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Maximum Inner Product Search or top-k retrieval on sparse vectors is well-understood in information retrieval,
with a number of mature algorithms that solve it exactly. However, all existing algorithms are tailored to
text and frequency-based similarity measures. To achieve optimal memory footprint and query latency, they
rely on the near stationarity of documents and on laws governing natural languages. We consider, instead, a
setup in which collections are streaming—necessitating dynamic indexing—and where indexing and retrieval
must work with arbitrarily distributed real-valued vectors. As we show, existing algorithms are no longer
competitive in this setup, even against naive solutions. We investigate this gap and present a novel approximate
solution, called SINNAMON, that can efficiently retrieve the top-k results for sparse real valued vectors drawn
from arbitrary distributions. Notably, SINNAMON offers levers to trade-off memory consumption, latency, and
accuracy, making the algorithm suitable for constrained applications and systems. We give theoretical results
on the error introduced by the approximate nature of the algorithm, and present an empirical evaluation of its
performance on two hardware platforms and synthetic and real-valued datasets. We conclude by laying out
concrete directions for future research on this general top-k retrieval problem over sparse vectors.
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1 INTRODUCTION

Many applications of information retrieval, as the name of the discipline suggests, reduce to or
involve the fundamental and familiar question of retrieval. In its most general form, it aims to solve
the following problem:
arg thax f(g, x), 1)
xeX
to find, from a collection X, a subset of k objects that are the most relevant to a query object
q € Q according to a similarity function f : @ X X — R. In many instances, this manifests as the
Maximum Inner Product Search (MIPS) problem where X,Q c R" and f(, -) is the inner product
of its arguments:
(k)
argmax (q, x). (2)
xeX
As a prominent example, consider a multi-stage ranking system [4, 6, 60] in the context of text
retrieval. The cascade of ranking functions often begins with lexical or semantic similarity search
which can be formalized using Equation (2).
When similarity is based on Term Frequency-Inverse Document Frequency (TF-IDF), for example,
X is made up of high-dimensional vectors, one per document. Each document vector contains non-
zero entries that correspond to terms and their frequencies in that document. Here, there is a one
to one mapping between dimensions in sparse document vectors and terms in the vocabulary. Each
non-zero entry of a query vector g records the corresponding term’s inverse document frequency.
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BM25 [48, 49] and many other popular lexical similarity measures can similarly be expressed in the
form above.

When similarity is based on the semantic closeness of pieces of text, then vectors can be produced
by embedding models (e.g., [22, 42, 43, 47]). This formulation trivially extends to joint lexical-
semantic search [12, 14, 32, 57] too.

This deceptively simple problem is difficult to solve efficiently and effectively in practice. When
the coordinates of each vector are almost surely non-zero—a case we refer to as dense vectors—then
there are volumes of algorithms such as graph-based methods [30, 37, 50, 64], product quantiza-
tion [27, 29, 31], and random projections [1-3] that may be used to quickly find an approximate
solution to Equation (2). But when vectors are sparse in a high-dimensional space (i.e., have thou-
sands to millions of dimensions) with very few non-zero entries, then no general efficient solution
exists: Because of the near-orthogonality of most vectors in a sparse high-dimensional regime,
algorithms for MIPS do not port over successfully.

It is only by imposing additional constraints on the vectors that the literature approaches this
problem at scale and offers solutions that meet certain memory, time, and accuracy constraints.
Algorithms that rely on sketching cover only binary or categorical-valued vectors [46, 55]. Inverted
index-based algorithms that are more commonly used in information retrieval, such as WAND and
its descendants [11, 19, 20, 39, 40] and JASS [36], as well as signature-based algorithms [7, 15, 26]
all make a number of crucial assumptions: that vectors are non-negative and integer-valued; that
their non-zero entries follow a Zipfian distribution; that the share of the contribution of entries to
the final score is non-uniform (i.e., some entries contribute more heavily to the final score than
others); and that query vectors have very few non-zero entries.

Many of these constraints have historically held given the nature of text data and keyword
queries in search engines. But when the sparse vectors are the output of embedding models [9,
17, 22, 23, 25, 38, 61, 65], many of these assumptions need not hold. For example, query vectors
produced by the SPLADE model [23] have, on average, about 43 non-zero, real entries on the
MS MARCO Passage v1 dataset [41]—far too many for algorithms such as WAND to operate
efficiently [33] and, without discretization into integers, incompatible with existing algorithms.
While there are efforts to make such model-generated representations more sparse by way of
regularization or pooling [33, 59], the underlying Sparse MIPS problem (SMIPS) for unconstrained
real vectors remains mostly unexplored.

We investigate that handicap in this work because we believe SMIPS to be of increasing impor-
tance as evidenced by the examples above. Efficiently solving the SMIPS problem enables further
innovation in text retrieval and other related areas. In our search for an algorithm, we pay particu-
lar attention to the more difficult online SMIPS problem, where we assume no knowledge of the
streaming collection X and require that the algorithm supports online insertions and deletions.
We introduce this particular challenge to support real-world use-cases where collections change
rapidly, as well as emerging research on Retrieval-Enhanced Machine Learning [62] where a learn-
ing algorithm interacts with a retrieval system during the training process, thereby needing to
search for, insert, and delete objects in and from a dynamic collection.

Furthermore, we explore the online SMIPS problem in the context of a vector database depicted
in Figure 1. In particular, we assume that the system has (and is required to have) an efficient storage
system that contains all active vectors. In this setup, the (exact or approximate) top-k retrieval
engine may access the vector storage during query execution.

Given the setup above, we establish a baseline by revisiting a naive, exact algorithm, which
we call LINScaAN, to approximate Equation (2). Here, g, x € R” and their number of non-zero
entries is much fewer than n. That is, 14, 4 < n where /; and /; denote the number of non-zero
entries in a query vector and the document vector respectively. LINScaN simply stores pairs of
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Fig. 1. A vector database system consisting of a storage system and an exact or approximate top-k retrieval
engine that solves the MIPS/SMIPS problem of Equation (2).

vector identifiers and coordinate values in an inverted index that is optionally compressed. During
retrieval, it traverses the index one coordinate at a time to accumulate the inner product scores.
As we show in this work, LINScAN proves surprisingly competitive because it takes advantage of
instruction-level parallelism and efficient cache utilization available on modern CPUs.

We then build on LINScaN and propose an online, approximate algorithm called SINNAMON.
It approximately solves Equation (2) for sparse vectors, with the implication that some of the
candidates in the top-k set may be there erroneously. As we will show, this tolerance for error in
the top-k set makes it possible to tailor the approximate retrieval stage to meet a given set of time,
space, and accuracy constraints.

SINNAMON makes use of two data structures. One, which is more familiar to the reader, is a
lean, dynamic inverted index. In SINNAMON, this index is simply a mapping from a coordinate to
the identifier of vectors in X that have a non-zero value in that coordinate. In other words, we
maintain inverted lists that contain just vector identifiers. This structure allows us to quickly verify
if the jth coordinate of a vector x is non-zero (i.e., 1| j}x0) and obtain the set of vectors whose jth
coordinate is non-zero: {i | Ly,[j]z0}-

Coupled with the inverted index is a novel probabilistic sketch data structure.! A high-dimensional
sparse vector x € R is sketched as ¥ € R?™ (2m < n) using a lossy transformation e(-) : R” — R?™,
Together with the inverted index, this sketch offers an inverse transformation e~!(+) such that for
an arbitrary query vector g, we have that (g, e™1(¥)) > (g, x) and the difference can be tightened
by the parameters of the algorithm. Another crucial property of our data structure is that, much
like the machinery of a Counting Bloom filter [21], obtaining the value of the jth coordinate of
e~1 (%) can be done efficiently and with access to the same coordinates of the sketch regardless of
the input, x.

As a document vector? x; is inserted into X, we record the identifier of its non-zero coordinates
in the inverted index and subsequently insert its sketch X; into the ith column of a sketch matrix
X € R¥IX| When we receive a query g, we use a coordinate-at-a-time algorithm that efficiently
computes the inner product scores by accessing only a single or a fixed group of rows in X per
coordinate. When deleting x;, we simply remove its identifier i from the inverted index and mark
the ith column in X as vacant.

In addition to a theoretical analysis of our data structure, we extensively evaluate LINScan and
SINNAMON on benchmark retrieval datasets and demonstrate their many interesting properties
empirically. We show that due to predictable and regular memory access patterns, both algorithms

1We use “sketch” to describe a compressed data structure that approximates a high-dimensional vector, and “to sketch” to
describe the act of compressing a vector into a sketch.

2We refer to vectors that are expected to be indexed as “document vectors” or simply “documents;” and call the input to the
retrieval algorithm as the “query vector,” “query point,” or simply “query.”
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are fast on modern CPUs. We discuss further how we may control the memory usage of SINNAMON
by adjusting the sketch dimensionality 2m, and tune a knob within the sketching algorithm to
control its approximation error and retrieval accuracy. Moreover, due to their coordinate-at-a-time
query processing logic, LINSCAN and SINNAMON can be trivially turned into anytime algorithms,
terminating retrieval once an allotted time budget is exhausted. Finally, as we will demonstrate
in this work, it is straightforward to parallelize computations in LINScaN and SINNAMON. These
properties make these methods the first SMIPS algorithms for real vectors that allow one to explore
the Pareto frontier of effectiveness and time- and space-efficiency, to trivially scale indexes vertically
through parallelization, and to tailor it to the needs of resource-constrained environments and
applications.

We begin this work with a review of the relevant literature on this topic in Section 2. We then
describe the LINScaN and SINNAMON algorithms in Sections 3 and 4 respectively. That presentation
is followed by a detailed error analysis of the data structure and retrieval algorithm in Section 5, and
a comprehensive empirical evaluation on two hardware platforms and a variety of sparse vector
collections in Section 6. We conclude this work with a discussion in Section 7.

2 RELATED WORK

The information retrieval literature offers numerous algorithms to solve a constrained variant of
the SMIPS problem that is specifically tailored to text retrieval and keyword search. The research
on that topic has advanced the field considerably over the past few decades, making retrieval one
of the most efficient components in a modern search engine. We do not review this vast literature
here and refer the reader to existing surveys [54, 66] for details. Instead, we briefly review key
algorithms and explain what makes them less suitable to operate in the setup we consider in this
work.

Among the many algorithms in existence, WAND [11] and its intellectual descendants and
incremental optimizations [19, 20, 39, 40] have become the de facto top-k retrieval solution. The
core logic in WAND and other related algorithms centers around a document-at-a-time traversal
of the inverted index. By maintaining an upper-bound on the partial score contribution of each
coordinate to the final inner product, we can quickly tell if a document may possibly end up in the
top k set: if it appears in enough inverted lists whose collective score upper-bound exceeds the
current threshold, then it is a candidate to be fully evaluated; otherwise, it has no prospect of ever
making it to the top-k set and can therefore be safely rejected without further computation.

The excellent performance of this logic rests on a number of important assumptions, however.
Like all other existing algorithms, it is designed primarily for non-negative vectors. Due to its
irregular memory access pattern, the algorithm operates better when the query has only a few
non-zero coordinates. But perhaps its key assumption is the fact that word frequencies in natural
languages often follow a Zipfian distribution. Given the role that word frequencies play in relevance
measures such as BM25 [49], the Zipfian shape implies that some words (i.e., coordinates) are
inherently far more important than others. That, in turn, boosts or attenuates the contribution
of the coordinate to the final inner product score, making the distribution of upper-bounds over
coordinates quite skewed. Such skewness contributes heavily to the success of WAND and other
dynamic pruning algorithms [54].

