa < Eyyy, Epa, B < 6.00 GPa. (23)

Figure 14: Designated tower materials.

The Poisson’s ratio of masonry is fixed at 0.2, the mass density of the
tower’s walls is fixed at 1800 kg/m?* and 2000 kg/m? for the inner and outer
layer, respectively, and the mass density of the side walls is taken to be

2000 kg/m3. The experimental frequencies estimated by the SSI-cov method
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2« are used in the optimization process, hence

f = [2.68, 3.37, 6.21, 8.10, 10.04, 11.95] Hz. (24)

es The optimal parameters are reported in table 10: the values of { and 7
s guarantee the reliability of £, and £, ;, while the constituent materials the
sz remaining walls are marked by uncertainty. The values obtained can be
28 considered acceptable as the greatest uncertainty affects a part of the struc-
20 ture, the right sidewall, whose geometric characteristics (thickness, height,
60 composition), connection degree with the tower and dynamic properties are
e unknown. Anyway, the optimal parameter values obtained can describe the
22 global dynamic behaviour of the tower. The total computation time for the

33 model updating procedure was 8468.9 s, and the number of evaluations 131.

z; G ) Gt ot
E,GPa] | 2.152 | 1.627 1557 | 0.615 | 0.642
\[GPa] | 5.808 | 9.577-10~" | 9.017-10~" | 1.044 | 1.109
2[GPa) | 5.532 | 6.400- 102 | 1.139-10~2 | 15.603 | 71.042
E,,5|GPa] | 2.005 | 6.845 102 | 4.445-10"2 | 14.600 | 22.471

Table 10: Optimal parameter values calculated by NOSA-ITACA.

634 Table 11 summarizes the numerical frequencies of the tower corresponding
e3s  to the optimal parameters and their relative errors |Af| with respect to the
e3 experimental counterparts; |Af| varies between 2 and 3%, except for the

s37 third and sixth frequencies.
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fi [Hz]  fi [Hz]  |Af|[%]
mode 1  2.68 2.76 2.99
mode 2 3.37 3.33 1.19
mode 3  6.21 6.51 4.83
mode 4  8.10 7.90 2.47
mode 5  10.04 9.81 2.29
mode 6 11.95 11.10 7.11

Table 11: Experimental frequencies f and numerical frequencies f calculated for the opti-
mal values of the parameters recovered by NOSA-ITACA.

As for the simulated example, a GSA has been performed to validate
the results of the sensitivity analysis achieved by NOSA-ITACA. The EET
method is used to evaluate the sensitivity indices assuming a uniform proba-
bility distribution function, for the nine input factors (Young’s modulus and
mass density of each material), and the Latin Hypercube as sampling strat-
egy; 500 FE modal analyses were carried out. Figure 15 shows that the elastic
moduli of the tower and wall 1 strongly influence the frequency variation as
compared to the others. In particular, the tower’s Young’s modulus impacts
all frequencies except for the third, which is instead heavily affected by elastic
modulus £, 1, as confirmed by the experimental mode shape which exhibits
a large displacement component corresponding to an out-of-plane deflection
of the wall. The GSA analysis confirms the reliability of the NOSA-ITACA

results.
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Figure 15: EET sensitivity indices for the first sixth frequencies and nine parameters.

5. Conclusions

The present paper proposes an improved numerical method to solve the
constrained minimum problem encountered in FE model updating and cal-
culate a global minimum point of the objective function in the feasible set.
The global optimization method, consisting of a recursive procedure based
on construction of local parametric reduced-order models embedded in a
trust-region scheme, is integrated into the FE code NOSA-ITACA, a soft-
ware developed in house by the authors. Along with the global optimization

method, some issues related to the reliability of the recovered solution are
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presented and discussed. In particular, once the optimal parameter vector has
been calculated, two quantities involving the Jacobian of the numerical fre-
quencies provide a measure of how trustworthy the single parameter is. The
numerical method has been tested on two simulated examples, a masonry
tower and a domed temple, in order to highlight the capabilities and features
of the proposed global optimization algorithm. The results of the test cases,
validated via a generic genetic algorithm and a global sensitivity analysis,
prove the method’s efficiency and robustness. The objective function may
have multiple local minimum points, and the first example highlights that
the proposed procedure, unlike a genetic algorithm, can provide a set of local
minimum points, including the global one. The second example shows some
features of the code, which can help users to choose the most suitable optimal
parameters characterized by higher reliability. Comparison of the computa-
tion time and number of objective function evaluations highlights that the
NOSA-ITACA code performs better than the genetic algorithm. Regard-
ing how the parameter variations can influence the frequencies of the FE
model, the numerical method seems to provide the same information given
by a global sensitivity analysis. Finally, the paper has addressed a real case
study the Matilde donjon in Livorno. The experimental dynamic properties
of the historic tower monitored under operational conditions were used in
the model updating procedure to estimate the mechanical properties of its
constituent materials. The optimal parameter values obtained can describe

the global dynamic behaviour of the tower with a maximum error of 5% on
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all the frequencies, except for the sixth.
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