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ABSTRACT

The highly dynamic and heterogeneous environment that character-
izes the edge of the Cloud/Edge Continuum calls for new intelligent
methods for tackling the needs of such a complex scenario. In par-
ticular, adaptive and self-organizing decentralized solutions have
been advanced for optimizing the placement of applications at the
Edge. In this paper, we propose a probabilistic mathematical model
that allows to describe one of such solutions. The goal of the model
is twofold: i) to make it possible to demonstrate the convergence of
the proposed solution; ii) to study the impact of the self-organizing
solution without the need of an actual implementation or simu-
lation of the system, allowing to evaluate the suitability of the
solution in specific contexts. The paper presents the mathematical
formulation of the proposed solution as well as the validation of
the proposed model against a simulation of the system.
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1 INTRODUCTION

Clouds have represented a very disruptive innovation, allowing
to exploit resources on a pay-per-use fashion, actually realising
the utility computing paradigm. Nowadays, computing and storage
services are shifting from clouds to network edges. Through edge
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servers, highly distributed on a wide geographical area, as a way
to be as much close as possible to end-users, edge computing is
endowed with high expectations to meet the demands of latency-
sensitive applications [1, 11, 13]. Edge computing environments are
becoming increasingly critical in current 5G and even the future
6G networks [20]. In order to be able to provide the requested
services, edge resources need to host applications and data. Data
and applications can be either provided by edge devices or by a
remote cloud. As a matter of fact, such a scenario clearly promotes
a direct provisioning of resources from edge servers, in an attempt
to avoid congestion in the core network linking edge with remote
cloud [18]. In a direct provisioning system, there is a need to allow
edge devices to connect one each others, interacting and accessing
and retrieve data and applications from each other [5]. In fact, in a
Cloud/Edge architecture allowing direct edge interactions, once a
user sends a request, such a request has to be managed by its nearest
edge server. Then, in an attempt to satisfy the user request, the
server either host the associated application locally, on the remote
cloud or in other Edge servers. Due to the limitation of resources
characterising edge devices, a single server can only host a minimal
subset of all the applications that can run into the system. As a
result, data and applications needed to satisfy user requests are not
necessarily hosted in the resource that is closer to the end user,
significantly increasing network load and request latency. When
the latency increases, it also increases the risk that the quality of
experience of end-users is hindered.

A properly designed application placement schema can signifi-
cantly reduce, on average, the latency occurring when satisfying
user requests. To this end, in the literature, there are many solutions
for the actual placement of data repositories [4]. However, many of
such solutions assume that both resources and end-users are stati-
cally distributed [2, 3, 7, 12, 14, 16, 19], and tend to be quite stable in
size. Unfortunately, such kind of scenario does not fit with most of
those applications that nowadays represent a relevant share of those
having key advantages from the exploitation of Edge resources. In
fact, Edge computing provide key benefits when resources at the
edge of the network host “nextgen” applications, characterised by
strong requirements in terms of latency and bandwidth [9]. Many
of these applications are typically accessed by users from mobile
and/or handheld devices. Thus, users can easily access applications
from different locations [15], determining trends of footprints on
resources that vary depending on user movements. Such dynam-
ics in user behavior, and the consequent impact on resources, call
for application placement solutions that could confront with the
problem by adopting approaches targeting highly dynamic environ-
ments [8, 17]. From this regard it is fundamental to find the right
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Table 1: Table of Symbols.

[ Symbol [ Meaning
A={A1...,An} | Setofall the applications in the system
0i (1) Funct. returning the numb. of instances of app. i at time ¢
i (1) Prob. to turn off an instance of app. i at time ¢
pi(t) Prob. to hold an active instance of app. i at time ¢
w Maximum weight sustainable by a generic node
W (t) Weight of all the applications on a node at time ¢
w; (1) Weight of holding an instance of app. i at time ¢
if > Fixed cost of running an instance of app. i
wi Cost per user of an instance of app. i
U; Number of users of app. i
u; (t) Users-per-instance of app. i at time ¢
Uk Expected max. numb. of users of A; w.r.t. latency

trade-off between an approach that will focus only on matching
end-user needs (e.g., QoE, latency requirements, etc.) and service
providers’ needs (limit resource usage to save money). An approach
that would be focused only on controlling the resource usage could
generate an application allocation schema that strongly limits the
resource usage at the edge by deploying resources (almost) only
in the Cloud (typically cheaper than Edges), with a potential im-
pairment of the end-users QoE. Conversely, a solution that will
prioritize QoE improvement could maximise the involvement of
edge resources, implying very expensive deployments.

In a previous work [6], we presented a method that allows Edge
resources to autonomously coordinate in order to optimally place
the instances of the services running in the system. Specifically,
using this scheme, the Edges attempt to limit the instances and
at the same time guarantee that the users of the services will be
served with a satisfactory QoE. This operation is done by taking into
account the constraints posed by the latency requirements of both
the users and the applications. The goal is to optimize the usage of
the system resources, reducing the consumption needed for serving
the actual users, and creating more space for potentially hosting
new users and services. In this paper, we provide a mathematical
model that describes this solutions.