While non-negativity and high query sparsity can be relaxed, the algorithm duly redesigned,
and its implementation optimized for a more general regime, the reliance on Zipfian data is less
forgiving. When the distribution of non-zero coordinates deviates from the Zipfian curve, the
coordinate upper-bounds become more uniform, leading to less effective pruning of the inverted
lists, and therefore a less efficient top-k retrieval. That, among other problems [16], renders this
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particular idea of pruning less suitable for a general purpose top-k retrieval for sparse vectors
where coordinates take on a non-zero value (nearly) uniformly at random.

Other competing index traversal techniques process a query in a coordinate-at-a-time or score-
at-a-time manner. Both of these approaches rely on sorting inverted lists by term frequencies or
their “impact scores” (i.e., precomputed partial scores). The machinery within these algorithms,
however, has the added disadvantage that it relies on the stationarity of the dataset to compute
impact scores or sort postings, making it undesirable for streaming collections that require fast
updates to the index [54].

In contrast to the multitude of data structures and algorithms for stationary datasets, the literature
on retrieval in streaming collections is rather slim and limited to a few works [4, 5, 7]. Notably,
Asadi and Lin [5, 7] used Bloom filters [10] to speed up postings list intersection in conjunctive and
disjunctive queries at the expense of accuracy and memory footprint. These approximate methods
proved instrumental in creating an end-to-end algorithm for retrieval and ranking of streaming
documents [4]. While these works are related to the question we investigate in this work, the
proposed methods are not directly applicable: We are not interested in set membership tests for
which Bloom filters are a natural choice, but rather in approximating real-valued vectors in such a
way that leads to arbitrarily accurate inner product with a query vector.

Another relevant topic is the use of signatures for retrieval and inner product approximation [26,
46, 55]. Pratap et al. propose a simple algorithm [46] to sketch sparse binary vectors in such a way
that the inner product of sketches approximates the inner product of original vectors. The core
idea is to randomly map coordinates in the original space to coordinates in the sketch. When two
or more entries collide, the sketch records the OR of the colliding values. A later work extends this
idea to categorical-valued vectors [55]. Nonetheless, it is not obvious how the proposed sketching
mechanisms may be extended to real-valued vectors.

Deviating from the standard inverted index solution to top-k retrieval is the work of Goodwin et
al. [26]. As part of what is referred to as the BitFunnel indexing machinery, the authors propose to
record and store a bit signature for every document vector in the index using Bloom filters. These
signatures are scanned during retrieval to deduce if a document contains the terms of a conjunctive
query. While it is encouraging that a signature-based replacement to inverted indexes appears not
only viable but very much practical, the query logic BitFunnel supports is limited to ANDs and
does not generalize to the setup we are considering in this work. Despite that, we note that the
“bit-sliced signatures” in BitFunnel inspired the particular transposed layout of the sketch matrix in
SINNAMON.

For completeness, we also briefly note the literature on sparse-sparse matrix multiplication [24,
34, 44, 51-53] and sparse matrix-sparse vector multiplication [8]. The main challenge in operations
concerning sparse matrices is that the computation involved is often highly memory-bound. As
such, much of this literature focuses on developing sparse storage formats with hardware- and
cache-aware designs that lead to a more effective utilization of memory bandwidth. We believe,
however, that the research on compact storage and memory-efficient structures is orthogonal to
the topic of our work and offers solutions that could lead to improvements across all algorithms
considered in this work.

3 LINSCAN: AN EXACT SMIPS BASELINE

Let us begin with a naive and exact baseline. This algorithm, which we call LINScAN, constructs an
inverted index that maps a coordinate (e.g., j € [n]) to a list of “postings”. Each posting is a pair
consisting of the identifier i of a document vector x; € R" and a value x; [ j]. This adds 2 X 14 values
to the index for every document. In our implementation, we use two parallel arrays to implement
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Algorithm 1: Indexing in LINScAN

Input: Sparse document vector x; € R”.
Requirements: Inverted index 7.

1 onz(x;) < {j [ xi[j] # 0}

2. T [j].INserT((i,x;[j])) VJj € nz(x;)

Algorithm 2: Retrieval in LINScAN

Input: Sparse query vector g € R"; Number of vectors to return, k.
Requirements: Inverted index 7.
Result: Exact solution set of Equation (2)

1 nz(q) — {j | qlj] # 0)
2: scores[i] « 0 Vi

3: for all j € nz(q) do

4. for all (i,x;[j]) € I[j] do

5: scores[i] « scores[i] + x;[j] X q[j]
6: end for

7: end for

8:

return FINDLARGEST(scores, k)

an inverted list (also known as non-interleaved inverted lists), one that stores vector identifiers and
another that holds values. For completeness, we show this indexing logic in Algorithm 1.

In its most basic variant, we store the inverted index without using any form of compression:
That is, the document identifiers are stored as 32-bit integers and values as 32-bit floats. This allows
us to quantify the latency of the logic within the algorithm itself and remove other factors related
to compression. It also enables the algorithm to take advantage of instruction-level parallelism
and efficient caching that come for free (using default compiler optimization techniques) with a
coordinate-at-a-time retrieval strategy. To make the algorithm more practical, we also consider a
variant where the list of vector identifiers in each inverted list is compressed using the Roaring [13]
dynamic data structure and the values are stored using the bfloat16 standard (16-bit floating points).
The loss of precision due to the conversion from 32-bit floats to 16-bit values is negligible in practice.
We denote this variant by LINSCAN-ROARING.

During retrieval, LINScaN follows a simple two-step procedure shown in Algorithm 2. In the
scoring step (lines 1 through 7), it traverses the inverted index one coordinate at a time for every
non-zero coordinate in the query vector and accumulates partial scores for all documents. At the
end of this step, the algorithm will have computed the exact inner product scores for every vector in
the collection—document vectors that are not visited in the scoring loop on line 3 will have a score
of 0. In the ranking step (line 8), it finds the top k vectors with the largest inner product scores;
in our implementation of FINDLARGEST, we use a heap to efficiently identify the top k vectors as
shown in Algorithm 3.

An interesting property of LINScAN’s retrieval algorithm is that it is trivial to execute its logic
in parallel in a dynamic manner. While most existing algorithms would require some form of
sharding of the index by document ids (i.e., keeping separate index structures for different ranges
of document ids), LINScAN can execute retrieval with as many threads as are available using the
very same monolithic data structure. It is the combination of the coordinate-at-a-time nature of
LiNnScaN and the layout of its data structure that lend the algorithm to such a dynamically adjustable
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Algorithm 3: A sample implementation of FINDLARGEST

Input: An array of floating point values, scores; k
Result: Index of the largest k values.
1: heap < BINARYHEAP
2: 0 «— —o0
3. for all i € [LEN(scores)] do
4:  if scores[i] > 0 then
5: heap.INSERT((key = i, value = scores[i]))
6 if heap.S1zE() > k then
7 0 « heap.Pop().value
8 end if
9: endif
10: end for
11: return keys of items in heap

Algorithm 4: Anytime retrieval in LINScaN

Input: Sparse query vector g € R"; Time budget, T < oco; Number of vectors to re-rank, k’;
Number of vectors to return, k.

Requirements: Inverted index 7'; Vector storage S.

Result: Approximate solution set of Equation (2)

1 nz(q) < {j | qlj] # 0}
2: Sort coordinates in nz(q) in descending order by the absolute value of the vector entries

(IqLj11)

3. scores[i] « 0 Vi

4: for all j € sorted nz(q) do

5. forall (i,x;[j]) € 7[j] do

6: scores[i] « scores[i] + x;[j] X q[j]
7. end for

8.  break if time budget T exhausted

9: end for

10: V « FINDLARGEST(scores, k”)

11: forov € V do

11: sy < (g, S.FETCH(V))

12: end for

13: return FINDLARGEST({s, | v € V}, k)

level of concurrency. By breaking up an inverted list into contiguous segments on the fly, we can
accumulate partial scores for each segment concurrently. Similarly, it is just as trivial to execute
FINDLARGEST(+) in parallel. We consider this parallel variant of the algorithm in this work and
refer to it as LinScan/.

Finally, let us introduce an anytime but necessarily approximate version of LINSCAN by way of a
simple modification to the retrieval logic. In this variant, we visit the non-zero query coordinates
in order from the coordinate with the largest absolute value to the smallest one. As soon as a given
time-budget T is exhausted, we terminate the scoring step of the retrieval; setting T = co to give
the algorithm an unlimited time budget reduces the logic to the vanilla exact LINScAN. But because
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the scores may no longer represent the exact inner products, we find top k’ document vectors
according to these possibly inexact scores for some k’ > k, and subsequently fetch those vectors
from storage to compute their exact scores and finally return the top k elements. This procedure is
shown in Algorithm 4.

3.1 Deletions

We have so far described the indexing and retrieval algorithms in LINScaN. In this section, we
briefly touch on deletion strategies. We preface this discussion with the note that insertion, deletion,
and retrieval procedures are not entirely independent: A particular deletion algorithm may pair
better with a particular set of insertion and retrieval algorithms. While we are careful to incorporate
this fact into making a choice between different deletion strategies, we acknowledge that more
can and should be done to optimize joint insertion-deletion-retrieval efficiency. But as much of
the optimization involves heavy engineering (e.g., applying deletions in batch, running a separate
background process to reclaim deleted space, etc.), we do not dwell on this point in this work and
leave an empirical exploration of this detail to future work.

Throughout this work, when we delete a document vector x; from a LINScAN index, we invoke a
process that is best described as “full deletion” This strategy simply wipes all postings associated
with x; from the inverted index and frees up the space they occupied. That involves removing a
posting from an inverted list, noting that the posting may reside anywhere within the list.

An obvious advantage of this protocol is that it does not produce any waste in memory in the
form of zombie postings—space allocated in memory that lingers on after the document has been
deleted. Moreover, it is compatible with the insertion and retrieval logic described earlier as it
maintains the contiguity of the inverted lists and the alignment between the identifier and value
arrays.

An obvious disadvantage of this approach, on the other hand, is that fully removing a posting
from an inverted list often leads to a reorganization of the underlying array of data in memory,
which is itself a potentially expensive procedure. But we believe that the benefits of the full deletion
approach outweigh its pitfalls, especially considering the ramifications of alternative algorithms
for the insertion and retrieval procedures.

Consider, for instance, a different method which simply designates a posting as “deleted” using a
special value without immediately reclaiming its space. Perhaps the space is reclaimed periodically
by a background process or recycled when a new posting is inserted into the inverted list. Regardless,
it is clear that the insertion and retrieval procedures have to be modified so as to safely handle
postings that are designated for deletion. In retrieval, for example, this involves conditioning on
the content of each posting, leading to branches in the execution.

Given the discussion above, we believe our choice of full deletion is appropriate for LINScaN
and helps to reduce the overall complexity in insertion and retrieval.

4 SINNAMON: AN APPROXIMATE SMIPS ALGORITHM

This section describes the algorithmic details of SINNAMON. We begin with a detailed account
of the efficient indexing procedure, where we create a sketch matrix and an inverted index. Like
LINScaN, we then present an anytime, coordinate-at-a-time retrieval algorithm that is amenable to
parallelism. We subsequently explain how SINNAMON supports deletions. In each subsection, we
also discuss how this algorithmic framework can be extended in the future and state the research
questions that it in turn inspires.
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Algorithm 5: Indexing in SINNAMON (2, 1)

Input: Sparse document vector x; € R™.
Requirements: Inverted index 7'; Sketch matrix X = [U; £] € R*™¥IXI; hindependent
random mappings 7, : [n] — [m].
nz(x;) < {j | x:[j] # 0}
I [j].InsErT(i) Vj € nz(x;)
Letu,[ € R™
for all k € [m] do
ulk] < maxXyjcnz(x;) | 3o 5.t 7m0 (j)=k} Xi [J]
I[k] « MiN{jenz(x;) | 3o s.t. mo(j)=k} Xi [j]
end for
UT[i] — u
LT[i] « 1

R A AN v

4.1 Indexing

When a new document vector x; arrives into the collection X, SINNAMON executes an efficient two-
step algorithm to index it and make it available for retrieval. The first stage is the familiar procedure
of inserting the vector identifier i into an inverted index 7. 7 is a mapping from coordinates to a
list of vectors in which that coordinate is non-zero: 7 [j] = {i | x;[j] # 0}. When processing x;, for
every non-zero coordinate in the set nz(x;) = {j | x;[j] # 0}, we insert i into 7 [j].

The second, novel step involves populating the column i in the sketch matrix X € RZ™¥IX| which
has 2m rows (the sketch size) and |X| columns (the collection size). For notational convenience and
to simplify prose, we regard X as a block matrix X = [Upmsxix|; Lmx|x|] with the top half of the
matrix denoted by U and the bottom half by L.

Intuitively, what the sketch of a vector in SINNAMON captures is an upper-bound and a lower-
bound on the entries of x; in such a way that its inner product with any query vector can be
approximated arbitrarily accurately. This sketching step, in effect, can be thought of as a lossy
compression of a sparse vector such that the error incurred from losing the original values does not
severely degrade the solution set of Equation (2). We will revisit the effect of this approximation on
the final inner product later in this work.

Algorithm 5 presents this indexing procedure. The algorithm makes use of 4 independent random
mappings 7, : [n] — [m], where each 7, (-) projects coordinates in the original space to an integer
in [m]. In the notation of the algorithm, we construct an upper-bound vector u € R™ and a lower-
bound vector [ € R™, and insert u and [ into the ith column of U and L respectively. In words, the
kth coordinate of u, u[k] (I[k]) records the largest (smallest) value from the set of all entries in x;
that map into k according to at least one 7,. Figure 2(a) illustrates the algorithm for an example
vector using a single mapping 7.

It is instructive to contrast the index structure in SINNAMON with the one in LINScaN. The main
material difference between the two indexes is that SINNAMON allocates a constant amount of
memory to store the sketch of each document, whereas LINScAN stores all non-zero values of
a document within the index. As a result, the amount of memory required to store values with
LiNScAN grows linearly in ¢/;.

Finally, let us consider the time complexity of the insertion procedure in SINNAMON. Let us assume
that raw vectors are represented in a “sparse” format: rather than a vector being implemented as an
array of size n with most entries 0, we assume a vector is a mapping from a coordinate to a value.
Assuming further that inserting a value into an inverted list using INSERT(+) can be carried out in
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Fig. 2. Example of (a) indexing and (b) score computation in SINNAMON. When inserting the vector x12 € R"
consisting of 3 non-zero coordinates {10, 27, 113}, we first populate the inverted index and then insert a sketch
of x into the 12th column of the sketch matrix. The top half of the matrix, U, records the upper-bounds
and the bottom half, L, the lower-bounds, with the help of a single random mapping & from n to m. When
computing the approximate inner product of a query vector g with the documents in the collection, we look
up the inverted list for one coordinate and traverse its corresponding row in the sketch matrix to accumulate
partial scores in a coordinate-at-a-time algorithm.

constant time, the overall time complexity of Algorithm 5 is then O(yzh) for a vector x with ¢y
non-zero entries. The algorithm stores i integers in the inverted index and 2m real values per
vector.

As an important note we add that, when operating in the non-negative orthant where vectors
are in R?, we do not record the lower-bounds (i.e., the sketch £) and only maintain a sketch matrix
X = U e R™IX|_We call this variant of the algorithm SINNAMON™.

4.1.1 Notes on Implementation. In practice, the inverted index can be compressed using any of the
existing bitmap or list compression codes such as Roaring [13], Simple16 [63], PForDelta [67] or
others [45, 56]. We use the Roaring codec throughout this work to compress inverted lists because
it achieves a reasonable compression ratio and, at the same time, supports very fast insertion and
deletion operations.

As with LINScAN-ROARING, we store sketches using bfloat16. Finally, we note that the matrix X is
in practice implemented as an array of 2m rows, with each row growing as needed to accommodate
the sketch of the ith vector. This particular data layout is more efficient during retrieval because
SINNAMON needs access to the same row in order to compute partial scores for documents within a
single inverted list. As such, by representing a row as a contiguous region of memory, we improve
the overall memory access pattern and make the data structure more cache-friendly.
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4.1.2 Extensions and Future Considerations. One of the desired properties in our design is that the
inverted index 7 must offer compression as well as efficient insertion and deletion operations. This
is required because the efficiency of the inverted index directly affects the overall efficiency of the
indexing, update, and retrieval algorithms in SINNAMON. For this study, we settled on Roaring [13]
bitmaps as it suits the needs of the algorithm. However, we note that studying inverted indexes
with the outlined properties is an orthogonal area of research with many existing studies on the
required operations.

Having stated that, existing inverted indexes are deterministic and exact. SINNAMON, on the
other hand, is an approximate algorithm which trades size and speed for error tolerance. SINNAMON
also offers levers, as we will argue, to compensate for the incurred error. This enables us to explore
approximate inverted indexes where each inverted list may be a superset rather than an exact set
and where multiple entries may share an inverted list. In other words, the research question to
investigate is whether there exists an approximate inverted index 7 such that 7 [j] c I [j]V jand
where |j | < |7| (with | - | denoting the overall size of the index) with a quantifiable effect on the
final inner product with arbitrary query vectors. We wish to investigate this question in a future
study.

Another research question in this context is the representation of the values. While SINNAMON
offers a fixed number of dimensions in the sketch, how those entries are represented affects the
overall memory usage. We believe that a number of quantization methods can be used to reduce the
capacity requirement while maintaining an approximately accurate inner product. This is another
area we wish to explore in the future.

4.2 Retrieval

Assuming we have an inverted index 7 and a sketch matrix X as described in Section 4.1, as well
as h random mappings 7, (-)1<o<h, We now discuss the question of retrieval: Given a query vector
q € R", find the top-k closest vectors in the collection.

4.2.1 Scoring. Similar to LINSCAN, SINNAMON approaches retrieval in two steps. In the first and
most critical step, SINNAMON computes an upper-bound on the inner product of the query vector
and every vector in the collection. It does so by traversing the inverted list of every non-zero
coordinate in the query, one coordinate at a time, and computing and accumulating partial scores
(i-e., the product of query value at that coordinate and the document value as encoded in the
sketch). Importantly, SINNAMON visits non-zero query coordinates in order from the coordinate
with the largest absolute value to the smallest one to facilitate an anytime variant. As soon as a given
time-budget T is exhausted, it terminates the scoring phase. At this point, all partial scores are upper-
bounds on the exact inner product of the processed coordinates. This means, for example, when
T = oo (i.e., when time is unlimited) the computed score of a document vector is an upper-bound
on its inner product with the query.

Algorithm 6 presents the scoring procedure in SINNAMON. Intuitively, when the sign of a query
entry at coordinate j is positive, we find the least upper-bound on the value of x;[ j] for a document
x; € I[j] (line 8 in Algorithm 6). When ¢[j] < 0, we find the greatest lower-bound on x;[ ]
(line 10). In this way, SINNAMON guarantees that the partial score is always an upper-bound on the
actual partial score. This is illustrated for an example query vector in Figure 2(b).

We note that, the expected time complexity of the scoring algorithm is O (¢4 log /4 +¥gh|X |4 /n),
typically dominated by the second term, where the term |X|¢;/n represents the expected number
of vectors that have a non-zero value in a particular coordinate (with the assumption that non-zero
coordinates are uniformly distributed).
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Algorithm 6: Scoring in SINNAMON (3, 1)

Input: Sparse query vector g € R"; Time budget, T.
Requirements: Inverted index 7'; Sketch matrix X = [U; £] € R*™¥IXI; hindependent
random mappings 7, : [n] — [m].
Result: Approximate scores for all x; € X
1 nz(q) — {j | qlj] # 0}
2: Sort coordinates in nz(q) in descending order by the absolute value of the vector entries
(IqLj11)
3. scores[i] « 0 Vi
4: for all j € sorted nz(q) do
55 Ke{m(j)l<o<h}
6: forallie I[j]do
7 if g[j] > 0 then
: s  qljl x minge ULk [i]
9

else
10 s — qlj] x maxex LIKI[i]
11: end if
12: scores[i] < scores[i] +s

132 end for

14:  break if time budget T exhausted
15: end for

16: return scores

Algorithm 7: Ranking in SINNAMON (2,1, )

Input: Sparse query vector g € R"”; Number of vectors to re-rank, k’; Number of vectors to
return, k.

Requirements: Vector storage S; Scores from Algorithm 6, scores.

Result: Approximate solution set of Equation (2)

V « FINDLARGEST(scores, k’)
forv € V do
sy «— (g, S.FeTCH(0))
end for
return FINDLARGEST({s, | v € V}, k)

L A A

4.2.2  Ranking. At the end of the scoring stage, SINNAMON gives us approximate scores for every
document in the collection. In the second stage, which we refer to as “ranking,” we must find the
top-k vectors that make up the (approximate) solution to Equation (2).

To do that, we first find the k” > k vectors with the largest approximate score using a heap with
time complexity O(|X|logk’). The reason the initial pass selects a set that has more than k vectors
is that by doing so we compensate for the approximation error of the scoring algorithm. We later
review the relationship between k and k” empirically. We subsequently execute Algorithm 7 to
compute the exact inner product between the query and the set of k” vectors, and eventually return
the top-k subset according to the exact scores.

Much like LINScAN, SINNAMON''s retrieval algorithm (i.e., Algorithms 6 and 7) is trivially amenable
to dynamic parallelism. By breaking up an inverted list into non-overlapping segments in line 6 of
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Algorithm 6, we can accumulate partial scores concurrently without the need to break up or shard
the sketch matrix. In the parallel version of the algorithm, we also execute FINDLARGEST(+) and
the exact computation of inner products in Algorithm 7 using multiple threads. We refer to the
parallel variant of the algorithm as SINNAMON/!.

We note that, while a mono-CPU variant of SINNaMON offers a consistent analysis of the trade-
offs within the algorithm and sheds light onto its behavior in comparison with other algorithms,
we believe that the ease by which SINNAMON (and LINScAN) can be run concurrently on a per-
query basis renders the algorithm suitable for production systems that operate on large (dynamic)
collections. In particular, because the index structure remains monolithic within each machine, it
need not be rebuilt or re-assembled when porting the index to another machine with a different
configuration.