The rest of this paper is organized as follows. In Section 2 we
present the mathematical model of the proposed solution. Section 3
proposes a validation of the model against a simulation of the
system. Finally, Section 4 concludes the paper.

2 MODEL DESCRIPTION

In this section, we present the mathematical model of our previously
proposed solution. In the following, we use the symbols reported
in Table 1. Following the description of the original algorithm, the
model assumes that the system is serving a set of applications
A ={A1,...,An}. The applications are run by nodes of the system
known as Edge Miniclouds (EMCs). Each EMC is an entity that
supervises smaller and simpler devices at the Edge. We assume to
have n of such EMCs. The model is based on the average behaviour
over time of a generic node. We assume that at each time interval ¢
a node (the initiator of the exchange) interacts with another generic
node (called receiver), trying to exchange the users of an application.
An exchange implies that all the users that were served by an
instance on the initiator are referred to use an instance on the
receiver. The initiator can thus shut down its instance, contributing

to limit the total number of active instances. Both the initiator and
the receiver are based on a average behaviour and, thus, they both
have the same characteristics. The model presented in this section
allows to compute, for each application A; € A, the variation over
time of the number of its instances running on the EMCs of the
system. This quantity is computed, for an application A; at a time
t, using the function p;(t).

To derive how these values are returned by p;, we need to de-
termine the probability for an application A; to see the number of
its instances reduced. This fact can only happen as a result of an
exchange of users between two different EMCs. In order to perform
an exchange, the initiator randomly selects one of the applications
for which it has a running instance. Let p;(t) be the probability for
a generic node to have a service A; at time t. The probability for the

initiator to select an instance of A; is then %
can be performed only in case the receiver has a running instance
of A;, too. This is done to reduce the number of instances, avoiding
to just transfer a service from one EMC to another. Obviously, the
probability of the receiver to have such an instance is p; ().

However, these probabilities are not enough to determine whether
an exchange can be done or not. In particular, we have to consider
the weight (in terms of resource usage) brought by each instance of
a service. We assume that this weight is a combination of the appli-
cation baseline requirements and the number of users served by an
instance. Since each EMC has a limited number of resources, a node
stops accepting new users for its running instances whenever it
has exhausted its own available resources. To reflect this behaviour
in the model, we assume that our generic node is characterised by
a maximum weight it can support for hosting applications. This
value corresponds to the expected value of the maximum weight
sustainable by the nodes in the system, and it is denoted with
E[W] = W.

The weight sustained by anode at time t is W (t) = >p wi (£)pr(2),
where w; is the total cost of executing an instance of A; at time ¢,

ie. wi(t) = w{lx + w;‘ui(t). In this formula, w{lx is the fixed or
baseline cost of running an instance of A;, while w¥ is the corre-
sponding cost-per-user. Moreover, u;(t) is the number of users of
an instance of A; at time t. It is computed as the average number
of users per instance at time ¢ of A;, i.e. u;(¢) = U;/pi(t), where U;
is the total number of users of A;.

The probability for an exchange to be successful depends on
the fact that the final weight of the receiver should not exceed
the maximum weight. For each application A;, we compute this
probability using a function A;. It evaluates whether the exchange
at a time ¢ + 1 can be done by respecting the maximum weight of a
node. It is defined as:

RAGEG)
{ v

The exchange

A+ 1) = if Wi (1) + whui(t) < W
! otherwise

The increase in the weight is given by the increase of the number
of users, since an instance of A; should already be active, i.e. its
fixed cost is already considered. The number of users to be added is
computed from the previous time step. As can be seen, the higher
the load of a node, the lower the probability to accept an exchange.
The exchange is rejected in case the resulting final weight exceeds
the maximum allowed.



The other factor that influences the possibility to make an ex-
change is related to the latency constraints. An EMC cannot serve
users in case they could experience a latency above a given thresh-
old. This threshold depends on the kind of services provided by
the application requested by the users. Thus, each A; has its own
latency limit. We define with ﬁlL the expected maximum number
of users of A; that can be served by a generic node on the basis of
A;’s latency constraints. The possibility to perform an exchange
for A; is computed using the function A;. It is defined as:

if Ui < gl
Y o1 i (2)

0 otherwise

{1
Ai(t+1) =

The function consider whether the latency-based maximum num-
ber of users is exceeded by shutting down one instance of A; (with
respect to the situation at the previous time step) in an exchange.
Whenever this fact could happen, the exchange is reject.

Finally, by putting together all the facts exposed so far, we can
define the probability y; (¢ + 1) to shut down a replica at time ¢ + 1
as:

e = LD A+ DA+ 1) =

2k Pi(t)
_pi)?