4.2.3 Notes on Implementation. As is clear from line 5 in Algorithm 6, for a query coordinate j,
we need only probe a fixed set of h rows in the sketch matrix. When h = 1, as a typical example,
this implies that we need only visit a single row which is stored as a contiguous array in memory.
Due to this property and the predictability of the memory access pattern, it is often possible to
cache a few upcoming memory locations in advance of the computation so as to speed up scoring.
We observe the effect of the cache-friendliness of the sketch matrix in practice by enabling default
compiler optimizations. We also note that, it is possible to further optimize the implementation
through explicit instruction-level parallelism where the compiler fails to do so itself, though we do
not explicitly use this technique in this work.

In our implementation, we further optimize the efficiency of the algorithm by re-arranging the
logic so as to remove the branching on line 7 in Algorithm 6. This is possible if the programming
language offers “function pointers,” to point to the min and max operators depending on the sign
of the query entry.

4.2.4 Extensions and Future Considerations. A requirement that is often faced in practice is for a
retrieval algorithm to support constrained search. For example, a user may only ask for the top-k
set of songs whose genre matches a set of desired genres. One way to formalize this is to require
that the retrieval algorithm enforce arbitrarily many binary constraints on the solution space. In
other words, the vectors in the solution set of Equation (2) must pass an arbitrary set of functions
G ={g; : X — {0,1}}. This transforms the problem to the following constrained retrieval problem:

(k)
argmax (q, Xx),
xeX (3)
s.t. Ngeg g9(x) =1,
where A denotes the AND operator.

SINNAMON naturally supports this mode of search because, by default, it computes the scores of
all documents in the collection in its scoring stage—the same is true of LINScaN. It is therefore
possible to enforce arbitrary constraints by masking out those columns in X that do not satisfy the
given conditions. We defer an examination of this setup to future studies.

4.3 Deletions

When deleting a vector x; from LINSCAN’s index, we committed to a “full deletion,” wiping all
postings associated with x; from inverted lists. That strategy, we argued, fits LINScan well as it
simplifies its insertion and retrieval logic. SINNAMON, in contrast, provides us with an alternative
deletion mechanism.

When deleting x; from the collection, we simply remove all instances of i from inverted lists in
7, much like in LINScaN. However, we do not clean up the sketch of x; from the sketch matrix X.



14 Sebastian Bruch, Franco Maria Nardini, Amir Ingber, and Edo Liberty

Instead, we add i to the set of available document identifiers so that the next vector that is inserted
into the index may reuse i as its identifier and recycle column i in X to store its sketch.

This protocol is efficient because it only involves the removal of an integer from compressed
inverted lists—an instruction that is often very fast to execute. Contrast this with LINScAN where
the two parallel arrays within an inverted list must remain aligned at all times. Because the values
array must be cut at the same spot as the array that holds document identifiers, we have the
overhead of having to find the index of the posting that holds i, then proceed to delete the ith entry
in the values array.

We do note that, for applications that receive far more delete requests than new insertions,
SINNAMON’s deletion logic may prove suboptimal. This is because, by virtue of not freeing up a
column upon deletion, the sketch matrix could grow to be as large as the maximal number of
vectors that exist in the dataset at the same time. For such applications, a different deletion strategy
may be required that may involve defragmenting the matrix and reclaiming the underlying space.
In practice, however, we find this particular scenario to be a mere hypothetical; in reality, deletions
are dwarfed by insertion and update requests, where SINNAMON’s default deletion strategy leads to
minimal to no waste.

5 ANALYSIS

Recall that SINNAMON uses a sketch of size 2m to record upper- and lower-bounds on the values of
active® coordinates in a vector. Consider now Line 5 of Algorithm 5 where, given a vector x € R"
and h independent random mappings 7, : [n] — [m] (1 < o < h), we construct the upper-bound
sketch u € R™ where the kth dimension is assigned the following value:

ulk] « max x[i]. 4
[ ] {ienz(x) | o s.t. o (i)=k} [ ] ( )
The lower-bound sketch is filled in a symmetric manner, in the sense that the algorithmic procedure
is the same but the operator changes from max(-) to min(-).
When a query coordinate is positive, to reconstruct the value x[i] of a document vector, we take
the least upper-bound from u, as captured on Line 8 of Algorithm 6, restated below for convenience:
x[i] « min ulk]. 5
[ ke{n,(i) 1<o<h} [ ] ( )
When the query coordinate is negative, on the other hand, it is the greatest lower-bound that is
returned instead.
Given the above, it is easy to see that the following proposition is always true:

THEOREM 5.1. The score returned by Algorithm 6 of SINNAMONT=« is an upper-bound on the inner
product of query and document vectors.

The fact above implies that SINNAMON’s approximation error is always non-negative. But what
can we say about the probability that such an error occurs when approximating a document value?
How large is the overestimation error of a single value? How does that error affect the final score
of a query-document pair? These are some of the questions we examine in the remainder of this
section.

3In the rest of this work we refer to coordinates in a sparse vector as either zero or non-zero. In this section, to make the
exposition more accurate, we adopt a more formal terminology and say a coordinate is inactive when it is not present in the
sparse vector, and active when it is. Note that, the value of an active coordinate is almost surely non-zero; that leaves room
for the unlikely event that it may draw the value 0 from its value distribution.



An Approximate Algorithm for Maximum Inner Product Search over Streaming Sparse Vectors 15

5.1 Notation and Probabilistic Model

Denote by X € R" a random sparse vector that is constructed as follows: The ith coordinate of X is
inactive with probability 1 — p;. Otherwise, it is active and its value is a random variable, X;, drawn
from some distribution with probability density function (PDF) ¢ and cumulative distribution
function (CDF) ®. We assume throughout this work that X;s are independent.

We have that the active coordinates of X are encoded into the upper-bound and lower-bound
sketches of SINNaMON, U and L. Denote by Uy and L random variables that represent the kth
coordinate of U and L, where 1 < k < m.

For every active variable Xj, we can obtain an upper-bound on its value from U and a lower-
bound from £. We denote these decoded upper- and lower-bounds by X; and X ;» Tespectively.
Clearly, X, < X; < X; always holds. When our statement is agnostic to whether a decoded value is
an upper-bound or a lower-bound on X;, we simply write X; for the decoded value.

5.2 Sketching Error

In this section, we focus on the approximation error of a single active document coordinate: What
is the probability and expected magnitude of error when recovering the value of a single active
coordinate from a document sketch? More formally, we are interested in finding P[X; # X;]| and
the distribution of error in the form of its CDF: P[|X; — X;| < 8], when X; is active.

We state the following result on the probability of error of the upper-bound sketch.

THEOREM 5.2 (PROBABILITY OF ERROR OF THE UPPER-BOUND SKETCH). For large values of m and
an active X;,

P[X; > X;| ~ / [1- e~ m (1-2(@) wa]”qs(a)da, (6)
where ¢(-) and ®(-) are the PDF and CDF of X;s.

Extending this result to the lower-bound sketch involves replacing 1 — ®(«) with ®(a). When
the distribution defined by ¢ is symmetric, the probabilities of error too are symmetric for the
upper-bound and lower-bound sketches.

Proor. Consider the random value X;. Suppose k = 7, (i) for some 1 < o < h. We thus need to
probe Uy as part of producing X;. The event that Uy > X; happens only when there exists another
active coordinate X such that X; > X; and 7, (i) = 7,(j) = k. Consider the probability P[Ux > X;].

To derive that probability, it is easier to think in terms of complementary events: Uy = X; if every
other active coordinate whose value is larger than X; maps to a sketch coordinate except k. Clearly
the probability that any arbitrary X; maps to a sketch coordinate other than Uy is simply 1 — 1/m.
Therefore, given a vector X, the probability that no active coordinate X larger than X; maps to Uy
is:

1 )
P[}ﬂj #is.t. m(j) = me(i) =k forsomel <o <h | X] =1-(1- —)hz-f“ L aciveLX>x; - (7)
m

Event A

Because m is large by assumption, we can approximate e™! ~ (1—1/m)™ and rewrite the expression
above as follows:
— L 3 i 1X; active 1 X5 X
P[EventAlX]zl—e m aj#i T X active XXy (8)
Finally, we marginalized the expression above over X;s for j # i to remove the dependence on
all but the ith coordinate of X. To simplify the expression, however, we take the expectation over
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the first-order Taylor expansion of the right hand side around 0. This results in the following
approximation:

P[Event A Xl-] ~ 1= e m(1m2@) i py 9)

For X; to be larger than X;, event A must take place for all h sketch coordinates corresponding
to i. That probability, by the independence of random mappings, is:

P[)_(i > X | Xi| ~ [1- e_%(l_q)(a))Zj*ipj]h' (10)

In deriving the expression above, we conditioned the event on the value of X;. Taking the marginal
probability leads us to the following expression for the event that X; > X; for any i:

P[X; > Xi] z/ [1- o~ (1-0(a)) Z#,»Pj]”d]p(a) ~ / [1- e_lﬁl(l—(b(a))Zj#ipj]h¢(a)da. 11)
That concludes our proof. O

Equation (6) is unwieldy in an analytical sense, but can be computed numerically. Nonetheless,
it offers insights into the behavior of the upper-bound sketch. Our first observation is that the
sketching mechanism presented here is more suitable for distributions where larger values occur
with a smaller probability such as sub-Gaussian variables. In such cases, the larger the value is the
smaller its chance of being overestimated by the upper-bound sketch. Regardless of the underlying
distribution, empirically, the largest value in a vector is always recovered exactly.

The second insight is that there is a sweet spot for h given a particular value of m: using more
random mappings helps lower the probability of error until the sketch starts to saturate, at which
point the error rate increases. This particular property is similar to the behavior of a Bloom filter.

In addition to these general observations, it is often possible to derive a closed form expression
for special distributions and obtain further insights. For example, when active X;s are drawn from
a zero-mean, unit-variance Gaussian distribution, the probability of error can be expressed as in
the following corollary.

COROLLARY 5.3. Suppose the probability that a coordinate is active, p;, is equal to p for all coordinates
of vector X € R". When active X;s are drawn from Gaussian(u = 0,0 = 1), the probability of error is:

— h h kh(n-1)p
P[X,’>Xi] zl+2(k)(—1)km (1—6_ (m : ) (12)
k=1

We provide a complete proof in Appendix A. By expanding the above expression, it becomes
clear, for example, that when vectors are Gaussian and m is less than half the average number of
active coordinates, using more than one random mapping leads to an increase in the probability of
error.

Let us attempt to develop an empirical understanding of the error and verify the observations
above. We consider special distributions for which we can either solve Equation (6) exactly or
approximate it numerically. Table 1 shows this probability for five different distributions. We
observe that when m < np, for most distributions, using more than one random mapping leads
to an increase in the likelihood of error. This is because a larger h leads to the sketch saturating
quickly. When m is larger, however, using more mappings often translates to better accuracy up to
a point.

What is strange at first glance, however, is that the probability that a value is overestimated
is approximately the same for uniform and Gaussian distributions, which appears to contradict
our statement that SINNAMON’s sketching is more suitable for sub-Gaussian rather than uniform
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Table 1. Probability of error as expressed in Equation (6) for sample distributions. In all cases, ; = np; =
np = 120 and the distribution over the support is as indicated in the first column. We select the support
arbitrarily for the purposes of this demonstration. For the Zeta distributions, we quantize the interval [-1, 1]
into 21 discrete values and define the distribution over the discrete support.

| m=ya/2 m =y m=2yq4
¢ |h=1 h=2 h=3|h=1 h=2 h=3|h=1 h=2 h=3
UNIFORM[_11] 057 063 069 | 037 038 043 | 021 017 0.7
ZETA(s = 2.5) 034 033 038 | 019 012 011 | 0.10 004 002
ZETA(s = 4.0) 013 003 004 | 0.07 0.02 0008 | 0.03 0.005 0.001

GAussiaN(p = 0,0 = 1) 0.57 0.63 0.69 | 037 038 043 | 021 0.17 0.17
Gaussian(pg =0,0=0.1) | 057 0.63 0.69 | 037 038 043 | 0.21 0.17 0.17

Table 2. Expected value of error for sample distributions. The setup is the same as in Table 1.

\ m=yy/2 m=yq m=2yy
¢ |h=1 h=2 h=3|h=1 h=2 h=3|h=1 h=2 h=3
UNIFORM 0.43 046 0.52 0.26 0.24 0.27 0.15 0.09  0.09
ZETA(s = 2.5) 0.001 5e-4 5e-4 | 7e-4 2e-4 2e-4 | 4e-4 6e-5 3e-5

GaussiaN(p = 0,0 = 1) 040 043 048 | 024 022 025 | 0.14 0.09 0.08
GaussiaN(py =0,0 =0.1) | 0.07 0.07 0.08 | 0.05 0.04 004 | 0.02 0.01 0.01

variables. But to understand the differences between these distributions, we must contextualize the
probability of error with the distribution of error and understand its concentration around zero.
To that end, we state the following result for the upper-bound sketch. We denote by Z; the
decoding error X; - X;.
THEOREM 5.4 (CDF or ERROR IN THE UPPER-BOUND SKETCH). For an active X; whose values are
drawn from a distribution with PDF and CDF ¢ and ®, the probability that Z; = X; — X; is less than &
is:

P[Z; < & X; is active] ~ 1 — / [1— e mO-2@) 2uri " (q)da. (13)

ProOF. We begin by quantifying the conditional probability P[Z; < & | X;]. Conceptually, the
event Z; < & for a given X; happens when all values that collide with X; are less than or equal to
X; + 6. This event can be characterized as the complement of the event that all 4 sketch coordinates
that contain X; collide with values greater than X; + §. Using this complementary event, we can
write the conditional probability as follows:

P[Z;<8|Xi]=1-[1-(1- l)h(1—¢<a+a>>z,-¢,»p,,-]h ~1-[1- e—%(l—ma+5>>zﬁim]h_ (14)
m

By computing the marginal distribution over the support, we arrive at the following expression for
the CDF of Z;:

P[Z; < &; X; is active] ~ 1 —/ [1- e_lﬁl(l“b(‘“‘s))Zj#ipj]hdp(a), (15)

which completes the proof. O
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Given the CDF of Z and the fact that Z > 0, it follows that its expected value conditioned on
X; being active is:

LEMMA 5.5 (EXPECTED VALUE OF ERROR IN THE UPPER-BOUND SKETCH).

E[Z;; X; is active] =/ P[Z; > 8]dS ~ / / [1- e‘%(l—q’(“w))Z#iﬁj]h(ﬁ(a) da ds. (16)
0 0

We present the CDF of Z; in Figure 4 for uniform and Gaussian-distributed vectors, and report
the expected value for other distributions in Table 2. Examining Tables 1 and 2 together shows
that, while some distributions can result in a similar probability of error given the same sketch
configuration, they differ greatly in terms of the expected magnitude of error.

We also find it interesting to study Theorem 5.4 for special distributions. As we show in Appen-
dix B, for example, when vectors are drawn from a zero-mean Gaussian distribution with standard
deviation o, the CDF of the variable Z can be derived as follows.

COROLLARY 5.6. Suppose the probability that a coordinate is active, p;, is equal to p for all coordinates
of vector X € R". When active X;s are drawn from Gaussian(u = 0, o), the CDF of error is:
—_ h(n-1) /,
P[Z; < §; X; is active] = 1 — [1 e (e (5))]’1, (17)
where @' (-) is the CDF of a zero-mean Gaussian with standard deviation oV/2.

This expression enables us to find a particular sketch configuration given a desired bound on the
probability of error. It is straightforward, for instance, to show the following result.

LEMMA 5.7. Suppose the probability that a coordinate is active, p;, is equal to p for all coordinates
of vector X € R™. Suppose active X; ~ Gaussian(0, o). Given a choice of 0 < 8, € < 1 and the number
of random mappings h, we have that P[Z; > 8] < € when:

_ b= p(1-9/(6)
log(1 — el/h)

(18)

To get a sense of what this expression entails, we have plotted m/(n — 1)p as a function of h
given particular configurations of o, §, and € in Figure 3. As one may expect, when we utilize
more random mappings to form the sketch, we require a smaller sketch size to maintain the same
guarantee on the concentration of error. That is true only up to a certain point: using more than
three mappings, for example, translates to an increase in m to keep the magnitude of error within a
given bound.

Before we move on, let us consider the general form of Z; without the assumption that X; is
active. Denote by p; the expected value of Z; conditioned on X; being active: y; = E[Z;; X; is active].
Similarly denote by ¢? its variance when X; is active. Given that X; is active with probability p;
and inactive with probability 1 — p;, it is easy to show that E[Z] = piy; and that its variance

Var(Z;) = pio? + pi(1 - pi) 2.

5.3 Inner Product Error

In the previous section, we quantified the probability that a value decoded from the upper-bound
sketch overestimates the original value of a randomly chosen coordinate. We also characterized the
distribution of the overestimation error for a single coordinate and derived expressions for special
distributions. In this section, we extend our analysis from a single coordinate to the inner product
of a decoded vector with a fixed vector q.

We state the following result:
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Fig. 3. Visualization of Lemma 5.7 in terms of m/(n — 1)p as a function of h for different values of o, §, and €.
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Fig. 4. Cumulative distribution of the overestimation error, Z, of the upper-bound sketch for vectors that
draw values from the uniform distribution over [—1, 1] and the Gaussian distribution. These curves represent

different settings of m with h = 1 and np; = np = 120.

THEOREM 5.8. Suppose that ¢ € R" is a sparse vector with nz(q) = {i | q[i] # 0} denoting its
set of active coordinates. Suppose in a random sparse vector X € R", a coordinate X; is active with
probability p; and, when active, draws its value from some well-behaved distribution (i.e., expectation,
variance, and third moment exist). Let X be the reconstruction of X by SINNAMON: when X; is active
X; = X; ifq[i] > 0 and X; = X, if qli] < 0, otherwise X; is 0. Ifz; = X; — X;, then the random

variable Z defined as follows:

1 (g X=X - > pElZlqli]). (19)
\/Zienz(q) Var[Zi]q[i]? i€nz(q)

approximately tends to a standard normal distribution as 4 = |nz(q)| grows.

7 =

PRrOOF. Let us expand the inner product between g and X — X as follows:

@X-X)= > qlilXi-X)= ). qlilZ. (20)

ienz(q) ienz(q)
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Fig. 5. Distribution of the transformed inner product error Z for vectors that draw values from the uniform
distribution over [—1, 1] and the Gaussian distribution. These curves represent different settings of the number
of non-zero coordinates in the query () for m = 60 with h = 1 and /; = np; = 120. We also plotted the
standard normal distribution for reference.

We have already studied the variables Z; = X; — X; in the previous section and noted that the
analysis for Z, is symmetrical. Therefore, we already know the properties of Z;, as it is a well-defined
random variable that is Z; when g[i] > 0 and Z, otherwise.

As we only care about the order induced by scores, we are permitted to translate and scale the
sum above by a constant as follows to arrive at Z:

i ) _ . , /
(@X-X)"E" " qlilzi-qlilB[z]= )| Z/-E[Z] (21)
ienz(q) ™ T~ iecnz(q)
z E[Z]]
rank 1
= Z; - E[Z] (22)
Zicnsq VarlZiglil® iésly
=2 (23)

Z is thus the sum of centered random variables Z;. Because we assumed that the distribution of X;
is well-behaved, we can conclude that Var[Z;] > 0 and that E[|Z;|*] < . If we operated on the
assumption that Z;s are independent—in reality, they are weakly dependent—albeit not identically
distributed, we can appeal to the Berry-Esseen theorem to complete our proof. O

We note that, the conditions required by the result above are trivially satisfied when the random
vectors X;s are drawn from a distribution with bounded support.

We verify the result above by simulating the following experiment. We draw a query with a given
number of non-zero coordinates (i/;) from the standard normal distribution. We then draw a vector
of errors Z; from a distribution defined by its CDF per Equation (13), and compute the transformed
inner product error Z, and repeat this procedure 10, 000 times. We then plot the distribution of
Z in Figure 5 for two families of random vectors, one where we assume vectors are drawn from
a Uniform distribution over [—1, 1] and another from the Gaussian distribution with standard
deviation o = 0.1. As the figures illustrate, Z tends to a standard normal distribution even when
the query has just a handful of active coordinates.
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Table 3. The number of non-zero entries in documents (f7) and queries () for various vector datasets.

‘BM25 SPLADE EFrFICIENT SPLADE UNICOIL

Ya| 39 119 181 68
Ye | 58 43 5.9 6

We conclude this section with a remark on what Theorem 5.8 enables us to do. Let us assume that
we know the distribution of the random variables Xj, or that we can estimate p;, E[Z;] and Var[Z;]
from data. Armed with these statistics, we have all the ingredients to form Z for a given query
q and any document vector. As Z tends to a standard normal distribution, we can thus compute
confidence bounds on the accuracy of the approximate inner product score returned by SINNAMON.
This information can in theory be used to dynamically adjust k” in Algorithm 7 on a per-query
basis. We leave an exploration of this particular result to future work.

6 EVALUATION

This section presents our empirical evaluation of SINNAMON and its properties on real-world data.
We begin with a description of our empirical setup. We then verify the theoretical results of Section 5
on real datasets. That is followed by a discussion of the retrieval performance of SINNAMON where
we examine the trade-offs the algorithm offers to configure memory, time, and accuracy. We finally
turn to a review of insertions and deletions in SINNAMON and showcase its stable, online behavior.

6.1 Setup

6.1.1 Sparse Vector Datasets. We conduct our experiments on MS MARCO Passage Retrieval
v1 [41]. This question-answering dataset is a collection of 8.8 million short passages in English with
about 56 terms (39 unique terms) per passage on average. We use the smaller “dev” set of queries
for retrieval, consisting of 6,980 questions with an average of about 5.8 unique terms per query.

We demonstrate the utility of the algorithms with several different methods of encoding text into
sparse vectors. In particular, we process MS MARCO passages and queries using BM25 [48, 49],
SPLADE [22], efficient SPLADE [33], and uniCOIL [35].

It is a well-known fact that BM25 can be translated into an inner product of two vectors, where
each non-zero entry in the query vector has the IDF of the corresponding term in the vocabulary,
and the document vectors encode BM25’s term importance weight. This requires that the average
document length and the hyperparameters k; and b be fixed, but that is a reasonable assumption for
the purposes of our experiments. We set k; = 0.82 and b = 0.68 by tuning using a grid search. We
drop the (k; + 1) factor from the numerator of BM25’s term importance weight so that document
entries are bounded to [0, 1]; this is a rank-preserving change. We pre-process the text of the
collection and queries using the default word tokenizer and Snowball stemmer of the open-source
NLTK * library. Note that, we include BM25 simply to provide a reference point and emphasize
that LINScaN and SINNAMON are designed as general-purpose solutions suitable for real-valued
sparse vectors of which BM25 is a special case.