2k Pi(t)

Since an exchange involves a pair of nodes, we consider that the

maximum number of exchanges h involving A; that could happen

at time ¢ + 1 is at most half the number of nodes hosting an instance

of A;, i.e h = |pi(t)/2]. Each of these changes is an independent

trial, with all the trails having the same success probability. We can

describe these trials using a binomial distribution. As a result, we

can compute the expected number of successful exchanges S;l (ie.,
shut down instances) as E[Sp] = h - pi (¢t + 1).

Using these notations, we can describe the evolution over time

©)
Ai(t+ 1D)Ai(t+1)

of p; as:
i(t+1) =0i(t) — hpi(t +1) 4)
The evolution of p; can be easily derived from the one of p;:

pi(t+1) =ei(t+1)/n ®)

THEOREM 2.1. o; is a monotonic decreasing function.

ProoF. From the definition of Equation 4, this fact can be easily
proved by noting that h = |;(¢)/2] and p;(t + 1) € [0, 1]. Thus,
hui(t+1) > 0,Vt. Asaresult, o; (¢t +1) < p;(t), Vt.

i

3 MODEL VALIDATION

In order to evaluate the accuracy of the proposed mathematical
model, in this section we compare the results of the model with the
ones of the original algorithm. To this end, we use a simulation of
an Edge environment.

The simulation environment has been modeled using the well-
known EUA Dataset!, collected by Lai et al. [10]. As a consequence,
the EMCs are placed on an area that reflects the locations of real

!https://github.com/swinedge/eua-dataset

edge servers in the Melbourne area, as communicated by the Aus-
tralian Communications and Media Authority (ACMA). As in Lai et
al., we assume that each server covers an area whose range is ran-
domly selected in the interval [450m,750m]. In order to exploit
a realistic model of the applications’ resource footprints on edge
resources, we use the Alibaba cluster traces?. However, the Alibaba
dataset is extremely vast and complex. We derive the description of
the applications to use in our experiments by performing a cluster-
ing process over all the data. We use a standard k-means algorithm,
setting k = 10. The centroids of the clusters resulting from this
process has been used as the reference set of applications for our
experiments. From this set, we extracted the applications used for
the comparison.

In this target scenario, we have 125 EMCs. Each of these EMCs
is characterized by just one type of resource: the available memory.
This resource has the same limit for all the EMCs, that has been set
to 8192 MB. In the following experiments, we consider 3 different
types of applications. Their characteristics as listed in Table 2. In
the table, we have assumed that each user impacts the resources for
a quantity that is equal to 12.5% of the fixed cost of the application.
Users are initially placed uniformly at random in the simulation
area. An instance of their requested application is activated on their
closest EMC, to which they are initially assigned.

Table 2: Fixed and Per-user Costs for 3 Applications

Type Fix. Cost (MB) Var. Cost (MB)
A 587 7338
Ay 898 112.25
Az 858 107.25

In the following, we propose a comparison using 125, 250 and
375 users per applications. This implies a total of 375, 750 and 1125
users in the system as a whole. For the latency constraints, we
consider that the service instances can cover at most 3.9 clients
on average with 375 users; 6.5 users with 750 users; 8.9 with 1125
users.

The results of the comparison are presented in Figures 1, 2 and 3.
In all this figures, the left-hand side reports a comparison between
the starting number of instances, the final result of the simulation
and the result of the model. The right-hand side shows the cor-
responding results for the average resource consumption at each
EMC. This quantity is reported as the ratio between the occupied
resource and the maximum available space.

In all the figures, it is possible to observe that the result of the
model is extremely close to the one of the simulation. This fact
highlights the ability of the model to closely describe the behaviour
of the simulated system. It is also worth noting that the adopted
scheme allows the system to achieve a considerable results in terms
of both the number of running instances and the percentage of occu-
pied resources. Both these quantities are significantly reduced with
respect to the initial configuration, thus highlighting the efficacy
of the proposed solution.

Zhttps://github.com/alibaba/clusterdata
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Figure 1: Model validation with 125 users per app.
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Figure 2: Model validation with 250 users per app.
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Figure 3: Model validation with 375 users per app.

4 CONCLUSION

Next generation applications can benefit from a widely distributed
computing infrastructure. An infrastructure that encompasses tradi-
tional cloud resources as well as edge devices. Such infrastructures
have the potentiality to allow a service provisioning, to end-users,
able to satisfy highly demanding QoE. In fact, when the applica-
tion is hosted in a resource that is close to the end-user, the QoE
offered tends to be higher. However, as edge resources are typically
constrained in terms of performances and more expensive in cost,
a relevant challenge in such a context is the ability of balance the
usage of edge resources and the clouds one, while guaranteeing the
level of QoE requested by end-users.

In a previous work, we presented an approach that in a fully
decentralized way, is able to perform the balance we mentioned
above. In this work we provide a mathematical formulation of
our previously proposed solution as well as the validation of the
proposed model against a simulation of the system. The preliminary
results we achieved are promising, showing that the formulation
we conceived is able to model the behavior of the target algorithm.
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