As the second model, we use SPLADE? [22], a deep learning model that produces sparse repre-
sentations for a given piece of text, where each non-zero entry is the importance weight of a term
in the BERT [18] WordPiece [58] vocabulary comprising of 30, 000 terms. When encoded with this

4 Available at https://github.com/nltk/nltk
SPre-trained checkpoint from HuggingFace available at https://huggingface.co/naver/splade-cocondenser-ensembledistil
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Fig. 6. Distributions of values and non-zero coordinates in various vector datasets. For each dataset, the
figure on the left shows the likelihood of a non-zero coordinate taking on a particular value. The figure on the
right shows the likelihood of a particular coordinate being non-zero.

version of SPLADE, the MS MARCO passage vectors contain an average of 119 non-zero entries
and the query vectors 43 non-zero entries.

We include SPLADE because it enables us to test the behavior of retrieval algorithms on query
vectors with a large number of non-zero entries. However, we also create another vector dataset
from MS MARCO using a more efficient variant of SPLADE, called Efficient SPLADE® [33]. This
model produces queries that have far fewer non-zero entries than the original SPLADE model
but documents that have a larger number of non-zero entries. More concretely, the mean 1/, of
document vectors is 181 and that of query vectors is about 5.9. Due to the larger size of the document
collection, this dataset helps us examine the memory footprint of SINNAMON in a relatively more
extreme scenario.

Similar to SPLADE, uniCOIL [35] produces impact scores for terms in the vocabulary, resulting
in sparse representations for text documents. We use the checkpoint provided by the authors’
to obtain vectors for the MS MARCO collection. This results in document vectors that have on
average 68 non-zero entries, and query vectors with 1/, ~ 6.

We would be remiss if we did not note that all vector datasets produced from the MS MARCO
dataset are non-negative. This is a limitation of BM25 and existing embedding models that generate
sparse vectors for text. However, the results presented in this section are generalizable to real
vectors. To support that claim, we discuss this topic further and present evidence on synthetic
data at the end of this section. We further hope that our algorithmic contribution inspires sparse
embedding models that can leverage the whole real line including negative weights—an area that
is hitherto unexplored due to a lack of efficient SMIPS algorithms.

As a way to compare and contrast the various vector datasets above, we examine some of their
pertinent characteristics in Table 3 and Figure 6. In Figure 6(a), we plot a histogram of the coordinate
values, showing the likelihood that a non-zero coordinate takes on a particular value. One notable
difference between the datasets is that SPLADE and its other variant, Efficient SPLADE, appear to
have a very different value distribution than BM25 and uniCOIL: in the former smaller values are
more likely to occur.

6Pre-trained checkpoints for document and query encoders were obtained from https://huggingface.co/naver/efficient-
splade-V-large-doc and https://huggingface.co/naver/efficient-splade- V-large-query, respectively
7 Available at https://github.com/castorini/pyserini/blob/master/docs/experiments-unicoil. md.
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The datasets are different in one other way: the likelihood of a coordinate being non-zero. We plot
this distribution in Figure 6(b) (in log-log scale, with smoothing to reduce noise in our visualization).
We notice that the distributions for (Efficient) SPLADE have a heavier tail than the shape of BM25
and uniCOIL distributions.

6.1.2  Evaluation Metrics. There are four metrics that will be our focus in the remainder of this
work. First is the index size measured in GB. We rely on the programming language—which, in
this work, is Rust®—to calculate the amount of space held by a data structure and estimate the
memory footprint of the overall index. In SINNAMON, this measurement includes the size of the
inverted index as well as the sketch matrix.

We also report latency in milliseconds. When reporting the latency of retrieval, this figure
includes the time elapsed from the moment a query vector is presented to the algorithm to the
moment the algorithm returns the requested top k document vectors. In SINNAMON, for example,
this includes the scoring time of Algorithm 6 as well as the ranking time of Algorithm 7. We note
that, because this work is a study of retrieval of generic vectors, we do not report the latency
incurred to vectorize a given piece of text.

As another metric of interest, we report the accuracy of approximate algorithms in terms of
their recall with respect to exact retrieval. By measuring the recall of an approximate set with
respect to an exact top-k set, we can study the impact of the different levers in the algorithm on its
overall accuracy as a retrieval engine.

Finally, we also evaluate the algorithms according to task-specific metrics. Because the task in
MS MARCO is to rank passages according to a given query, we measure Normalized Discounted
Cumulative Gain (NDCG) [28] at a deep rank cutoff (1000) and Mean Reciprocal Rank (MRR)
at rank cutoff 10. In this way, we examine the impact of SINNAMON’s levers on the quality of its
solution from the perspective of the end task.

6.1.3 Hardware. We conduct experiments on two different commercially available platforms. One
is an Intel Xeon (Ice Lake) processor with a clock rate of 2.60GHz with 8 CPU cores and 64GB
of main memory. Another is an Apple M1 Pro processor with the same core count (8) and main
memory capacity (64GB). Not only do these processors have different characteristics and, as such,
shed light on SINNAMON’s behavior in the context of different architectures, but they also represent
two different use-cases. The first of these platforms represents a typical server in a production
environment—in fact, we rented this machine from the Google Cloud Platform—while the second
represents a vast number of end-user devices such as laptops, tablets, and phones. We believe given
that SINNAMON can be tailored to different memory and latency configurations, it is important to
understand its performance both in a production setting as well as on edge devices.

6.1.4 Algorithms. We begin, of course, with LINScAN and SINNAMON. We implement the two
algorithms and their variants in Rust. This implementation includes support for SINNAMON™,
SinNaMoN!l, LINScan-RoariNG, LinScan!!, and their anytime variants. We note that, because the
vectors produced by existing models are all non-negative, we only experiment with SiNnAMON™
and its parameter m (sketch size) on the MS MARCO vector datasets.

To facilitate a more clear discussion of SINNAMON and manage the size of the experimental
configurations, we remove one variable from the equation in a subset of our experiments. In
particular, as we note later, we fix SINNAMON’s parameter h to 1 and study h > 1 only in a limited
number of experiments. We believe, however, that in totality, our experiments along with theoretical
results sufficiently explain the role that A plays in the algorithm. Despite that, we do encourage

8More information about the language is available at https://www.rust-lang.org/
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Fig.7. Sketching and inner product error distributions for the SPLADE dataset predicted by theory and inferred
empirically. In (a), the theoretical and empirical CDF of the sketching error are almost indistinguishable—
theoretical and empirical curves for m = 30 overlap, so do curves for other values of m. In (b), the solid dark
curve plots a standard normal distribution for reference.

practitioners to explore the trade-offs SINNnaMON offers for their own use case and application,
including tuning h to reach a desired balance between latency, accuracy, and space.

As we noted earlier, to the best of our knowledge, SINNAMON is the first approximate algorithm
for MIPS over general sparse vectors. In the absence of other general purpose systems designed for
sparse vectors, we resort to modifying and implementing in Rust existing algorithms from the top-k
retrieval literature so they may operate on real-valued vectors. In particular, we take the popular
WAND [11] algorithm as a representative example. In our examination of WAND, we emphasize
the logic of the algorithm itself—its document-at-a-time process with a pruning mechanism that
skips over the less-promising documents. To that end, our implementation of WAND makes use
of an uncompressed inverted index (where a posting is a pair consisting of a document identifier
and a 32-bit floating point value). In this way, we isolate the latency of the algorithm itself without
factoring in costs incurred by decompression or other operations unrelated to the retrieval logic
itself. As such, we advise against a comparison of the index size in WAND with that in SINNAMON.
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6.2 Analysis

In this section, we examine the theoretical results of Section 5 on the vector datasets generated
from MS MARCO. In particular, we infer from the data the empirical probability that coordinate i
is non-zero (p;) and the empirical distribution of non-zero values (i.e., the random variables Xj).

We then use these statistics to theoretically predict the distribution of sketching error using
Theorem 5.4 and the inner product error from Theorem 5.8. We refer to statistics predicted by the
theorems as “theoretical” errors in the remainder of this section and in accompanying figures.

In addition to theoretical predictions, we compute the distribution of sketching and inner product
errors directly from the data, which we refer to as “empirical” errors. To infer the sketching error, for
example, we first sketch a document vector, and then decode the value of its non-zero coordinates
from the sketch. We then compute the error between the actual value and the decoded value. By
repeating this process for every document in the collection, we can empirically construct the CDF
of sketching error.

We find the distribution of the random variable Z from Theorem 5.8 by taking a query-document
pair, computing their inner product using an exact algorithm as well as SINNAMON, and recording the
difference between the two values. We then use the query g, the non-zero probability of document
coordinates p;, and statistics from X; to compute and plot Z.

Now that we have the theoretical and empirical predictions of the distribution of error, we
compare the two to verify that the theory holds in practice for arbitrary data distributions. We
show this comparison in Figure 7 for the SPLADE dataset. We included a similar comparison for
the remaining datasets in Appendix C.

As a general observation, the predictions from theory are accurate. We observe, for example, that
Z takes on a Gaussian shape. We further observe that the predicted CDF of sketching error reflects
the empirical error. It is also worth noting that, increasing the number of random mappings from 1
to 2 results in an increase in the probability of sketching error but a decrease in the expected value
of error—the sketching error concentrates closer to 0. For example, when m = 90, the probability of
sketching error changes from 0.45 to 0.48, but the expected value of error improves from 28 to 21.

6.3 Retrieval

We begin with an examination of index size, accuracy, and latency as a function of the sketch
size m and time budget T in SINNAMON on the different vector collections described previously. In
conjunction with the mono-CPU results, we present the parallel version of the algorithm denoted
by SinnaMoN ! run on 8 threads. In all the experiments in this section, we set k (in top k retrieval)
to 1, 000.

6.3.1 Latency, Memory, and Retrieval Accuracy. Our objective is to illustrate the Pareto frontier that
SINNAMON explores. However, because there are three objectives involved, instead of rendering a
three-dimensional image, we show in one plot a pictorial presentation of the trade-off between
latency and index size, and couple it with another plot that depicts the interplay between latency
and accuracy (i.e., recall with respect to exact retrieval). In each figure, we distinguish between
different configurations of m using shapes and colors, and between the different time budgets T for
a given m by labeling the points in the figure. We also show results from baseline algorithms for
reference, including LINScAN and its compressed, parallel, and anytime flavors.

Let us now turn to Figure 8 where we plot the trade-offs between latency, memory, and accuracy
on the Intel platform. As we observe similar trends on the M1 platform, we do not include those
figures here and refer the reader to Appendix D for results; we note briefly, however, that all
algorithms run substantially faster on M1 due to architectural differences—as memory is mounted
on the processing chip in M1, we observe a higher memory throughput, leading to a significant
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speed-up. Finally, we note that to generate these figures we run SINNAMON with k” = 5,000 and
study the impact of k” on latency and accuracy later in this section. All runs of the anytime version
of LINSCAN too use k’ = 5, 000.

Turning our attention to WAND first—and ignoring its memory footprint as discussed previously—
we note its excellent performance on the collection of BM25 vectors. This is, after all, as expected.
Because term frequencies—the main ingredient of BM25 encoding—follows a Zipfian distribution;
because queries are short; and because the importance of query terms is non-uniform, WAND’s
pruning mechanism is able to narrow the search space substantially, leading to a very low latency.

As we move to other collections, however, we lose some of the properties that make WAND fast.
For example, on the Efficient SPLADE collection, queries have few non-zero terms and we observe
that WAND demonstrates a reasonable latency. But queries are an order of magnitude longer in the
SPLADE collection, leading to a dramatic increase in the latency of the algorithm.

Besides the evidence above, we also believe WAND is not suitable for the general setting because
its core pruning idea is designed specifically for Zipfian-distributed values. If each coordinate
instead has more or less the same likelihood of being non-zero in any given vector or when non-
zero entries have a Gaussian distribution, then WAND fails to prune documents effectively and its
logic of finding a pivot suddenly becomes the dominant term in its computational complexity.

Interestingly, LINScAN, which traverses the postings list exhaustively but in a coordinate-at-a-
time manner, is often much faster than WAND. As we intuited before, this is due to better cache
utilization and instruction-level parallelism that takes advantage of wide CPU registers, both made
possible by the algorithm’s predictable, sequential scan of arrays in memory. In effect, LINScan
represents a lower-bound of sorts on SINNAMON’s mono-CPU performance, because they share the
same index traversal logic but where SINNAMON’s retrieval logic involves heavier computation.

Things change when the inverted index in LINScAN is compressed, turning the algorithm to
LINScAN-ROARING. As a general observation, latency tends to increase substantially. This rise can
be attributed to the cost of decompression, which inevitably makes the data structure and index
traversal logic less friendly to the CPU’s caches and registers. Nonetheless, assuming vector values
cannot be quantized and must at least occupy 16 bits, the index size in LINSCAN-ROARING represents
a ceiling of sorts for SINNAMON; that is, if a configuration of SINNAMON leads to a higher memory
usage than LINSCAN-ROARING, then there is no real advantage to utilizing SINNAMON in that setup.

Now consider the curves for SINNAMON. Naturally, by reducing the scoring time budget T, we
observe a decrease in overall latency—which includes ranking with unlimited time budget. We also
observe, as one would expect, a decrease in retrieval accuracy. This effect is milder in the parallel
version of SINNAMON. We observe the same trend as we tighten the scoring time budget in the
anytime version of LINSCAN-ROARING.

In our experiments, we set m to be roughly 25%, 50%, and 75% of the average /4 of the document
vector collection (see Table 3); this, for example, translates to 10, 20, and 30 for the BM25-encoded
dataset. Again, as anticipated, by reducing the sketch size m, SINNAMON allocates less and less
memory to store document sketches. The gap between the different configurations of m and
LINScAN-ROARING is not so large where document vectors have few non-zero entries (e.g., BM25)
but it widens on collections with a larger ¢/;.
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Fig. 8. Trade-offs on the Intel processor between latency and memory (left column), and latency and accu-
racy (right column) for various vector collections (rows). Shapes (and colors) distinguish between different
configurations of SINNAMON, and points on a line represent different time budgets T (in milliseconds).
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Moving on to the parallel algorithms LINScaN-RoariNG/ and Stnnamon!!, we observe generally
strong performance in terms of latency—we will study speed-up in the number of threads later in
this section. This enormous gain in latency that is achievable by straightforward parallelization
while keeping the index monolithic is, as we argued before, one of the stronger properties of the
two algorithms. While the curves for SINNAMON may suggest small differences in retrieval accuracy
between the mono-CPU and parallel versions, we note that the changes are due to the inherent
randomness of the algorithm but that they are not statistically significant according to a paired
two-tailed t-test with p-value < 0.01.

6.3.2  Effect on End Metrics. We have so far established that a smaller m in SINNAMON and a reduced
scoring time budget T in SINNAMON and LINScAN-ROARING lead to lower retrieval accuracy, but
how does the loss in retrieval accuracy translate to a loss in the task-specific accuracy? For MS
MARCO, we measure accuracy as NDCG@1000 and MRR@10 and present the results on the Intel
platform in Figure 9, with equivalent figures for M1 in Appendix E.

The pattern that emerges is that, with the exception of BM25, the end metrics are often affected
by a reduction in m and T. Interestingly the drop in SINNAMON’s performance from T = oo to
T = 20 is not statistically significant on the SPLADE collection according to a paired two-tailed
t-test, though nonetheless we do observe a reduction in quality as a general trend. This effect is
less severe on the M1 chip as the scoring phase runs faster to begin with, and imposing a tighter
limit on the time budget does not degrade quality as substantially as it does on the Intel chip. We
again note the impressive performance of SINNaMoN | across collections.
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Fig. 9. Trade-offs on the Intel processor between latency and NDCG@1000 (left column), and latency and
MRR@10 (right column) for various vector collections (rows). As before, shapes (and colors) distinguish
between different configurations of SINNAMON, and points on a line represent different time budgets T (in
milliseconds).

6.3.3 Effect of k’. The experiments so far used a fixed value for the intermediate number of
candidates k’. We ask now if and to what degree changing this hyperparameter affects the trade-
offs and shapes the interplay between the three factors. To study this effect, we choose a single
value of m for each dataset and measure retrieval accuracy as k” grows from 1, 000 to 20, 000. We
expect retrieval accuracy to increase as more candidates are re-ranked by Algorithm 7.

As we show in Figure 10, this is indeed the effect we observe on our vector collections. In this
figure, we retrieve k’ vectors for two values of m that are 25% and 75% of the ¢; of a dataset. As
k’ increases, so does retrieval accuracy. We must note, however, that a larger k’ adversely affects
overall latency as more documents must be re-ranked using exact scores, which results in a larger
number of fetches from the raw vector storage. However, this effect can be amortized over multiple
processors in the SinNaMon || variant.

Having made the observations above, we repeat the experiments presented earlier in this section
for k” = 20,000 and visualize the trade-offs between latency and retrieval accuracy once more—
index size remains the same as in Figure 8, so we leave it out. This time, we limit the experiments
to SINNaMON | as it is a more practical choice than a mono-CPU variant, following the note above.
These results are presented in Figure 11 for the Intel processor with M1 results presented in
Appendix F.

While retrieval accuracy appears to improve across the board, including the anytime variants,
with an increase in k’, SINNAMON’s latency remains the same or degrades comparative to the
k’ = 5,000 setup before. This increase in cost is primarily driven by the exact score computation as
expected. We observe that SINNAMON’s anytime variants perform faster than LINScAN-RoARING!!
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Fig. 10. The effect of retrieving k’ vectors in Algorithm 7 on retrieval accuracy in terms of recall with respect
to exact retrieval. In the experiments leading to the above figure, we use a value of m that is roughly 25% and
75% of the average ¥4 in the datasets (10/30 for BM25, 30/90 for SPLADE, 45/135 for Efficient SPLADE, and
15/45 for uniCOIL).

and with a high accuracy on the SPLADE collection. This is an interesting result if one notes that
the differentiating factor between SPLADE and the other collections is SPLADE’s relatively larger
Vg, hinting that SINNAMON may indeed be a competitive algorithm when query vectors have a
large number of non-zero entries. Finally, we note that the increase in quality as a result of using a
stricter time budget in the BM25 plot is statistically insignificant and can be attributed to noise.

6.4 Insertions and Deletions

We have argued that SINNAMON is an online algorithm in the sense that it is capable of indexing
new documents and deleting existing documents with a low-enough latency that the algorithm can
function robustly in a streaming setting, where vectors change rapidly. In this section, we put that
property to the test and examine the response time of the algorithm to updates to its index.

To study this, we design the following experiment. We shuffle the vectors in a collection randomly
and insert them into the index sequentially using a single thread. At the end of every insertion,
we measure and record the elapsed time. We repeat this experiment 10 times and measure mean
throughput throughout the life of the index—that is, from when it is empty to the moment all
vectors have been indexed. The results from these experiments are shown in Figure 12(a) for the
Intel processor with M1 results illustrated in Appendix G.

In this figure, we also include LINSCAN-ROARING as a strong baseline: Because LINSCAN-ROARING
simply adds one posting to an inverted list for every non-zero coordinate in a document, it represents
an insertion skyline. We observe that, as the index grows the insertion throughput decreases. We
also note that SINNAMON’s indexing procedure is often slower than insertions in LINSCAN-ROARING
on every vector collection, but that its throughput—is nonetheless large enough to make the
algorithm suitable for indexing large volumes of data online in most applications.

In addition to indexing, we also measure deletion latency in Figure 12(b) for various collections
on the Intel processor. To produce this figure, we start with an index containing all vectors in a
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Fig. 11. Trade-offs on the Intel processor between latency and retrieval accuracy for various vector collections
by retrieving k” = 20, 000. Shapes (and colors) distinguish between different configurations of SINNAMON, and
points on a line represent different time budgets T (in milliseconds).

collection and subsequently delete 1 million randomly-selected vectors from the index. We measure
the latency of each deletion in milliseconds and report the means of 10 trials in this figure. Both
algorithms show a stable latency across datasets, with a negligible speed-up as more vectors are
deleted. But we observe that SINNAMON deletes vectors with a response time that is about an order
of magnitude faster than that in LINSCAN-ROARING.

6.5 Real Vectors

As we stated in the beginning of this section, all datasets used in our experiments so far consist
of non-negative sparse vectors. While we claim theoretically that SINNAMON handles real-valued
vectors just as well as non-negative vectors, we have not yet demonstrated evidence to support
that claim in practice. In this section, we do just that. But because, to the best of our knowledge, no
benchmark dataset or embedding model exists that produces real-valued sparse vectors, we resort
to generating synthetic data for the experiments in this section.

To that end, we fix the average number of non-zero coordinates 1 = 14 = ¥, and the dimension-
ality of the space n as hyperparameters. To generate a document or query vector, we decide if a
coordinate is non-zero with probability ¢/n. If it is, we draw its value from the standard normal
distribution. We repeat this process to generate five million vectors to form the document set, and



32 Sebastian Bruch, Franco Maria Nardini, Amir Ingber, and Edo Liberty

—*—SPLADE —@—Efficient SPLADE —@=uniCOIL ——BM25 —*—SPLADE —@—Efficient SPLADE —@=uniCOIL ——BM25

—=-=SINNAMON ——LINSCAN-ROARING —==SINNAMON ——LINSCAN-ROARING

0 10°

<

t

THROUGHPUT (VECTORS/S)
LATENCY (MS/VECTOR)
=
=

104 <. T Bl e
L e e PP e
B m——————————— Wmmmmmm— e —
0 2 4 6 8 0.0 0.2 0.4 0.6 0.8 1.0
COUNT OF INSERTED VECTORS ~ x10° COUNT OF DELETED VECTORS ~ x10°
(a) Insertions (b) Deletions
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of the size of the index on the Intel processor.

Table 4. Comparison of different retrieval algorithms on a dataset of 5 million vectors with ¥ non-zero
coordinates, drawn from the standard normal distribution. In G1go, ¥4 = ¥4 = ¢ = 100 and dimensionality
n =10, 000. In G2go, ¥ = 200 and dimensionality n = 32, 000.

ALGORITHM InDEX S1ZE (GB) QUERY LATENY (MS) REcALL w.R.T EXACT

WAND 5.2 2,437 1

g LINScaN-RoOARING 2.0 151 1
O SINNAMONgp=74 T=40 1.7 87 0.97
SINNAMON2,=74 T=20 1.7 66 0.89
WAND 8.4 4,738 1

g LINScaN-ROARING 4.0 182 1
O SINNAMONg =150, T=40 3.5 107 0.92
SINNAMONg,=150,7=20 35 86 0.83

1,000 vectors to form the query set. We then run a limited set of experiments with a modified
variant of WAND that can handle real values, LINSCAN-ROARING, and SINNAMON to retrieve the top
k = 1,000 documents, where k" = 20,000 in SINNAMON. We experiment with two configurations: a)
¥ = 100 and n = 10, 000, a dataset we call G19; and b) y = 200 and n = 32,000, a dataset we call
G200-

Table 4 summarizes the results of our experiments. We observe trends that are consistent with
the findings in the preceding sections. Notably, WAND scales poorly when y, is large. LINScAN-
ROARING achieves much better latency with a reasonable memory footprint. Finally, SINNAMON
with 2m = 75%y,; reduces memory usage, with anytime variants achieving better latency at the
cost of accuracy. Overall, these results confirm that SINNAMON on real-valued vector datasets offers
similar trade-offs as SINNAMON™ does on non-negative vectors.
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Table 5. Query latency (in milliseconds) with speed-up in parentheses (i.e., ratio between single-threaded

latency SINNAMONT=co With SINNAMON._ ) on the Intel platform with the indicated number of cores. Experi-
ments are conducted on the synthetic datasets G1gp and Gzgo of Table 4.

DATASET | 1 2 4 8

Guo | 174 95(1.83x) 59 (2.95X) 40 (4.35x)
Gao | 253 139 (1.82X) 86 (2.94X) 54 (4.68X)

6.6 Effect of Parallelism

We close this section by touching on the more secondary question of how our implementation of
SinnaMon || scales with respect to the number of threads. In particular, we measure the speed-up
for a given number of CPU cores on the Intel platform, where we define speed-up as the ratio
between the latency of a single-threaded SINNAMON to its parallel execution. For completeness, we
run these experiments on the synthetic vector datasets containing real-valued vectors.

We show the query latency and speed-up figures in Table 5. From these limited experiments,
it appears that the speed-up is sub-linear in the number of CPU cores. We attribute the rather
large waste to our language of choice: We implemented the parallel version in Rust where memory
de-referencing and sharing between processes introduces run-time overhead to the parallel program.
In particular, because it proved challenging to bypass the memory safety mechanisms inherent
in Rust, we are only able to chunk up the entire sketch matrix, rather than chunking up just the
inverted list. As a result, the load-balancing between threads is highly non-uniform, leading to
sub-optimal execution time. We are confident that, with better engineering, this gap can be closed
and a near-linear growth can be attained.

7 DISCUSSION AND CONCLUSION

We presented a new take on one of the oldest problems in information retrieval by generalizing
its domain: How do we efficiently and effectively find k nearest neighbors with respect to inner
product over sparse real vectors in a high-dimensional space, all in a streaming system. As we
noted in our introduction to the work, this problem is well-understood when we impose strict
constraints on the structure of the space such as non-negativity of vectors, Zipfian distribution
of values, higher sparsity rate in query vectors, and near-stationarity of the vector collection. But
when these assumptions are violated, we showed that existing methods from the information
retrieval literature suffer a substantial performance degradation.

We went back to the drawing board and started with a naive algorithm that proved surprisingly
robust and powerful. LINScAN, as we call it, creates an inverted index populated with pairs of
document identifiers and coordinate values. Retrieval is trivial by way of a coordinate-at-a-time
algorithm.

LinScaN is simple to implement and provides an exact solution to our problem. But what if one
does not need an exact solution and can do with an approximate top-k set? It turns out that by
accepting a degree of error in the solution, we can design an algorithm that can be flexible in the
space and time it requires to solve the problem. We proposed SINNAMON as an attempt to realize
that idea and explained how it inherently offers levers to trade off memory for accuracy for latency.

Our prose hinted at a few research directions we are keen to explore going forward. One is
the question of approximate inverted indexes: Just as vector values can be approximated with a
compact sketch with some quantifiable error, so can, we hypothesize, the inverted lists. We wish to
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study if noisy inverted lists can reduce the overall memory footprint possibly at the expense of
accuracy.

Staying with memory usage, we also deem it worthy of a thorough empirical investigation to
understand the effect of other forms of compression on the inverted lists as well as the sketch
matrix, especially in the case of an offline algorithm where it is safe to assume that the vector
dataset remains almost stationary. Does knowing the data distribution a priori help us quantize
vectors or document sketches to make the overall structure more compact? Can we design a sketch
with a smaller error probability if we relaxed the streaming requirement?

As an example of what is possible, we take the synthetic datasets of Section 6.5 and assume that
the dataset is stationary. We then use a different compression scheme to encode inverted lists in an
offline manner. On the Gy dataset, switching from Roaring to PForDelta [67] reduces the overall
size of the index from 1.7 GB to 1.3 GB—a reduction of approximately 23%. On the Gy dataset, we
observe a similar reduction in index size.

We believe another effort that may lead to a lower memory consumption is by taking advantage of
h, the number of random mappings in SINNAMON—a hyperparameter that we left largely unexplored
in our empirical evaluation of the algorithm. In particular, we showed that by using more random
mappings, we may see an increase in the probability of error, but where the probability mass shifts
closer to 0. This suggests that, in applications or environments where consuming less memory is
preferred over achieving the lowest latency, it makes more sense to use 2 or more random mappings.
What number of random mappings is appropriate can be determined by the theoretical results
presented in this work for a particular data distribution.

Memory and latency aside, we believe our theoretical analysis of the sketch and the retrieval
algorithm raise a few interesting questions that we wish to investigate. For example, we developed
a good understanding of the magnitude of error and its impact on the final retrieval quality. Can we
now use this knowledge to decide what value of k’ can give us a particular retrieval accuracy? Can
that prediction be done on a per-query basis? Our initial thoughts are that that is indeed possible,
but materializing it and quantifying its impact on latency needs further experiments.

We can even take a step beyond sparse vectors and, in what may be unexpected, generalize the
top-k retrieval problem to, simply, vectors. More specifically, vectors that may have a “dense” part
and a “sparse” part. When is it sufficient, theoretically and practically, to break up such vectors into
distinct collections of their dense part and their sparse part, and solve the two problems separately
before re-ranking the top candidates from the two solution sets? When does it make sense to jointly,
with a single index, solve the top-k retrieval problem over such hybrid vectors? And how? Can
these results over hybrid vectors help us design better matrix multiplication algorithms for sparse,
or dense-sparse matrices? These and similar questions will be the focus of our future research.
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A PROOF OF EQUATION (12)
We begin by proving the special case where h = 1.

LEMMA A.1. Suppose a sparse random vector X € R" is encoded into an m-dimensional sketch with
SINNAMON using Algorithm 5 with a single random mapping (h = 1). Suppose the probability that
a coordinate is active, p;, is equal to p for all coordinates. Suppose further that the value of active
coordinates X;s are drawn from Gaussian(p = 0, 0 = 1). The probability that the upper-bound sketch
overestimates the value of X; upon decoding as X; is the following quantity:

_(n-Dp

P[)_(i>Xi]zl (l—e m )

(n-1)p
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Proor. The result from Equation (6) tells us that:
— = (=0(@) (n-1)
B[X, > X] z/ [1 = e H0-0@) -] g3 ) ’Q/ [1—e 5" ]dP(a).

Given that X;s are drawn from a Gaussian distribution, and using the approximation above, we
can rewrite the probability of error as:

P[X; > Xi| ~ \/%/ [1- e*W(lw(a»]ei%d“
JT J —c0

We now break up the right hand side into the following three sums, replacing (n — 1)p/m with
for brevity:

X > X / da (24)
\/ﬁ
~B(1-0(a)) ;- %
- —e e zda (25)
/_oo V2
© 1 a?
-p(1-2(a)) ,— 5
- —c e zda. 26)
| = (

The sum in (24) is equal to the quantity 1. Let us turn to (26) first. We have that:
1 | 2
1-d(a) 2° = / ——e T dt. 27)
2 Jo om
| —
Aa)

As a result, we can write:

o0 1 o hd 1 1 a?
L pa-e@) %y =/ L BG-M@) -2y
e e 04 e e [04
./o Vam 0o Var

2 Rl | o
_ ot PA@) =%
=e 2 e e zda
/0 V2

B o 1 _p, 8B
e 7 PHD |0 = Be_f(eE -1)
B
(1-e72) (28)
By similar reasoning, and noting that:

1 | 2
1-®(a )“f°-+/ ——e 7 dt, (29)
2 o

we arrive at:

1 a? 1 _8 B
— e AU-2@) =T gy = Be_f (1-e77) (30)

I
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Plugging the results above into Equations (24), (25), and (26) results in:
— 1 _B 1 -
P[Xi>X,-]z1—E(1—e 2)—EeZ(I—e

=1—%(1—e—€)(1+e—€)

4

?)

m (n-1)p

=1- m(l—e_T),

which completes the proof.

Given the result above, the solution for the general case of h > 0 is straightforward to obtain.

We show this result in the lemma below.
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LEMMA A.2. Under similar conditions as Lemma A.1 but assuming h > 1, the probability that the
upper-bound sketch overestimates an active coordinate X; upon decoding it as X; is the following

quantity:

P[X; > Xi] Z( ) —"i 1)p(l—e‘ikh“i?””).

Proor. Using the binomial theorem, we have that:

h
BN > x|~ [ [1- e hsen e gy = 3 (1) [ (- ehover o) ap),

k=0
We rewrite the expression above for Gaussian variables to arrive at:

_h(n=1p o Kk _a?
P(X; > X / m (=@ K= g
[ VZIZ’ Z ( ) )

Following the proof of the previous lemma, we can expand the right hand side as follows:

© b (n— o?
P[X; > X;| ~ 14 — Z( )( 1)’</ o~ DL (1-0(0) = % 1

_ h Nk m B _kh(r:n—wp
‘”;(k)( Y et p € )

which completes the proof.

B PROOF OF EQUATION (17)

LEMMA B.1. Under the conditions of Corollary 5.6, the cumulative distribution function of Z; can

then be approximated as follows:
— h(n=1)
P[Z: < 8] ~ 1- [1— ¢ 02"
where ®(-) is the CDF of a zero-mean Gaussian with standard deviation oV/2.

Proor. Recall from Equation (13) the following result:

P[Z; < 8] ~ 1 —/ [1- e‘%“‘q’(“”))("‘l)f’]th(a).

When the active values of a vector are drawn from a Gaussian distribution, then the pairwise
difference between any two coordinates itself has a Gaussian distribution with standard deviation
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Vo? + 0% = 6V/2. As such, we may estimate 1 — ®(a + 8) by considering the probability that a pair
of coordinates (one of which having value «) has a difference greater than §: P[X; — X; > §]. With
that idea, we may thus write:
1-®(a+6) =1-'(5),
where @’(-) is the CDF of a zero-mean Gaussian distribution with standard deviation oV/2.
Putting everything together, we can write:

— h(n-1) ,
PZ;< 8] ~1- / [1- ™ 2 0-¥ @) ] gp(q)
R A
proving our claim. O

C ANALYSIS ON REMAINING VECTOR DATASETS
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Fig. 13. Sketching and inner product error distributions for the BM25 dataset.
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Fig. 16. Trade-offs on the Apple M1 processor between latency and memory (left column), and latency and
accuracy (right column) for various vector collections (rows). Shapes (and colors) distinguish between different
configurations of SINNAMON, and points on a line represent different time budgets T (in milliseconds).
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Fig. 18. Trade-offs on the M1 processor between latency and retrieval accuracy for various vector collections
by retrieving k” = 20, 000. Shapes (and colors) distinguish between different configurations of SINNAMON, and
points on a line represent different time budgets T (in milliseconds).
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